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MATHEMATICS EDUCATION REPORTS 

\ . 

The Mathematics Education Reports series makes available recent 
analyses and syntheses of research and development efforts in mathematics 
education. As a pairt oT this series., we are pleased to make available 
this collection of research reports in the area of spatial and geometric 
vioncepts. The thirteen studies reported here were coordinated by the 
Geometry Working Group of the Georgia Center for the Study of Learning 
and Teaching Mathematics. 

Other Mathematics Education Reports make available inlormation 
concerning mathematics education documents analyzed at ^the ERIC 
Information Analysis Center for Science, Mathematics, and Environmental 
Education-" These reports fall into three broad categories. Research 
reviews summarize and analyze recent research in specific areas of 

mathematics education. Resource guides identify and analyze materic^ls 

o 

and references for use by mathematics teachers at all levels. Special ^ 
bibliographies announce the. availablility or^^ocuments and review the 
literature in selected interest areas of mathematics education. 

Priorities for the development of future Mathematics Education 
Reports are established by the advisory board of th^ Center, in cooperation 
with the National Council of Teachers of Mathematics, the Special Interest 
Group for Research in Mathematics Education, and other professional groups 
in mathematics education. Individual c6mments' on past Reports and 
suggestions for future Reports are always welcome., 

Jon L. Higgins 
Ai^so.ciate Director for 
Mathematics Education , 
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. The Georgia Center for the Study of Learning and Teaching Mathematics is 
a' consortium of investigators dedicated to the improvement of the matfiematlcail 
education "of children. The consortium is currently organized into three Projects 
and nine Working Groups, listed below. Each Project and Working Group has general 
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and specific goals.. The general goals are common and constitute the goals of the 
Center as an organization. These goals were established as a result of a meeting 
of the Working Group Leaders in October of 1976. Specific goals are emerging for 
each Working Group. The goals of the Center are listed below. 

" , (1) Establish and maintain a consortium of investigators dedicated to the 
improvement of mathematical education in the elementary ^and secondary schools 
through disciplined ' inquiry . ' 

"(2) Identify fundamental problems and issues within mathematics education. 

(-3) Conduct studies in mathematics education which contribute significantly, 
to the organization of a particular field of investigation or to the resolution 
of fundamental problems and issues. 
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(4) Promote interins^iitutional cooperation which most efficiently utilizes 
available human resources to address fundamental problems and' issues in mathe- 
matics education, 

^ > -' ■ ' . ' 

(5) Promote communication among investigators in mathematics education and 
allied disciplines through publication of Center studies, 

(6) Translate knowledge in mathematics education into a form useable by 
e^hool practitioners, 

Tliis monograph represents a significant step toward realization of Goals 1-5 
abov;a. The inves tigators""of the »Space and GeometrjM^rking Group are to be cpngra- 
tulated for their intensive efforts during the time th§^tudies were in progress, 
A great deal of effort has been also expended by the faculty and students at 
Northwestern University in preparation of the monograph. It is only through such 
dedicated efforts that coordinated research can be conducted. The investigators 
of the Center view the utilization by school practitioners of knowledge generated 
through research efforts as both desirable and realistic. A next immediate step 
to be taken after the publication of a monograph such as this one is to generate^ 
interpretative reports of the theory and resekrch. The Center Policy Board urges 
any incJi\^r d.^r. : iriterested in such interpretative reports to collaborate with the 
Center in preparation of the documents. 

The Policy B9ard of the Center would like to thank ERIC/SMEAC of The Ohio , 
State University /^or publishing this, and various other, monographs of the Center, ^ 
This coopieratiort has greatly facilitated ongoing studies and has made the monograph 
published available to any interested individual. Other monographs and working 
papers are ava;ilable and may be pbtained By writing any member of the Policy 
Board, ^ 

The. Policy -Board 



Leslie P. Steffe, Director Thomas J, Cooney 
Larry L. Hatfield ' Jeremy Kilpatrick 
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Introduction ' / 

In the Spring of 1975, under a grant from the National Science Founda- 
tion, the Georgia Center for the' Study of Learning and Teaching Mathe- 
matics (GCSLTM) sponsored, a series of f iveVc^search workshops involving: 
(a) Coaching strategies^in mathematics, (»b) number and ^measurement concepts, 
(c) space and ^geometry concepts,' (d) models for, learning mathematical con- 
cepts, and »(e) problem solving; The gokl of the GCSLTM workshops was to 
bring together plfiople who had already been doing work in these areas with 
the- hope of coordinating future research and curriculum development efforts; 
This monograph reports 13 studiffe^ that developed out of the space and 
geometry workshop. i - . 

Participants in the Georgia workshops- believed that if progress is . 
ever to be made on the complex issues that are important to' mathematics 
educator^, groups of people will have to/ develop better bases of communica- 
tion so that individuals can pro'fit by (and build* upon) the work of others. 
Consequently, following each of the. workshops , working groups were formed 
to continue the cooperative efforts initiated at the workshop. Specific 
objectives for each^of these working groups, as well as project objectives 
for the GCSLTM, can be Obtained by writing tQ the. project director, Pro-, 
fessor Les Steffe. 

Papers Presented at Che Space and Geometry Workshop 



To review a broad survey of past research, to develop a language for 
dealing with these . problems , and" to describe some of the. most important 
directions for future re3earch, the following papers were presented at the 
space ar^ geometry workshop. * * , 

Mathematical Foundations of- t:he^DeVelopment -of Spatial and 
Geometrical- Concepts - . . ' Edith Robinson 

Piaget*s Thinking about the Development of Spa^e Concepts and 
Geometry ......Charles D. Smock 

Breakthroughs in the Psychology of Learning and Teaching Geometry 
\ Izaak Wirszup 

Recent. Research on the Child's Conception of Space and Geometry ^ 
in Geneya: Research Work .on Spatial Concepts atVthe International 
Center for Genetic Epistemolo^ .Jacques Montangero 

Needed Research on S^ace in the Context of ^ the Gfeneva Group ^ ^ ^ 

...Jacques Montangero & Charlfo-D .-^^'Smock 



Cr^ss-Cultural Research on Concepts of Space and Geometry 

.4 Michael C. Mitchelmore 

Transformation Geometry in Elementary School: Some Research Issues 
^ ^ \ ^' *. .' • - Richard Lesh, 

• ' ' * " \ 
The ^proceedings of the space and geometry workshop were published^ in 
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a boolt, Spatfe and Geometry; Papers from a Research Workshop ' (Martin, 1976). 
In d'4dltlon, several other Georgia workshops included papers pertaining to 
the acquisition of spatial "and geome£f i-CvConcep't^ . For example, the "models" 
WKsho> (Osborne, fi:9'7.6) included L. ilartln's article, "The Erlanger Programm 
as a Model of the Child's Conce^tion/)f SjSace," and the "number and measure- 
taefit" workshop (Lesh,/ .1976) include<r several papers emphasizing the clos^ ♦ 
links between the development o5~«t)atial/geometric concepts and the , devel- 
opment of number/measurement concepts.- - ■ ■ • , 
*• ■ ' " • ' 

Most of the models and diagram^) teachers use to introduce arithmetic 
and nuAiber concepts presuppose' an understanding of certain spatial/geometfic 
concepts. Consequently,- misunderstandings about -number concepts are often 
closely linked to misunderstandings >about the models that 'are used to illus;r 
-trate-them. For. tKiS reason', , one of the long range goals of the space and 
geometry working group haS' been to furnish information ^to help educators 
devise "better" ins true titinal models for teachi^-g basic "arithmetic and 
number concepts. ' ■ r \ ■ , ^ . 

Some General IssUes Considered at the Space and G eometry Workshop 

'■ ^ - \ ' . ■ ^ - ^ ' " ' . . • 

According to, the papers presejited ^t the.. space and geometry workshop, 
spatiai/gedmetric cortcepts furnish an excellent context ^in^whic\ to study 
the following kinds o°'£ issues about the acquisition, of nilpthematics -concepts 

in general: • - ■ ^ ' . ■ ^ 

- . - - • v--" ^ ■ - • 

(1) What general principles can be -found for ahticipating^the relative 
difficulty of mathematical ideas? For example,, if a child is Operational , 
(in the Piagetian sense) witft regard to obe^cpncept, what does this imply ^ , 
about the child's ability to learn other "relited" ideas? Van Hiele, , . 
Freudenthai, and several Soviet psychologists, (e.g., Yakimanskaya and \ 
Sergeevich) have explicitly describe"d .the way they belieVe geometric con- 
cepts 'evolve in children ; and , Piaget ' s theofy sugges/^ ' it may be po,Ssible\.s 
to analyze, order, and equate concepts (and models) on, the basis of their . 

•un4erlying operational structures (Lesh 197 6).'' Yet, basic controversies 
and gaping holes occur in each of these\heoretical descriptions ; and . the 
controversies strike at the heart of many of the most basic issues ;Ln devel- 
opmental psychology. So, XI it is possible to find techniques to artticipatie 
. the relative difficulty, of, geometric concepts,, then similar techn^qUQ^ may 

'be useful to organize the sequential presentation o£ arithmetic ideas— or 
instructional models leading^ to arithmetic concepts. 

(2) Even within the category of "concrete materials," some materials 
are more concrete than others. For exampl.., to teach^ "regrouping concepts , 
each of the following materials can be useji: (a) bundling sticks, (J) base 
ten arithmetic blocks, (c) .base five arithmetic blocks, (d; a counting 
frame abacus, or (e) pepnies , dimes , and dollars (play mcWy). ^"^et some 
of these materials are cUarljt more, abstract than others; 

fewer intuitive nations; and some involve, complex systems of relation^^hips . , 
N^etheless, little has been done- to investigate how the figurative content ^ 
of a proble; effects the difficulty of the task. P^^g^^'^^f ^ , 
operational aspects of taSks and concepts and has deemphasized the figuratiy 



aspects; However, the influence of figurative content on operational ability 
is impo^'tant information, for teachers who mus|: devise modela to illustrate 
mathematical concepts. ^ , 

(3) Papers at the geometry workshop emphasized that, especially in 
geometry, children make many mathematical judgelments using qualitatively 
different methods than those typically used by adults. Yet, the nature of 
these differences is not clearly understpod. Consequently, research con- 
cerning the^. evolution of spatial concepts could help mathematics educators 
come to a .better understanding of difficulties chi^j^ren experience concern- 
ing a wide range of mathematical concepts. . 

/(4) One of the ingenious aspects of Piaget^s, theories is that he expli- 
citly confronts the fact that ideas (as well as children) .deVelop. That Is:- 
(a) a given idea can exist at; many different levels of sophistication, (b) 
tKis evolution can be traced, and (c) the more primitive levels of a concept ' 
have*^ seldom been investigated or accurately "described . It is remarkable 
that s'o little is known about the nature of children's early conceptions of. 
mady^ mathematical ideas. This may be because the first n»^themati9al judge^ 
^nts children learn. to make are highly specialized, closely tied to spe- * 
tifit -content, j and highly restricted; wliereas the ideas' mathematician^^ use 
as buildinfi blocks for\their theories are those that are most general", those 
which can b^ used in th^ wid^t range of circumstances, and those which give , 
rise to "nice", theories .\ If we try to use children's first concepts as 
building blocks for a theory — for example, as Grize '(Beth & Piaget, 1966) 
has done using Piaget's "grouping structures, we would find "messy'/ primitive 
concepts that do not give r.ise to neat, tidy, elegant theories. For this . 
reason, mathematicians have not taken the trouble to formalize 'such awkward 
structures—especially as building blocks for a theory. In fact, it seems, 
unlikely that mathematicians will ever take' the trouble to describe most of 
the structures children ^se when they fi-rst come to master a given idea. 
Therefore, to develop effective^nstructional materials, it is critical to 
present ideas«>in a form that will be most understandable to children. So,, 
it;^ is important to formulate accurate descriptions" of children's primitive 
conceptions of Impor tan t'^athemati^al ideas. 




(5) Some of J:he best resources for describing the nature of ^ children's 
early tiumber concepts have come from Piagetian studies. Nonetheless, because- 
Piagetian /research has focused on the cognitiVe processes used by first- 
graders- (jr^ip. , concrete operational groupings) and by sixth-graders (i.e. , 
INCR groups), children at intermediate levels of development have been neg- • 
lepted.' "^Furthermore, because psychologists in general (and Piagetians rih 
particular) have avoided mathematical ideas that^ are-^t-ypieall-y t^ in ele- 
entary school-, it is usually possible to make 8My relatively crude infer- 
nces about how children's mathematical thinking gradually cl^anges \from con- 
crete operational ' concepts^ to formal operational cor^cep^s. It is time fpr^ 
mathematics educators to apply Piagetian techniques and theory to concepts 
t^h^e exist at intermediate levels of deyelopment—as well as at adult or 
p?:eschoo(L levels.. v ' 
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ketlvltles of the Space and Geometry Working Group' 



Following the initial space and geometry workshop, a working group was 
formed to focus on projects concerning the issues described in the previous 
section. The space and geometry working group maintained communication 
through letters and a series of meetings—one at Northwestern ^University 
jUi" January of 1976, another in Atlanta during the 1976 NCTM meeting, and 
other smaller meetings at the University of Georgia, Northwestern, or at 
tn^thematics education meetings like the 1976 International Congress of 
Mathematical Education. The purposes of these meetings were: (a) identify?- 
ing important issues, (b) formulating basic (answerable) questions related 
to these issues, (c) planning projects to determine answers that are useful 
iu a variety of Situations, and (d) making plans to communicate the resul;:s 
and conclusions in a way that is meaningful to other mathematics educators. 

As a result of the planning sessions described abVe, the 13 studies 
reported in the monograph ware completed during the 197S-76 academic year. 

ThCv table of contents of this monograph suggests how^the individual 
papers relate to the general issues described in the previous section. The 
articles by Lesh and Mierkiewicz, Lesh and piwood , ' Fuson and tlurray, Musick 
and Weinzweig all concern preoperational concepts of the development of 
primitive operational concepts. Weinzweig's article focuses on finding an 
appropriate mathematical description of some of these primitive mathematical 
concepts, and Miisick's article focuses on the role of "activities" in., early 
concept acquisition. q 

The articles by Thomas, Schultz, Kidder, and Perham concern the transi- 
tional phases- between concrete and formal operations. In particular, these 
«tudi«s focus on elementary transformation- geometry concepts and emphasize 
the role that figurative content can play in influencing, the difficulty of 
Piaget-type tasks. ' ' ^ 



'The articles by Fuson'and Martin aj-so concern transitional stages be- 
tween cancrete operations and formal operations. But, these two articles 
focus on affine transformations, similarities, or pro j«ctions . The articles 
by Moyer and Johnson, ^nd Dietz and Barnett, have to do with older subjects 
or formal- operational concepts. 

The above articles were critiqued and- refereed by a panel including -, 
Art Coxford of the University of Michigan, Richard Lesh of Northwestern; 
University, Alan Hcffer of the University c"^ Oregon, Les Steffe of the^Uni- 
versity of Georgia, and P?.ul Trafton of the National College of Education. 
Members of the review panel also participated in the meetings where prelim- 
inary plans were f ortuulated for most of the studies that, were completed. 
Tlie philosophy of the' space and geometry working groups was that when expe-. 
r^pncid researchers work together for several days to isolate individual 
research projects, the chances increase that ihe projects that evolve will 
be more basic, more to the heart of the issues, and consequently more impor- 
tant. Furthermore, because many individuals will have input into the plan- 
ning, and because mar.y individuals will have an opportunity to coordinate 
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their research efforts, more complex issues can be investigated. Finally, 
the space and geometry group believes that the ^optimal time to establish 
connections among individual research efforts is whil.e project p^lans are 
in the formative stages of development — not a year or two after "Iprojects 
have been completed and reports finally appear in journals or at confer- 
ences. _ 

Future Activities of the Spice and Geometry Working Group 

As an ou.tgrowth of the 1975-76 activities of the space and geometry 
group, several meetings have been planned during the 1976-77 academic year 
First, an "applied problem solving" conference 'was held at Northwestern 
University in December of 1976, ahd a "space and geometry" meeting and an 
"applied problem solving" meeting wer6 held during the 1976 NCTM meeting 
in Cincinnati. In addition, the space and geometry group conducted a 
research reporting session at the Cincinnati NCTM meeting. 

Although it may seem that "applications" and "problem solving" are 
fairly unrelated to space and geometry research, these topics arose as 
natural outgrowths of the space and geometry research that was conducted 
in 1975 and 1976. As the space and geometry working group focused on 
"Piagetian" operational analyses of various concepts and on analyses of 
the figurative contexts in which these concepts were used, it became 
cle^ir that "having a concept" and "being able to use it in some contexts" 
often involve somewhat different processes. In addition to the figurative 
aspects of a problem situation which can alter its difficulty, the avail- 
ability of. certain general problem. solving strategies, as well as certain 
affective characteristics also seem to relate to the solvability of a 
prt>blem. Some of these issues will be investigated during the 1976-77 
aciidemic year. 

Individuals who are interested in cooperating with the above research 

efforts should contact Richard Lesh at Northwestiern_UnTv_ers i ty , _ Izz ie 

Weinawreig at the University of Illinois, Circle Campus, or. Les Steffe at 
the University of Georgia. From the beginning, the space ahd geometry 
group considered geometry to be a context in which to investigate general 
questions about, concept acquisition. That is , laresearch concerning the ^ • 
development of spatial concepts should not be an area which is only of 
interest to those who want to teach geometry. 




Richard Lesh 
Editor 
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Richard Lesh Diane Mierkiewicz 

Northwestern University Northwestern University 

In instructional materials for teaching geometric concepts, and in. 
research literature concerning the development of geometric concepts, 
there is a great deal of ambiguity about similarities and differences" be- 
tween perceptual and conceptual processes. For example, in recent years, 
it has been fashionable to refer to many children's "learning disabilities" 
as "perceptual problems." Yet, most of the supposed "perceptual problems" 
involve far more than perceptual processes; they also involve organizing 
id interpreting perceptual data and other, conceptual processes. So, if 
a teacher wants to help youngsters learn a geometric concept, it is impor- 
tant to provide more than perceptual experience. ' 

Some clear distinctions between perceptual and conceptual processes 
are needed. Generally, the word "perception" has been used to ref^r to 
situations where the senses gather information from the environment and. 
transmit it to the brain. "Conception" has referred to situations where 
perceptual information is, organized , interpreted, transformed , or otherwise 
acted upon. However, recent research in perception shows that these dis- 
tinctions are naive. For example, even at the most primitive levels, per- 
ception theorists talk about conceptual-sounding processes like organizing 
and interpreting information, and even about hypothesis testing. 

Some Basic Facts About Perception 

,..At every instant, the amount of information available to lis is 
immeasurably great. Electromagnetic radiation of all. wavelengths 
and combinations of wayelengths—radio waves, light waves, and 
X-rays~shcwer - us all tlie time . Our environment is saturated 
with sounds, changes in air pressure" and temperature ^ and dhahges 
in; the chemical composition of the air. No real' system, physical 
or biological, could pdssibly register and make use of all of this 
vast array of combitjations of j:he physical conditions, in the envi- 
ronment. The information that is actually registe.red or acted upon 
by a real organism is always a very small fraction of that which 
.could be used by an imaginary perfect system. All organisms select 
part of the information in their. environment to register or ^ct upon, 
and the rest of that information is lost to them- (Cornsweet, 1970, 
p. 1) ' . 

...Clearly, an organism cannot process . all the external signals 
that it receives. In man, in the visual system alone, there are 
more than a million channels .. .This figure far exceeds our capacity 
to deal with information, which is limited to c^bout 25 "bits of 
^ binary infc^irmation per second. Thus,' the information reaching the 
brain must be whittled down considerably in order to abstract the 
most relevant data. (Held & Richards, 1.971,, p. 4) 

Perception theorists have shown that the brain cannot process more than 
a very limited .number of items at one time. Sa, for the sake of efficiency,. 
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it As important that each item sent to ;tt carries as much information as 
possible. There are several ways that perceptual processes perform this 
simplifying function. First, it selects only those inputs that are most 
relevant for the task at hand. That is, it weeds out information. A 
good example pf the filtering mechanism is apparent in "cocktail party" 
situation^ when attention can be paid to one vpice among many (Broad- 
bent, 1962). 

. • ■ ' ' ' • .. 

...A closely related phenomenon is that if we have stopped hearing 
some. continuous sound and then the sound goes off, we notice the 
cessation. In fact, when a clock stops ticking, it see^ms as though 
we hear the last few ticks. (An old story illustrates an extreme 

* case. At 11:46 in the evening, an electrical failure disabled Big 
Beh*s chimes so that they could not sound. At 12:00 sharp, the 
mdn who lived next door leapt out of bed anti shouted: "Whatwas . 

^ that?") (Cornsweet, 1970, p. 442) 

Perceptual mechanisms not only weed puc information, they also read 
in information by imposing meaning and order on sensori input. ^ For 
example, in "reading" situations the meaningf ulness of the input plays 
an important role in. determining what is »perceivedl "Reading is not 
simply stringing symbols together . A better description is^ that reading 
involves generating hypotheses about the meaiiing of the pattern of symbols 
(Kolers, 1972, p. 84). 'Vrt 

Another example where meaning plays a role: in perception occurs in 
the percept ioti of speech when it is very~^rfficult: to^':^ear" two messages 
at once (e*g.«. Oh God say save can. our you gracious see Queen) even though 
the necessary information is available. Simplifyingj organizing, inter- 
preting, and hypothesis testing are all natural perceptual processes. 
Consequently, "the senses and the nervous -syst:em_do_Jivcdt_cony_e 
representation of the object exciting the senses, but only an abstraction" 
(Held & Richards, 1971, p. 3). 

...Perception is the process of knowing. objects and events in the - 
world by means of the senses. Historically and popularly, we have 
thought of "the process of perception as the transmission of a copy 
(pictiire) of an 'object to a sense organ and thence to the seat of 
consciousness in the brain. *But from previous discussions of the 
reactiori of the Sensory systems, it is already clear that nothing 
like a replica is maintained in transmission, not even a replica 
of the space temporal' pattern of energy distributed over such a 
receptor surface of the retina. (Hel* & Richards, 1971, p. 166) 
■j- . \ . 

^Perception theprists have shown that information about the world does 

not enter the mind as raw data, but'in an already highly organized and 

abstracted form. 

...Visual perception involves "reading" from retinal images a 
host of characteristics of objects that are not re'presented . , 
, directly by the imagers in the eyes. The inage does not convey 
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directly many important characteristics of objects:^ whether they 
are hard or soft, heavy or light, hot or cold. 

...Perception seems to be a matter of looking up informatioR that 
has been stored about objects and how they behave, in various situa- 
tions. The retinal image does little more than select the relevant 
stored data.. This selection is ra£her like looking up entries in 
an encyclopedia: behavior is determined by the contents of the 
entry rather than by the stimulus that provoked the search. We 
can think of perception as being essentially the selection of 
the most appropriate stored hypothesis, according to current 
sensory data. 

...A look-up system of this kind has great adifantages over a 
control system that responds simply to current input. If stored 
information is used, behavior can continue in i the temporary absence 
of relevant information^ or when there Js inadequate information 
to provide precise control of behayior directly. \^ 

...If we consider.^ the problems of storing information, about 'objects, . 
it soon becomes clear that it would be most uneconomical to store 
* an independent model of each pijject for every distance and orien- 
tation it might occupy in surrounding space. It would be far more 
eponomic^l to store only typical characteristics of objects and to 
use current sensory information to adjust the selected model to 
fit the prevailing situation. (Gregory, 1968,' p. 250) „ 

• ■• 
...The naive obs^yer believes.: that he correctly perceives the 
objects and events in the world and that is all that th^ere is to 
perception. Doubts begin to arise ionly when properties that do 
not correspond -to -apparent-reality are assigned. to_th®se_Pbjects_:i^ 
and events. .-VFor example, Ji-S the -measured size of an object directly- 
proportional to its perceived size? Is the apparent speed of jnotion 
' of a body exactly proportional to, its actual, velocity? That the 
answer to such questions 'is frequently "no" is apparent from our 
everyday experience: the remote figure of a man may appear to be 
no larger than an ant ; after viWing a moving scene, an observer 
may perceive a truly stationary one to move in the opposite direc- 
tion. (Held & Richards, 1971, p. 2) 

Perceiving * is riot just sensing, l^ut rather the effect of isensorl input 
on the representational "System. - > ^ 

.. .the process of identif icatidn must involve some kind of. 
matching between the visual in'put and a stored schema. If 
two schemata match the visual input about equally^ well , they 
compete for its perceptual interpretation; sometimes one 6f the 
objects is seen and sometimes the other. Therefore. one reason 
-^mbiguity exists is that a single input can be matched to dif- 
ferent schemata. . ;It seems likely that the perceptual machinery 
is a teleological system that is "motivated" to represent the 
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outside world as ewonomically as possible, within the constraints 
of the input received and the limitations of its encoding capabil- 
ities, jCAttneave, 1971, p. 66) 

This typ©: of perceptual competition is most clearly seen in ' reversi'M.e 
figures," such as the illustrations in figure 1* The cube car* reverse 
its depth, the staircase can go up to the left or across to the right, 
the folded card can appear like a "pup-tent" or like an open bopk; but 
nohe^f these figure reversal interpretations can be seen simultaneously 

~ \ • ' Figure 1 



(a) cube ^ (b) staircase (c) folded card 

. ' ... < ^ 

Perceptions are" Constructed ^ ^ ' 

^ Historlcail: hnd popularly, men have thought of perception as the 
i-ranfini-r salon of a cop y (i.e>^ a picture) of an object > Because the human 
eye seems to act very much like a camera, photographs .have been used as 
reasonable models of visual perceptions. However, according to modern , 
perception theorists, there are many differen<&es betweeji the procedures - 
that produce, ptotographs and the mechanisms of perception. One difference 
is that a camera focuses by ''changing, the distance from the lens to the 
film, whereas the eye changes the shape of the lens. Another obvious dif- 
ference is that vision involves two eyes — not just one as in a camera lens. 
Yet the slightly differing information from. the eyes is combined into a 
single'' perception. • . <• ' [ 

It was not until the 17 th century that the gross of>tics of image 
formation in the eye was clearly expressed. Until that time, many people 
believed that . an inverted image on the retina, was incompatible with seeing 
right side up. Today, most peopie comfort themselves with the thought that 
the brain compensates for inver.ted images. Actually, however, there is no 
problem-.-and so no compensation. Spatial patterns in the outside world 
are just patterns of nervous activity stimulated through the eyes (Wald, 
1950, p. 32). 

..•If the analogy between eye and camera w^re valid, the thing 
:: one looked at would have to hold still like a photogr,apher 's model / 
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ia. order to be seen clearly. The opposite Is true: far . from 
obscuring the ^shapes and ^spatial relations of things, mqvement 
generally^ clarifies them... Eye movements are necessary because 
the area of clear vision available to the stationary eye is 
severely limited. To see this for oneself it is only necessary 
to fixate ou a point in some unfamiliar picture or on an unread 
' printed page. Only a small .regitjn around the fixation point 
will be clear. Most of the page is seen peripherally, which 
means that it is hazily visible at best. Only in the fovea, 
the small centra^, part of the retina, are the teceptor cells 
^, packed close enough together (and appropriately organized) to 
make a high degree of visual acuity possible. This is the 
' , reason one must turn one*s eyes (or head) to look directly ' 

at objects in which one is .particularly interested. (Neisser, . 
1968, p. 205)' 

By using a device somewhat like a contact lens with a small camera 
attached to it i scientists hjSLve been able to make an "image stand still 
on the retijna (Pritchard, 1951, p. 72). It was found that, when an image 
is stabilized oii thei retina by orie= .i^eans or anotl\er, it soon fades and 
disappears—later to regenerate in whole or in part, 

...In general we have found that: the image of a simple figure, 
stich as a single line, vanishes rapidly and then reappears as 
a complete image'. A more complex target, such as the profile 
^^-^of^a .face or. a pattern^ of curlicues, may similarly disappear * 
and^ea^m^ear as a whole; on the'- other hand, it may vanish in 
fragmentsV^wlth one or mbre of its parts fading independently. 
(Pritchard^ i96rv-p:._72^^ , * . ' , - . r . 

Pritchard (1961) has used ilJ^st^arti<>nsJJ^^ the ones in figure 2 
to show how complex imagesTaae"7ananfegenera^ — 
ing plays a role in perception," Pritchard points out how the^parts^ of a 
face tend to fade and regenerate in meaningful units while the parts^of . 
a meaningless configuration fade and regeneratfe rapidly in an (initially) 
unorganized and meaningless JEashion. However, after a short period of 
time, even the meaningless configurations tend to fade in organised units. 

^ As Gestalt theory predicts, contiguity, similarity, ''field effects, 
and the dominance of "good" figures seems ^o effect stabilized Images. : 
However, Gestalt psychologists have maintained that objects are recognized 
as wholes, wher.eas more recent theories have. proposed a more piecemeal 
process involving an assemblage of parts. j 

If perception involves ^an.assemt)iage of parts, two important •'ques-l 
tions are:' (a) .What care the key feature^s, or key relations, that are j 
selected for identifying an object? (b) How are these features integrated 
and related to. one another tor fornf a complete perception, of the object^ 
Studies investigating eye movements during visual perception have produced, 
.results relevant to both of th^se questions. 
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Figure 2 




Th* pares of « profile drawing that atay ';ylalbXe era Invariably a?aclflc 
ftaturaa or groupa of fcsturaa* auch aa tbm front of the face or tiM 
top, of the bead. 



MeaningX^aa curlicues 'first cone and go" In random aequanca. But after a 
while small groups of curlicues orgaoixed In recognizable patterns eCert 
to behave aa percepcual elements. 




Itonogrsa formed of Che lettere' H end B eleo eeeme to j^lluetrete the Impor- 
tance of elemente chat are* meenlngf ul b^euee of' peat experience. When! " 
the monogram breelcs up It.le the recognlseble lettere end numbere vlthln 
It that coma eucceeelvely Into view. 
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Linear orgknlxecloa le emphasised- by the fedlag of this targe t'hompoeed 
of rove of aquaree. The figure usuelly fedea to leeve one whole row 
vlelble; horlzoncalt diagonal, or vertical.. 




Circle and trlengle may fade ee unite, leevlng one or, the bther In view. 
Vhen thare le partlel fading, e side of tb« triangle may remain In view 
eloDS with e parallel eegment bf the circle, euggeetlog the field effect 
ppetuleced In Ceecalt vleual, theory. 




Cornere ere the beeic:ualts when eolld-tone flguree *re ueed.. The fedlng 
eterte In the center and the eharply defined cornere dleeppear one by one 
ie terget, like the others In the serlee, wee preeented tp eubjacte 

boSLm white^n-bleck end bleck-on-white. (Prltchard, 1961, p. 75-77) 
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During njrmal viewing of stationary objects, the eyes alternate be-* 
tween fixations and rapid movements. For example, Noton and Stark (1971, 
p, 42) use the illustrations in figure 3 to show the scan paths for three 
different subjects and three pictures. By analyzing the scan paths for 
many different pictures and for many individuals, it has been showri that,: 
(a) different people have different characteristic ways of viewing a given 
object; and '(b) a given sub"a^ect has quite* different 'scan paths for different 



Figure 3: Visufl scanning paths 
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pictures.^ Nonetheless, certain regularities ^have been detected. For 
example, when subjects freely view simple pictures, their - fixations tend 
to cluster around angles or points of greatest curvature. 

i . .We conclude, then, that angles and other informative details 
ar-e the features selected by^the brain for remembering and recog- 
nizing an object. The next question concerns how these*" features 
are integrated by the' brain into a whole — the internal represen- 
tation—so that one sees the object as a whole, as an object 
rather than an uncpnnected sequence of features. 

...It appears that fixation on any one feature, such as Nefertiti's 
- « eye,, is usually followed by fixation on the same next feature, 

such as her mouth. The overall record seeiiis to indicate a series 
of cycles; in each cycle .the eyes visit' the main features of the 
picture, following rather regular pathways from feature to feature... 
Essentially we propose that in: the internal representation or 
memory of the picture the features are linked together in sequence 
by the memory of the eye movement required to look from one feature 
to the,, next. " 

' .. .Our hyp(i thesis states' tfhat as a subject views an object ^or the 
first tiWand becomes familiar with it, he scans it with his eyes 
and d^ve^ps a stan path for it. During this time,^hfe lays down 
the memory traces of the feature ring, which records' both the sen-- 
sory activity and the motor activity. When he subsequently en^ 
counters the same object again, he recognizes it by matching it 
with. the feature ring, which is its internal representation in 
his^emory. Matching consist^ in verifying the successive features 
and carrying out the intervening eye movements, as directed by 
the feature ring. (Noton &' Stark,' 1971, p. 38-3?)^. ■ . ^ 

^ Sometimes (e.g., for small objects), no scan paths were detected. But 
in these- situations. research suggests that a subject^s attention moved 
around >a picture even though his fixation remained steady near the center 
of the picture. Furthermore, the features of the objects: that are selected 
^for attention or fixation are again thO:^e which yield the most information 
(e.g./ corners, etc.). ' . * 

^ -^...Although seeing requires storage of information, this memory 

cannot be thought of as a sequence of superposed retinal images. - 
Superposition would give rise only to a sort of smear in which^j^ ^ • 
• all detail is Idst. Nor can we assume that the perceiver keeps ,/ 
careful track of his eye moyements and thus is able to set each 
new retinal image in just the right place ""in relation .to £he older 
stored ones. Such an alignment would require a much finer ^moni- 
toring of 'eye motion than is actually available...!^ seems, there- 
fore, that perceiving involves a miemory that is not representa- 
tional but schematic. During a series 'of fixations the. perceiver 
■synthesizes a model^ or schema of ''the scene before him ^, using 
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infonaation from each successive fixation to add detail or to 
extend the construction. This constructed' whole is -what guides 
his movements (including further eye movements in many cases) * 
„ and it is, what he describes when he is being introspective, 
Iij short, it is what he sees. 
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• •,Not only perception but also memory has often been explained 
in term& of an ima^je theory. Having looked at the retinal p^c- 
ture, the pejceiver supposedly files ±c away somehow, as one 
might put a photograph in an album. Later, if he is lucky, 

he can take it out again in the form of a "memory image" and 
V look at it a second time. The widespread notion that some . 
- people have a "photographic memory" reflects this analogy in 

a particuiarly_liter£l'l way,' but in a weaker form it is usually 
applied even to ordinary remembering. The analogy suggests T . 
that the mechanism of visual memory is~ a natural extension of 
the mechanisms of ^vision. Although therti is some truth to this 
proposition, ,, .it is not because both perce^ption and memory- are 
copying processes, Rather/'it is because neither perception nor 7^ 
memory is a' copyingr process, (Neisser, 1968^ p, 204) 

The Role of Perceptual Activity 

r ' ' ' ' •■■ ■, ^ * ^ 

Traditionally, perceptual development has been described from either a 
nativist or an empiricist point of view, • w 

• ,,0n one side is the nativist, who believes that the infant has - 
a wide range of innate visual capacities -and, predilections', which 
have Evolved in animals over millions of years, and that these ' 
give a primitive order and meaning to the .worlci from the "first 

Uook." On the other side is the extreme empiricist, who holds 
that the infant learns to see and to use wh^t he sees only by 
trial a^ error or association, , starting, as John/^ocke put" it, ^ , 
with a mind'like a blank slate, (Fantz, 1961, p . 66) 

The empiricist point of view has been the most popular, particularly regard- 
ing the notions, of space perception and constancy, - " . - 



.,,,The retinal image cQhtains many cues to depth; for example, ^ . 
far-o.ff objects are projected lower on the retina than nearby - 
objects-^ (which is why,^,they appear higher to uis) , Sui>posedly, a 
* baby learns that'it^ust crawl or< reach farther to get to such 
a higher image, and so comes to correlate relative height with 
* relative distance. (Bower, 1966, p. 81) ' ^ 

Many empiriciists believe that sensor i-mo tor activities such as crawl- 
ing andt reaching are essential to perceptual development. However,, the. 
influences of' sehsori-motpr activity on perception are even more evident 
in investigations fff the adaptability of perceptual systems, \Many of^ 
these studies have centered- on the adaptatiorj of visual perception to a / 
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radical transformation of the world induced through the use, of- iprism 
goggles (e.gl, the world can be made to look upside down, right axid'^left^ 
Q^n be reversed, or straight lines can appear curved) (Kohler, 1962; 
H§ld, 1965; Rock & Harris, 1967). Surprisingly, af^er a brief adaptation 
process, the visual system is able to acclimate to such distortions so 
that the goggle-wearer's perception appears normal. To explain these 
phenomena. Held (1965) notes: ' • ^ ^, . 

' ^ f 

•••There is more to the mechanism of perceptual adaptation than 
a change in the way the sensory parts of » the centrial nervous 
sy^cem process data from the eyes and ears. The muscles and motor 
parts of the nervous system are evidently involved in the adapta- 
tion too,. .(p. 84) • V 

To support this hypothesis. Held compared the visual adaptation of subjects 
encouraged to actively explore their environment with those confined to 
passive movement. He found that "the degree of adaptation achieved by the 
subjects who had b^en involved in active, movement was far greater than that 

o-f. the passive group", (p. S8) . • ^ ^ _ ' 

, .J ' ' . ' ^ ' '^^ " ' 

However, pefCBptiual development involves; more than jus^ sensor i-mp tor 
activity. After a series of studies with infants. l*tG 15 wefejcs old, Fahtz 
(i961) concluded that neither the natives t or empiricist views ^are accurate^ 
Instead, "there appeai^s to be a complex interplay of innate ability, matura^ 
tion and learning in. the molding of visual behavior ••." (Fantz, 1961, 
p, 69-70); Hence, , " 

' •••It has Ic b^en assumed tha*t perceptual development is a process . 
of construe* -that at birth infants receive through their senses 
fragmentary ^rmation tha^ Is elaborated and built on to produce 
. the or4ered perceptual world of the adults The theory emerging 
from our studies and- others not repic^rted here is based oh (evidence 
that infants can ^in fact register most of the information an adult 
c/an register but can handle less'of the information than adults 
can. Through maturation they presumably develop the requisite 
information-processing capacity. '(Bowers, 1966,,^ p. 92) 

an other words, although an infant "receives" almost the same raw perceptual 
data as an adult, he has yet. to organize *it:. So, the development of percep 
tual. processes: seems to involve the^ gradual coordination of information, 
processing capa>iiities . This Ijnplies that sensori-motor activity will 
faciiitate perceptual development when it aidis in the organization of ' ^ 
information. 

Soiflfe-Charactieristics of Unorganized Perceptions >. 

' The preceding sections illustrated ♦how perception involves' conceptual 
spundirig processes like organizing, interpreting^ hypothesis testing, and 
memo^. Cptisequently:, just as in conception.,, the following phenomena 
typically occur when a person is forced to make 3 perceptual judgment in 
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a situation where the relevant * orgai^zational schemes 'have not yet been 
coordinated: ' * ^ ■ 



Figure 4 



1 




( 



,(a) The subject may fail to "read out" all of the information that is 
^in a given situation. -For example, in a hidden pic^ure^ puzzle like figure 
one may at first see. either an old woman; or a young woman;, then when 1)oth 
have been seen it is difficult to realize how one had' ever been negjected. 
Similarly, in any complex picture some aspects will' be neglected until the 
picture^ has bedn orgar Ized. by the- perceiver ^ • ' • ' 

, ■ .. • Figure- 5 . ; ...'v.; •.••■■^ \ ■ ■ 






(a) 



(b) 



(c) 
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' (b) The subject may "read in" too much meaning in a given situation, 
causing 'distortions or perceptual illusions. Or, a person may "read in". 
Information that is actually helpful. For example, the Illustration in 
figure Sc^can be interpreted either as a flat hexagon or as a cube, • And, 
the amount of information read in can be influenced by past experience. 
For instance, if a subject ±'3 shown figures 5a and 5b before figure 5c, 
thG chances .increase that figure 5c will be seen as a cube, 

' ' •■ 

Another example of "reading in information" is illustrated in figure ( 
where'white squares and circles are "seen" even though none are actually 
present. Similarly, in figure 7 the subjectively imposed figures produce 
perceptual illusions just as though the imposed" figures were actually 
present. 

Figure 6 



Figure 7 
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«* The total development of perception involves organization at two 

levels: (a) the organization of sensori information encoded, and (b) the 
organization of the perceptual activities used in gathering information. 
•For example, in spite of the, fact that "stabilized image'! studies indicate 
that perceptual activity is involved even in the simplest situations. Bower 
(1966) has shown that infants 50 or 60 days old display shape constancy 
and can. discriminate rectangles from trapezoids, ^et, in studies of 
haptic perception, Piaget^ (1967) has shown that children as" old as four 
or five years had difficulty identifying various simple rectilinear shapes. 
Altjtiough this developmental "lag" can be attributed to a number of factors, 
such as the different senses used, one important variable was probably the 
amount of overt perceptual activity requiredLin each task. In Bower's 
study,, the stimuli were arranged so that a minimum amount of visual 'scan^ 
ni;a8^ (possibly one -fixation) was sufficient to perceive aXX the relevant 
inf oraation. In Piaget's study, rather large shapes made it impossible 
for the children to perceive all the important data at once. Hence,' to 
correctly identify >the phapes, children had to actively explore the blocks 
and actively organize their exploration* activities. Children who correctly 
identified the shapes used organized systems of data gathering activities. 

^ It Sisems clear that the amount of perceptual activity to be coordinated 
effects^ the difficulty of perception tasks. For eximple, in this book, 
Fuson and Murray's "haptic perception" article shows that Pifaget's tasks 
become much easier if the amount of . organizational activity is reduced by 
losing smaller figures which need not be explored so actively. Nonetheless, 
Fucott and Murray's study also indicates that children seem to go through 
the same stages of development as in Piaget's tasks— only at an earlier age. 
This suggests that even though the tasks were made easier by minimizing the 
importance of organized exploration activities, the same basic processes 
may be involved. 

Thfe total development of perception seems to require the organization 
and coordinatio^n of both the sensori information encoded and the perceptual 
activity gathering this information. However, while most perception theorists 
have focused on the former types of organizational processes. Plage t has 
emphasized the role-,of the latter. In fact, Piaget has devised tasks in 
which the degree of organized perceptual activity is' so great that cognition 
structures are needed to coordinate the perceptual activities. Consequently, 
perception sometimes actually "trails" the organization of the intellectual , - 
concepts involved. Consequiently , a child may fail to make a perceptual judg- 
ment from a situatipn even though he may understand the pr(irequisite intel- 
lectual concepts. Fcr example, this developmentar^ "lag»" was shown in chil- 
dren's estimation of the relative size of objects placed at different dis- 
tances from them (Piaget, 1969)* 

Some Basic Fact;s About Imagery ' ^ 

The preceding sections suggest, that perceptual processes are very 
similar to the processes that are involved in constructing internal repre-j 
sentations~or images. The word image is popularly used with a variety of\ 
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different meanings : ..(a) the optical pattern on the retina, (b) the mental 
experience of "seeing'* the object, and (c) the seemingly picture-like 
memory of certain objects or events. And, it has been quite easy to treat 
the inner image as a simple copjfcrfbf the outer image. Howev'i».r, research 
clearly shows that this point of view is naive. Internal representations 
are not at all like the optical images on the back of the eye. None.the- 
less, .some interesting similarities have been found between type "b" and 
.type "c" images* For instance, while examining the rapid eye movements . 
thr^t regularly accompany sleep, and by comparing these data with reported 
transcripts of the dreams, parallels were found between the eye movements 
of the dreamar and '\he content of J^he dream (Dement & Wolpert 1958) • 
Similarly, work oii eidetid iTiagery indicates that the Eidetiker scans 
the images with his eyes in much the same way that a real object would 
be scanned. After reviewing research of this type, Neisser (1968) con- 
cludes: 

.•.First, seeing and imagining employ similar- — perhaps the same — > 
mechanisms. Second, images can be useful, even when they are 
not vivid or lifelike, even for people who do not have '*good 
imagery." Third, mental images are constructs and not copies. 

• . .Tlie eye and brain do not act as a camera or a t'ecording 
in^strument. Neither in perceiving nor in remembering is there 
any enduring copy of the optical input. - 

• •••Visual memory^ differs from perception because it is based 
primarily on stored rather than on current information, but 
it involves the same kind of synthesis • (p^ 208) 

Piaget has be^ one of the foremost theorists emphasizing the construe 
ted nature of 'perception, imagery, and conception. That is, perception, 
imagery, and conception rfequire children gradually to coordinate and use 
progressively more elaborate systems of operations and relations. And^ 
before these^ systems have been coordinated in a given situation, a subject 
can be expected to: (a) not. "read out" some important-information (i.e., 
centering) , or (b) "read in" too , much (or irrelevant;) information (i.e., 
egocentrism) . So, in case after case, children and adults are willing to 
distort what they see in order to fit What they understand. 

Piaget (Piaget & Inhelder, 1971) explains that in the early days of 
experimental psychology, thou'ght was considered ta involve systems of asso- 
ciations between images* — somewhat like a movie projector film. That is, 
images and associations were considered to be the two elements of thought. 
But, when the Wurzburg School demonstrated the existence of imageless 



An eidetic image is an imaginative production that seems to be external 
to the viewer aij-d to have a location in perceived space; it has a clarity 
comparable to that of genuinely perceived objects; it can be examined by 
the "Eidetiker," who may report details that he did not i:iotice in the 
original presentation of the stimulus. 



\ash, Mlerklewicz. - 21 

thought, Images were discardeid and thought was reduced to associations. 
However, the early conception of images treated them as a residual trace 
of perception — which was in, turn conceived as a photograph-like process. 
Images were not considered to be symbolic auxiliaries to thought, and they 
were not considered to require construction. 



\ For Plaget, an image is a multifaceted symbol (Piaget & Inhelder, 1971). 
That^ls, to be a symbol, it must: (a) be able to be distinguished from the 
object it symbolizes, arid (b) be able to be conjured up in the absence of 
the object it symbolizes. And, to be multifaceted, the symbol must be 
more\than an arbitrary sign like "s" which might be assigned to a square 
for labeling purposes, but which conveys no further information about the 
objec^. For example, wjien a symbol like [ | is used to represent a 

squar4, -it not ^only serves a labeling function like the word "square" or 
the symbol "s," it also simultaneously conveys a great deal of^vother infor- 
mation- — like the facts that squares have: (a) 4 corners — each equal, and 
each 90 ; (b) 4 straight sides, with opposite sides parallel, etc. And, 
all of \these bits of information come free with the symbol . Con- . 

sequently, it qualifjLes as a multifaceted symbol — -or an image^ 

Because of the "free information" aspect of images, it is easy to. 
think of ^ simple geometric problems where the solution can be found by 
"picturing a figure in your mind," and then operating on the picture to 
deduce new information — all 'without relying on formal properties of the 
objects. \ Probably it is thig free information aspect of images that accounts 
for a large portion of the geometric intuition that mathematicians speak of 
so f riBqueiitly . 

Because of the multifaceted aspect of images, they Jbear some resemblance 
to the thing symbolized. Nonetheless, mental images are not so much attempts 
to produce exact representations of a thing "seen" as they are attempts by 
the subject ^to express what is "understood." For example, Piaget has devised 
a number of tasks to illustrate how some images develop rather late, and 
how children's representations often radically distort what^they see in order 
to represcmt what they understand. 
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^atial, geometric intuition is the only field in whicTi imagined 

and ^content are homogeneous .. .An image with logico-arithmetic 
0nt ehtails a conversion of non-spatio-temporal transformations 
a necessarily spatial form. The spatial image, on the other 
repi^^esents spatial content in forms that are likewise spatial 
llmag 



e bf a number or a class is not in itself a .member or a'^class. 



an 
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square is approximately squares. . (Piaget Inhelder,. 



However, even with .regard to geometric concepts, there is never more 
than a partial isomorphism between the figural representation and the con- 
cept represented I* So, images are often mor§ .like abstract symbols than like 
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faded perceptions. For example, a picture of a cube must always distort 
some properties of a cube in order to ^represent others. In fact, two-dimen- 
sional representations of three-dimensional objects must. always distort 
some properties or objects to emphasize other^'. For instance, each of the 
following dra\^ings are equally "good" representations of a cube; 



(a) 



(c) 



< 

"7~] . Figures a and b distort 



the measures of the anglies and the leng'th of the sides, and figure c distorts 
connectedness to represent the squareness of the faces. 

Figure a is probably more common than figures b and/c, but it is no 
more accurate. In fact, for some purposes, figure c is best. For example, 
blueprints for houses (or directions for model airplanes) are more like 
figure c. Because any representation must distort some properties to 
emphasiz*» others, judgements about "betterness" are always dependent upon 
the function the representation is to serve. ' But, many children have not 
yet learnfid to valiie the geometric properties their elders consider to be 
important. Consequently, children's judgements about the "goodness" of a 
representation may differ from those of adults. For example, in the case 
of perspective drawings of a cube (or selections from predrawn figures) , 
children are usually more impressed by the squareness of the sides than 
they are by the measures of the angles', the connectedness of the sidies, or 
the relative location of the side£3. Consequently, their drawings. and their 
internalized images distort properties they do not understand (and therefore 
do" not consider important) in order to preserve properties -they do understand 
(like tlae squareness of the faces). So, when they = are asked for a perspec- 
tive drawing, their drawings tend to resembe figure c (Montangero, 1976). 

The examples in figure 8 illustrates situations iu which adults typically 
distort taev soe in order to fit what they understand. To verify thi^ 

tendency, look carefully at fdgure 8a and then try to draw it when the figure 
is Tiu longer visible. 

Exiimples like figure 8b are quite common in the work of the artist 
M. C. ..Either. 



Figure 8 
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Adults become so accustomed test" the usual "photograph-like" method of 
representing three-dimensional objects on two-dimensional surfaces that 
they forget that the method of using hazy backgrounds (and foregrounds) 
together with line^ converging to a vanishing point (corresponding to the 
ey^ of ,the observer) was developed relatively late in the history of art. 
Early dr.awings tend to organize pictures using conceptual, rather than 
optical relatians. For example, early Egyptian drawings combined several 
different points of view within 'one scene (e.g., heads were painted in 
profile, with eyes painted in front view) ; and size was used to represent 
the importance of the object rather than the actual relative size of the 
objects (e.gi, kings looked like giants ,. while servants, animals,, and 
inanimate objects were dwarfed). In fact, early Egyptian "medley of view- ' 
points" drawings closely resemble children's drawings in many respects.' ^ 
Just like many children's drawings, the objects in some Egyptian pictures 
were drawn in a linear sequence, as though the figures were marching in & 
parade; and objects that wfere conceptually related were drawn close together* 
rather than objects that were^ actually (i.e., spatially) close. 

In a number of books and articles (Piaget fir'lnhej.der , 1967, 1971; n . 
Piaget, Inheldeir, & Szeminska, 19^0; Ripple & Rockcastle, L964) , Piaget 
has distinguished between the. figurative and operative aspects of thought. 
The figurative aspect deals, with fixed states; while the operative aspect 
deals with transformations leadirig from one state to Another, or with 
logical-mathematical operations and relations that are imposed on the ele- 
ments of the fixed state. Consequently, the figurative aspect tends to be 
based on physical rather than loaicalTmathfematical experience— and consti- , 
tutes "empirica]" reality. HoweVer, Piaget states that, "Sooner or later 
reality comes to be see,n as consisting of systems of transformations beneath 
the appearance of things" (Piaget & Inhelder, 1971). And, this is why,. 
"In adults, the figurative aspect is subordinated to the operative aspect— 
thot is, we see each state as the result of a transformation of a previous 
state" (Ripple & Rockcastle, 1964, p. 21). < 

Piaget 's conception of imagery is closely linked ;to perception in that 
both are closely tied to the figurative aspects of thought. Consequently, 
the development of imagery is in some respects parallel to the development 
of perceptual structures. However, imagery as well as perception is con-, 
sidered to involve far more than the ^photograph-like process- that many 
others have considered it to be-; Fbf Piaget, images must ba constructed, 
and the construction requires :children to coordinate systems of operations 
and relations. This latter poiiit is particularly important to emphasize 
because many modern psychologists (e.g. , Paivlo, 1971) have tended to neg^ 
-•ect the constructed nature of images. By focjising on associative learning 
variables (like familiarity) , these .theorists have neglected the fact that 
the operational -complexity of a figure is one of the most important variables 
determining the child's ability' to use the image. 

...With the image, as'.with perception, it is the sense data which 
"signifies," while the movements and their organization (in the 
" form .of comparative sensori-motor schemata) constitute the basis ^ 
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of the 'signified' relationships themselves. (Piaget & Inhelder, 
" 'l967, p. 42) 

...Images and sense data perform exactly the same function in 

• geometrical Intuition as in other thought processes. Namely, 
that of symbols or 'signifiers' as opposed to the relationships 

~ they 'signify.' (Piaget & Inhelder, 1967, p. 447) 

" ...for mathematicians, intuition is far more than a system of 
perceptions oif images . Rather is it the basic awareness of 

• space, at a level not yet formalized. (Piaget^ &. Inhelder, 1967, 
p> 448) 

. . ,The 'intuition' of space is- not a 'reading' or apprehension 
of the properties of objects, but from the very beginning, an 
action' performed on them". It is precisely because it enriches 

• and develops physical reality instead of merely extracting from ' 
it a set of ready-made structures, that action is eventually able 
to transcend physical limitations and create operational schemata 
which can be formalized and made to function in a purely abstract ; 
deductive fashion. (Piaget &' Inhelder, 1967, p. 449) 

Relktionships Between Perception and Imagery, and C onception 

Perceptual activities require children to use cpordinated systems of 
■ operations and relations; concepts, consist of the pure operational sys- 
tems—devoid of their figurative content— that the images symbolized. 
Piaget has shown that the characteristic feature of mathematical concepts 
is that they inherently involve systems of" operational or relational, struc 
tures. In fact, from a Plagetian point of view, it is no exaggeration to 
say ths^t mslthematical concepts arek operational systems. ^ , 

The above line of reasoning suggests that the first operational sys- 
tems (i.e., the first matjiematical concepts) children master should be 
closely related (perhaps isomorphic) to the operations and relations that 
are involved in children's early perceptual experience. In fact, Piaget 
regards' the perceptual and operational systems as being partially isomor- 
phic in. the following ways: 

.First, perceptual structures and operational structures in 
gineral relate in this way: the semi-reversibility of the one 
is partially isomorphic to the full reversibility in the other; 
there is one form of equilibrium for the first and another ; 
(better) form for the seQond, etc. Second, the perceptual con- 

• stancies are clear^ly analogous to the representational conser- 
' . . vations (e.g., Piaget, 1954b); in both prases there is a kind 

of genotypical invariance, established in the face of pheno- 
•typical 'change. Third, quasi-perceptual "figural collections 
. seem to be the preoperational forebears of later logical classes 
■ (Piaget & Inhelder', 1959). And finally, there appear to be 
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• '•preinf erences" in perceptual activity which are not quite logical 
inferences but show partial isomorphisms to it (Piaget & Mbrf ,o 
1958b).. (Flavel, 1963, p. 234) 

'In other words, perceptual systems are "crude sketchespr first drafts of 
better structural intellectual phenomena to come" (Flavel 1963 , p. 233). 
For example, the perceptual literature indicates that "angled" are among 
•the features that perception' selects to fociis on in many^ objects ; and, 
Iri his analysis^-of haptic perception, Piaget concluded: , 

...in the case of haptic perception; ^ it is the analysis of 
angles which leads to the discovery of straight lines rather 
than the other way about. The earliest squares or triangles 
. . are simply circles ^ distinguished by the addition of one or two 

angles. (Piaget & Inhelder, 1967, p: 70) ^ 

Similarly, after studying the evolution* of several geometric concepts, 
Piaget concludes: 

...There is no doubt that it 'is the analysis of the angle which - 
marks the transaction from topolog cal relationships to the per- 
ception of euclidean ones. It is not the straight line itself 
which/the child contrasts with round shapes, but rather that 
conjunction of straight lines which go to fon^i an angle. (Piaget 
& Inhelder, 1967, p.3oj 

Perhaps more research of this type would be helpful. In another 
: article (Lesh, 1976), the first author has pointed out that the first operational 
systems children learn to use are messy structures that mathematicians haye 
usually^ not bothered to formalize. Consequently, surprisingly little is 
knowii' about the structure of the earliest conceptions children have of most 
mathematical concepts. So, if Piaget 's- assertion is valid that "The teach- 
ing of geometry tould hardly fail to profit from keeping to the natural '\ 
pattern of development of geometrical thoughp" (Piaget & Inhelder, 1971, 
p. .vii); then perhaps i^t is tjime for mathematics educators to take a close 
look at tfhe growing quantity of literature that is becoming -available con- 
cerning the nature and development of perceptual systems. Current research 
seems to indi'cate that the first conceptual systems children use may be 
closely related to the systems of activities that are involved in earlier 
developing perceptual capabilities. However, it is not clear what a geoi?- 
etry curriculum .would look like it it attempted to use concepts like 
'!corner,s" and "boundedness"^ as primitive not ions, rat her than traditional 
primitive concepts like points , lines , and cats. , * . 

In this' book, Weinzweig's article represents one attempt to , devise 
an ^a'cceptable mathematical description of some of children's early geo- 
Sietric concepts. However^ more efforts of this type are clearly needed. 
If curricula are ever to be devised conforming to the "natural ^^development 
of geometric concepts, it will be necessary for mathematics educators to 
.formulate better mathematical descriptions of this dievelopment . \ ^ 
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Summary 

It is Interesting to notice that perception theory seems to be in the^ . 
process of becoming more and ir\oi:;e conceptual (involving constructs like 
"memory^" "interpretation, and "hypothesis testing") at the same time that 
conception is .often treated as though it involved^ little more than helping 
a child become" aware of coitanonalities among a series of perceptions. Per- 
haps this point of view should be taken seriously — :i6t because perception 
and conception are passive "photograph-like" procefi*ses, but because neither 
are passive processes. Perception theory furnishes a rapidly growing body 
of interesting information that could force educators to think about con- 
cept formation in ways that are less naive and more productive. . ' 

Perception, imagery, and conception all involve figurative and oper- 
ative aspects. In perception, |he operations are used , to organize' the fig- 
urative information; in imagery, the figurative aspect comes to be treated 
as a fl;ymbol to represent the relations and operations that were used to 
make perceptual judgements; and in conception, the ideas ^that evolve are 
the pur^ operative systems—devoid of figurative content. However, there 
is -reason to* believe that (a) the same basic types of operations and rela- 
tions are involved in each of th^se areas ^ (b) the primitive relations that, 
are used to ;:;c:ka '>perceptual judgements, are similar to the first relations 
children use to make conceptual judgements , and (c) when children have not 
yet learned to use these relations in organized systems, similar difficulties 
arise' (i.e., centering, egocentrism,, etc/).. Therefore, ; perception literature 
can provide insight into the nature of children's earliest conceptual systems 
which, in turn, cbuld;be the basis of curricula which more closely "fit" 
the capabilities of children's developing cognitive systems. 
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» ' ■ Apparent Memory Improvement Over Time? II 

' , ' Richard Leah 

Nor thwea tern Univeraity 

The taak deacribed in thia article may aeem rather unrelated to the 
kind of geometry exerclaea children encounter in elementary achool. But, 
the iaaue involved is critical for educator^i who' would like to uae Piaget's 
theory to deviae better inatructioh^l activities for children. The baaic 
queation concema thfe way in which a child' a operational ability limita 
hia ability to read information out of figurative models (or drawings) 
that are used to illuatrate baaic mathematical concepta. Especially in 
geometry, to' develop effective instructional activities, educators must, 
come to a better understanding of the close rel^ationship between ^he fig- 
urative and operative aspects of thinking. 

Background Information Concerning the. Study ' 

In 1967, as the second in a series of Heinz Werner Lectures, Jean 
Piaget's address "Memory and Operations of Intelligence" (Piaget, 1968) 
briefly mentioned an "imagery" study in which children's memory of a 
configuration seemed to improve over time. Young children (3-8 years) 
, were shown a seriated set of 10 sticks (9-15 cm), ordered from smallest 
to largest ( ^^\\)\ ). The children were asked to have a good look so 
they would be able to draw what they had seen at some later time. Then, 
one week later, without seeing the conf igufat£pn again, they were asked 
to draw (or describe, or select from predrawn drawings), whaf they had 
seen. Similarly, after six months, without seeing the configuration, 
they were again asked to draw what they had seen. After the responses 
were classdfied according to. type, the .data show^ a developmental 
trend in which younger children tended to xepres4ht what they understood 
rather than what they had seen. More surprisingly, however, in 74% 
of the cases, children's responses after six months were "better than" 
after only one week— the rest of the children showed no change; none had 
gotten worse. Piaget explains these phenomena in the following way: 

...The interpretatioa which seems to be called for is the fol- 
lowing. First of all, a memory-image is not simply the prolon- ^ 
gation of the perception of the model. \ On the Icontrary, it seems 
to act in a symbolic manner so as to reflect the. subject ' s assim- 
ilation "schemes", that is, the way in which he understood the 
model. Now in six months. . .this operational or preoperational 
scheme of assimilation evolves. . ^Ihea the ne^/scheme of the next 
level serves as the code for decoding the otiginal memory. . The 
final memory,^ thenr is indeed a decoding, but it is the decoding 
of a code which has changed, which is better structured than it 
was before, and which gives rise to a new image which symbolizes 
r. the current ^tate of the operational schema, and not what it was 
at the time when the encoding was done. ^(1968, p. 5) 

Piaget reported that more tha,n 20 variants on the above experiment were 
repeated using different materials and different types of instructions--some 
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emphasizing language and some -de-emphasizing language, some involving recog- , 
nition memory, some involving reconstruction memory, and some involving 
evocation memory. Moist' of these variations yielded similar results. How- V 
ever, it was shown that "changes^ in the mnemonic code due to operational 
progress on the part of the subjects does not always lead to a better recol- 
lection six months later." Nonetheless, whether or not iniprovempnts occurred, 
.the changes (or lack of changes) always seemed to parallel changes in a^* 
child's ability to use certain operational structures or schemes. > 

...Memory consists of two components. One of them is the figur- 
ative component, Vhich is pe^rceptual in the case of recognition, 
imitative in the case of reconst^ruction , and mental imagery in 
the case of the memory images necessary for evocation. The other 
is the operative component which consists of action "schemes," 
or -representational "schetnes .". : .Everything that we have seen, 
in each of our experiments, shows the tight depencfence of memory 
on the conservation and the development of "schemes." This is 
what explains the progress of memory over six months, where the 
"schemes" continue to develop, or th'fe deterioration of memory 
where there is a conflict among two or more "schemes," or .where 
the "schemes" are not adequate, to support the memory-images . (1968, p. 14-15) 

According to Piaget, the apparent "memory" improvement resulted from 
an improvement in the ;:>perative aspect of thought, and was theri^fore really 
a phenomena of intelligence more than memory. Unfortunately, however, this , 
ratjier simplistic interpretation conjures up the false impression that v 

^Piaget believes the figiirative aspect of th^ ..child's thinking was "cori;ect ,\ 
(meaning a photograph-like copy of reality) from the beginning, and that 
the operative aspect simply had not yet developed sufficiently to decode 

' this information. 0 

Piaget and Inhelder 's. book Mental Imaf ^er v in the Child clearly empha- 
sizes that: (a) The amount of figurative information . a child is abU to r^ad . 
'out of a given situation is determined by the operational systems he is able 
to use. (b)' Children will distort what they "sfee" in order to represent 
what they understand—which is in turn, determined by the operational systems 
they are able to use. (c) Images are not photograph-like copies of reality, 
but are multifaceted symbols which must b'e^constructed using . systems ^ • 

operations. So,^the figurative and operative aspects of thought develop 

" interdependently. '-^ ' ' 

. ' , *»» * 

If alf children, regardless of deveiopmental level (i^e., operational 
ability), are able to accurate'ly encode figurative inforinatipn, and if 
their only problem is to increase their operative abilities so that .these • , 

• phdtograph-like . images, will talce on new meaning', 'then Piaget 's apparent 
"memory improvement" tasks are essentially t;rxvial phenomena. It is well 
known that many kindergarten and preschqol children are unable to copy a 

'. "staircase" ^trangement of Cuisenaire rods even when a .model is in plain 
view.' So, it is not surprising that some of P;Laget's children were unable 
to draw (build, or describe) the sticks when the only available model was 
in their memories. Furthermore, ic is well known that foi*r or five year - 
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old children typically change from' "preoperational" to- "operational" perfor- 
mance on .^eriation tasks like the one mentioned above. So, if encoding 
were able to give a perfect copy of the original figure, then it v*ould be 
no surprise if (for some critical- age level) decoding ability improved as ^ 
a result of. an increase" in operational ability. But, this naive 'Explana- 
tion would contradict one of the most basic tenets of Piaget's theory 
about image formation. That ig, Piaget emphatically. insists that opera- 
tional ability "is involved in the formation (i.e. , the encoding as well as ' 
the decoding) of- iinages-.-and that images are n.ot photograph-like copies^ \ 
Furthermore, Piaget (Piaget £e Inhelder , 1971 ) gives evidence to support the \ 
claim that the operations in\^lved in th^ encoding of images ^re t'..'! same \ 
as ^those involved .in decoding. So, if the results"of the "memory improve- 
ment" tasks «eem Jto argue thaf children are able to encode photograph-like 
copies in the absence of operational ability, then the results seem^ as 
detrimental to Piagetian theory as they are to more "associatiouist" 
thepries. _ ; , „ 

The present study attempted to isolate some of the conditions under 
which apparent "memory improvement" can be expected to,, occurs. In partic- 
ular, it attempted ta shoi* that;: (a)' improvement is related to improved 
operational ability, and .(b) encoding as weM as decoding are affected by 

changes in operational ability.. 

■ I, , '■ « ' ' 

Review of the Literature ^ 

.. ' . / ■ . * v ' . . ' . ■ . • 

Altemeyer et al. (1969) partitioned 100 -kindergarten children into three 
treatment groups. Group A was shown ah ordered sequence of dowel rods (9-16 
cm in length! hi) and were asked--to drawa picture of the sticks. ^Attention 
wassdrawn to the relative lengths- of the sticks. The children were then 
ask^to remember ^nd draw what they had seen one week later--and again at 
six months. Group B was treated identically to group^A except that at the 
one-week meeting questions were asked to draw atteritlpn to "distracting' , 
characteristics (e.g., color, material) of the sti^ck^. Group G wa| treated 
like group A except the children wer,6 shown an unorganized array o£ sticks 

(Hl»\ ).- ^" ' • ■ ^-r—^' 

A scoring manual was develope.d to qategorize and evaluate responses. 
On6 of the difficulties, with Piaget's procedure was that criteria foi? evalua- 
'ting "bettemess" were not explicit. ■ It appeared that Piaget simply ranked 
drawings 'as correct and incorrect, ignoring levels of correctness. 

Altemeyer' s results showed virtually no difference between group A and 
group B. So, improvement did no t| seem to be affected by kt Mention cues 
gi-veft by B. 'Among th? 65 children in groups A and B, 2&=4mpfovedi 21 re- 
mained the samfe, and 16 got worseV . So, given the fact that one might ' exi^ect ' 
children to remember very little f\om a brief experience" after ,^ix months, 
there was- , some evidence for memory tqiprovement. After one week; the most^.. 
typical incorrect responses weret_j(aX one stick if,' (b) more than one equal 
stick^W , (c)' or different sized, unordered sticks l.U.V ; and after six 
months,: the most typical incorrect responses were: -(a) ordered "arrowhead" 
arrangements or (b) ordered sequences with the wrong number of sticks 
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Altemeyer reported that 65% of the "improvement" responses shifted at legist 
two categories from non-patterned, non-ordered responses^ to relatively well 
ordered and patterned responses. Losses, on the other hand, were relatively 
.minor— usually only one category below responses at one week; and most 
(i..e., 65%) of the losses were among children whose one-week respotises were 
not only incorrect but also unordered and non-patterned. Children with 
correct drawings at one week usually also had correct drawings at six 
months . 

- Children do seem to be able to remember a great deal over a six-month 
period. Nonetheless, the ap. arent "memory improvements" may have little to 
'do with memory. That is, in the study by Altemeyer et aL, the apparent Im- 
provements could have occurred simply because of improved drawing ability. 
The hypothesis that memory may not be involved was strengthened by the fact 
that the responses for children in group C also t'anded to change f rom rela- . 
tively unordered, unpatterned arrays to more ordered and patterned arrays. 
In fact, using the grading criteria that had been developed for the config- 
uration for groups A and B, 41% '^improved," 4i% remained the same, and only 
18>^ got worse — in spite of the fact that "betterness" is an inappropriate 
word to use when the initial array was actually unordered. Apparent ly^ 
memory ten^s to "become more patterned and ordered even when the initial con- 
\ .. figuration is not necessarily ordered Or patterned. In fact, in Gestalt 

psychology, progressive ordering and patterning has been a well established 
^f act "for maiiy years. • 

■ ^ * 

Altemeyer et al. also reported a brief -follow-up study to invescigate 
whether "the group C "improvements" were simply a function of the fact that 
^ older children h^d a greater tendency to draw ordered and patterned arrays. 
Their data gave no evidence to support this hypothesis. They , concluded 
that increased orderliness does seem to be related to memory and is not 
simply a function of drawing preferences of older children. /Nonetheless, 
Liben (1975) replicated this latter portion of 'the. Altemeyer study, and she 
concluded that "when less ambiguous directions are given (than in the Alte- 
meyer study), there is indeed a developmental increase in children's ten- 
dency to spontaneously seriate stick drawings." So, the jssibiiity of im- 
provement due CO drawing preferences remains an open question. 

Dahlem (1968) conducted a study similar to the one/ by Altemeyer et al. 
except that the responses did not call for drawings, instead, the children 
were given a set of sticks identical to the ones they^/had seen in the initial 
session, and their task was to remember and reconstrtj'ct the configuration 
after one week and again after six months. Again, a^^ scoring system was de- 
vised to measure partially C9rrect responses, and again the six month re- 
sponses were better than the^ne week responses in /56% of the cases where 
the one week were not perfect. Only about 10% of /the responses got worse 
between one week and six months. However, Dahlec^/did not use a control group 
like the one in ^the study by Altemeyer et al. Sc5, perhaps the responses 
would^have become "better" ordered even if the initial configuration had not 
been an ordered array. Or, perhaps older children wouxd have a greater ten- 
dency to^ construct "staircase" configurations ^ven if they had n6ver seen 
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the. original^, configuration. 

A second study by Dahl^m (1969) investigated the possibility that appar- 
ent memory improvement resulted from the fact that children had one more 
practice session after six months than they had at one week. Dahlem also 
investigated the possibility that older children would have a greater ten- 
dency to make "staircase"^ arrangements even if they had never seen the orig-" 
inal configuration. Treatment groups were given <feither 0, 1, 2; or 3 repro- 
duction sessions during the first week. However, the data failed to support 
the hypothesis that memory drawing performance increased when more repro'- 
duction sessions were given. Furthermore/ Dahlem ' (1969)^ showed that, among ^ 
children who had not seen the original configuration, only 3.7% /made s^tair- 
case arrangements at the six month session. So, she concluded that improve- 
ment was related to memory and was not simply an artifact of structure that 
was built into the materials. Nonetheless, it is well kno<m that kinder- 
garten children have a tendency to spontaneously make staircase arrangements 
using Cuisenaire rods. So, because Cuisenaire rbds ate very similar to; the 
dowel rods used in Dahlfem's study, this conclusion still seems questionable. 
Furthermore, in Dahlem 's second study, the evidence supporting memory im- , 
provement itself was rather weak. Although the number of perfect reproduc- 
tions increased between one week and six months, when Dahlem attempted to 
go beyond simple comparisons of percent increases versus percent decreases, 
more sophisticated statistics failed to reach .05 TevelC of signif i^^^ 

From her two studies on reccinstitutiye memory ,^Dahle^^^ that 
future studies should identify children -having weak '^nd stro^^^ 
PresiRiably this suggestion was to allow the researcher, to pinpointY!|Jie level 
of development where memory improvement would be mibstiiikely to oc^ciar. For 
sample, Piaget and Inhelder (1967, p. 352) reported ..that af ter ^ix;:iiipnths , 
11 of 33 children aged 7-9 improved their memory drawings, of the water\ level 
in an inclined bottle, whereas only 1 of 22 children aged 5-6 improved^ 
According to Piaget, if children were at a level that was either too low or 
too high, memory improvement would be unlikely. Memory improvement would 
be most likely to occur for children who were at a transitional levej.;|of 
development during the six month period when the study was conducted;. 

" ■ . ■ ■ ■ ^ 

Furth et al. (1974) conducted a reconstitutive memory study using four 
different types of line drawings (e.g., a tilted glass with liquid, a.;;^falling 
stick, an interrupted number sequence, and a house with a tilted chit^ney) . 
Children were selected from grades K-4. So, grade level, was in some 4^nse 
an index of operative ability. Or, alternatively, the quality of initial., 
drawings could be interpreted as a measure of operative ability. HoweVer, 
whichever measure of operative ability was used, no trends were noted . show- 
ing differences in relative. improvement or deterioration at different di\vel- 
opmental, levels. The general quality of drawings were age related across 
all tasks and all sessions, and memory urawing improved in 17% of . the cCases. 
But, memory drawings also deteriorated in 53-56% of the cases.- The study^;^ 
condluded that v(-he relative improvement/ieterioration data resulted from 
interaction between weakening figurativfe content and increased operative; ^ 
ability.- Nonetheless, no improvement x age interaction was noted. * - 
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Other articles, have been written dealing with reconstitutive memory 
phenomena (e.g., Murray & Bousell, 1970; Carey, 1971; Steinberg, 1974; 
Finkel & Crowley, 1973), Nonetheless, the basic issues have not been 
clarified". In some cases,' memory drawing improvements do seem to occur, 
and in other cases improvement is questionable. Yet, little is known 
about the conditions in which improvement can be expected, and little 
is Icnown about the role operative development plays in such increases. 

^ ■ Procedures . ' . 

. Seliectibn and Categorization of Subjects 

The study involved 169 kindergarten children from four. schools in 
Evanston, Illinois' School District 65. Four Piagetian seriation tasks 
were used to partition the children into five operational ability levels in 
seriation. The lowest category included 26 children who were unable to copy 
a "staircase" of Cuisenaire reds. The second category included 47 children 
who were able to copy the Cuisenaire rods, but were unable to reconstruct 
an ordered "staircase" arrangement of 10 yellow dowel rods varying in length 
from 9 cn>,to 18 cm. The third category included 36 children who were able 
to ^reconstruct the dowel rod staircase, but were unable to'.correctly insert 
trUo "forgotten" intermediate rods (of lengths 12i5 cm and 15.5 cm) into a 
completed staircase. The fourth category incliided 26 children who were able 
to correctly insert intermediate rods into a completed staircase, but ^eipe / 
unable to reconstruct a 4 x 4 matrix of dowel rods tha^t varied in height; ? 
along one dimension of the matrix and varied in width along the other dimen- 
sion. The fifth category included 34 .children who were able to correctly 
complete all four seriation tasks. This seriation task battery was developed 
in a study by Lesh (1975). A detailed description of the test items can be 
obtairei bv writing to the author. The test requires approximatelyll min- 
utes to administer to individual children; and it has the property that in 
/several previous studies, it has reliably sorted kindergarteners into five 
approximately equal Sized groups according to seriation ability. 

Assignment of Subjects to Treatment Groups 

At each of the five seriation levels, approximately 2/3 of theVhildren 
were randomly assigned to a group which would be given two memory tests- 
one after one week and another after six months. The remaining 1/3 of the 
children were only involved in the six month testing session. In this way, 
^(a) the two scores for the first group could be compared to, determine whether 
apparent memory improvement , had occurred, and (b) the six month scores of the 
two groups could be compared to determine whether performance on the six 
month test 'had been influenced by experience from the one week test. Further- 
more, both of these comparisons could be made either for the entire group 
(without regard to seriation ability) or within individual seriation levels. 
It was hypothesized 'that, if apparent ^memory improvement occurred at^all^^ 
it would probably npt be uniform across all seriation levels .v This hypoth- 
esis was based on the notion that apparent memory improvement was presumably 
linked to improvements< in -operational ability and that children at the higHest 
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seriation level vould already have developed all of the relevant operational 
abilities* To confirm this hypothesis, several pilot studies were conducted 
to develop a memory task where the following events would have an optlaum 
probability of occurring: (a) maximum apparent memory improvement would 
occuXf for children at one of the middle seriation ability categories, (b).* 
little apparent memory improvement would occur- for the highest seriation 
ability level because all of the relevant operational abilities would al- 
ready have been mastered, and (c) little apparent memory improvement would 
occur for the lowest seriation level because the childrien would be unable 
to ad[equately encode the relevant information in the first place. 

Two Pilot Studies 

\ The entire experiment reported in this article was repeated in three 
successive years— in each caset with a slightly different configuration for 
the memory task. The ini3!;ial study involved a double triangle array 
(I.e., ^ ). But, the first experiment failed because the array 

seemed ^to be ''too difficult." Nonetheless^ the data did show that children^ 
are able to remember a great, deal over a six month period; and some of ,the 
data suggested that a modified replication study might, work if a simpler 
configuration were used. 

The jpecond study involved a triangle array of 10 poker chips (i.e., 
©So). However, the second study was also a partial failure--again 
because"" the configuration seemed slightly too difficult. Slight improvement 
did seem to occur in some cases, but the datsa were "watered down" by a 
noticeably floor effect. 

The third study, the one to be reported in this article, involved a 
triangular array of six poker chips (i.e., ^^|* ). Poker chips were chosen * 
so that, unlike materials like Cuisenaire rods and dowel rods, structure 
would not be "built into" the materials. That is,\a child might spontane- 
ously build a staircase with a set of Cuisenaire rods, but it is highly 
unlikely that the child would spontaneously make a six-poker-chip right 
triangle when given a stack of 25 poker chips. 

The third study involved: (a) a construction task using concrete mater- 
ials (I.e., poker chips), arid (b) a task in which children were asked to 
.select a correct configuration from arrays that had already been constructed. 
Drawing tasks were not used because pilot study experience- Indicated 
that young children's drawings were too varied, too unreliable, and too 
difficult to categorize. Furthermore, drawing tasks depend heavily on 
skills that are unrelated to cognitive development. . 

Selection of Preconstrticted Configurations 

Nine preconstriicted arrays were selected on the basis of a pilot study 
involving 122 four year old preschoolers. Eaqh child was given 25 poker 
chips and was askc2j'd toVcopy the triangle array of six poker chips shown in 
figure 1, IX. Th^ contructions the children gave were then classified into 
the nine "types" shown in figure 1. \ 
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Figure 1 



c c o 

^ ^ <^ 

Co o 



II 

oc 
coo 
oo 



III 



o 

*o o 
o o o o 



IV 



ooo 



o 

oo 
oo o 
oooo 



VI 



VII 



VIII 



IX 



o 
oo 

ooo 
ooo o 



c 

oo 
o oo 



Q 

oo 
ooo 



o 
oo 
ooo 



Iti'ligure 1, the type I response represents responses in which there 
was 1 no perceivable pattern. Type II responses represent a class In which 
a well^organized pattern Vas constructed which bore no relationship to 
the .triangular model. 

Evaitiating the Qualley of Preconstructed Config urations 

■ In the final study, It would be important, to be able to assign a 
" ''degree of correctness" rating for each of the constructions or selections 
children gave. Consequently. 66 "experts" were asj^^d to evaluate the . . 
"degree of correctness" of the seven conf iguratldfi types in figure 1, II- 
VIII "Degree of correctnes^'V,was indicated by locating each configuration 
along a continuum like the figure 2. In figure 2. configuration I 
marked the location of "cotopletfely wrong" responses, and configuration IX 
marked the location of ""c--omplet41y correct" responses. All other construc- 
tion typ6s were ranked sbmewheta between these two points. (Note: The 
labels I II, III. etc., were not assigned until alter the experts had. 
' assigned '"degree of correctness V rankings to each configuration type.) 

Figure 2 
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The 66 experts were selected from: (a) faculty members and upper level 
doctoral students £rom Northwestern. University 's departments of psychology,^ 
educational psychology, kathematics education, and learning disabilities, " 
and (b) from participants in the spade and geometry research group from the 
University o"f Georgia Center for Learning and Teaching of Mathematics. 
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. Table 1 shows the results of an analysis of variance ^on the among items., 
and among individuals' evaluations of "degrefe of correctness," The low F 
among individuals reflects the high degree of agreement among the various, 
experts?'^ The' high F among configurations reflects .the^ facts that the^ 
experts generally considered the various, configiiration types to be signif- 
icantly different from pne another in degreiB of correctness. Newman-Keuls 
procedures showed that the only two configurations whose mean rankings 
were not significantly different (p < .05) were types VI 'and VII whose 
mean scores were nearly identical. Figure 3 shows the mean score results ^ 
of the experts' rankings. * ' 

Table 1 ' . 

Analysis of Variance ' for Seyen Configuration Types 
Evaluated by Sixty-six Experts 



Source of Variation 
Among Configurations 
Ampng Individuals 
Residual 
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p < .01 



Figure 3. Mean "degree of correctness" scores fo. nine configuration types. 
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An analysis of the "degree of correctness" scores for -he- nine config- 
urations revealed that the experts' evaluations generally s iemed to corres- 
pond to the number of variables a given child represented in his construc- 
tion or selection. Releyant variables seemed to include: Ca) the. overall 
tri.angular shape of the configuration, (b^ tJie -fact that the model config- 
uration consisted of rows of objects, (c) the fact that the configuration 
also consisted of columns of objects, (d) the fact that the rows (or columns) 
increased in one step progressions, (e) the fact that the model consisted of 
six objects, (f) the "left-right" orientation of the figure, and (g) the fact 



that sotee organized pattern was attempted — even iiE partly incorrect. The 
rdsult? of this analysis are shown in table 2. 

' ' .. . \ Table 2 

• ■ ^ ■ * " . r , 

^ Variables Considered in the Nine Construction Types 
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The fact that the ordering of the objects did not correspond exactly 
to the nu::ber of variables probably resulted lErom' the fact that tlxe seven 
variables in table 2 were ,not considered to be of equal weight. Further- 
more, some experts probably used criteria quite different from those listed 
iij table 2. Nonetheless, interviews With the experts indicated that "number 
of variables considered" was an overall criteria used by most of the experts. 

The Memory Task Sessions 

During the third week of the school year,» 169 kindergarten children 
were given the seriation task battery. The test took approximately 15 min- 
utes per child to administer to individual children. Eight trained research 
assistants administered the tasks following a. standardized procedure that is 
available from the author. The ^eriation test results were used to assign 
each child to ono of fiv^ seriation levels. At each level, approximately 2/3 
of the> children were assigned to a group which would be given a memory test 
both at one week and at six months. The remaining children would be given 
only the six month memory test. 



During the fourth Week of th6 school year , each ^ child was brought back 
into an individual session with the same research assistant who had given . 
his7her seriation test. Each child was shown a* triangle array of slx^Jp'oker 
chips (see configuration IX in figure 1), and was given 25 poker chips^with 
the instructions, "Use your poker chips to make a design like this."r>^Next, 
each child' was asked to select a configuration "just;, like the modeV^^Vora 
*am6ng nine preconstructed configurations like the ones shown in figure 1, 
Nearly all- of the children were able to give correct responses to these two 
tasks. Only six children (all from the lowest seriation level) were unable 
to con3truct a correct copy o^i the first try; :and even these six children 
were able to perforin the task' after some minimum, guidance from the research 
assistant. Only five children (four of whom were from the lowest seriation 
level) were unable to select the preconstructed configuration that was like, 
the model; and the primary problem seemed to be that these children were 
not clear about the nature of the task. Again, all five children were able 
to perform the task correctly on a second try. 

The filial step in the initial memory task session was to ask each child 
to: "Look at this design. Someday I will come back and ask you to make a 
design just like this one. So, look at it closely;^ and try to remember 
what it looks like." , - 

One week after the initial memory task session (i.e., duVing the fifth 
week of the school year), two-thirds of the children in each seriation level 
were given the following two tasks (after some preliminary small talk) : 
(a) Here are some counters. Make a design just like the one I showed you 
the last time I was here, (b) (Af.t:efe_.the' child's design was recorded ajid 
removed from si^ht) Here are some designs some other children made. Which 
one is just like the design I showed you the last?^ime I was. here? 

- To end the. second memory task session, the children were shown the cor- 
rect configuration and were ^again told: "Look at this" design. Someday I 
will come .back and ask you to make a design just like this one. So, look 
at it closely; and try to remember what it looks like." 

Approximately six months after the initial memory task session, all of 
the children we.re given the final session. The same two tasks were posed 
that were given in the second session. . 

Results ' 

The results of the study are shown in table 3. For each of the 10 
cells of the table, the rows of T. scores show the total number of subjects 
who made each response at the one^week testing session. The columns of 
T scores include only the six-racath scores *.of subjects who had also been 
tested during the one-week testing session.. The T columnsj include only 
the scores of subjects who wei^e tested at six months but not at one week. ^ 
The T columns show the. sum of scores in the T and T3 columns; they show 
the total number of subjects who made, each type of response at the six-month 
testing session. 
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In table 3, scores lying along the diagonal line of each cell repre- 
sent subjects whr» ie responses were the same at the one-^week and six-month 
testing sessioris. Similarly, scores in the upp.er halrVof each cell repre- 
sent subjects whose scores were better at six months than they had been 
at one week, and scores in the lower half of each cell represent subjects 
whO£fe responses were as good at six months as they had been at one week. 

T^le 3 indicates that performance on both the construction and the 
recpgnition tasks were correlated with seriation level. Kendall correla- 
tions of score with seriatiOn level were calculated for both one-week and 
six-month scores on both the construction and recognition tasks. All 
correlations were significant (p < .'OOL) . 

The major hypotheses that perforuiance on both the construction and 
recognition tasks would improve but that> improvement would no^ be constant 
across Seriation levels, and that performance would not differ across tasks - 
were tested by a factorial (seriation level x type of task) analysis of , 
covariance with repeated measures on^both the variate (six-month scores)^ 
and the covariate (one-week scores). Table 4 indicates that ^fter the/ 
six-month scores were, adjusted for d;ifferences in pne-week scores, (a) seria-. 
tion level-had a significant effect on performance (p < .001) \b) Jjlje effect 
of the type of task approached significance (p < .05,, but p .01); and 
(c) the interaction of type of task by seriation level was not s5.gnif icant • 

- ,5fees^^^^ a closgj^look at performance oh each task 

within^'iBach seriation level is merited. * Furthermore, consideration of 
the results VitMn each seriation level is of interest due to the qualita- 
tively different degree of cognitive development reflected by each level. 
However, the "adjusted" mean scores for the s^pc-month tasks were not used 



Preliminary analyses of performance on each task separately indicated 
that there was no interaction between one-week scores and seriation level 
for either task. The similarity of the regression coefficients for the^ 
construction and recognition tasks (.250 and .267 respectively) suggest 

that that the assumption of homogeneous regression coefficients for an 

a.iai7sis of covariance was met. 

Because a Kolmogorov-Smirnov test of normality indicated that the dis- ^ 
tribution of the one-week scores was non-normal (p < .0001), significance 
levels of .01 and .001 (rather rharr .05 and .01) were used in the analysis 
of covariance. Bartlett's Box F and F max tests indicated that the assump- 
tion^-of homogeneity of yariai -e^was /not met (p > .034 arid p < .01 respectively) 

*■ A . - ^ _ , ^ 

*** Since the significance of the difference between tasks was "close" 
(i;-e., p < .05 when the level of .01 had been selected), the Individual 
seriation levels could differ across tasks; hence, performance within 
seriation level was investigated separately for each task. 
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as measures of the performance of each seriation level group as *^is usually 
done in an analysis of covarlance. This approach was abandoned for several 
reasons. First, because the one week scores were not .normally distributedt 
the. variance of these scores was not homogeneous, and the seriation level 
jgroups were not. determined randomly, the underlying assumptions of the 
analysis of covariarice 'were violated . Such violations can lead to biased 
results (Campbell & BoruCh, 1975) . - 

Table 4 ' ' ' ' ' \ 

\ . ■ Analysis. .of Cpvariance 



Source (adjusted) ^^l^SS-r—^ " MS 



Between subjects ^ - 

Seriation level 139.92 4 34.98 5-57 

Subjects within level 608.72 97 6,28 



Within subjects 

Type of task 15.32 1 15.32 6.06 

Type of task X • 27.17 4 6,79 2,68 
seriation levfel 

yType of task °245.12 97 2.53 
subjects w/i level • 



P < . Q5 



icft 



p < .od^i 



The additiohalXproblem of ceiling and floor effects further undermines the 
"truth" of any results obtained from an analysis of "adjusted" scores. 
Second, thfe six-month level of performance is itself not of interest. The 
.critical ques; .on^s the change between the one-week and six-month tests. 
Therefore', because ^the adjusted means do not reflect this change, gain 
scores (between one-week and six-month performance) were used as the basis 
f.or farther analyses. \ 

' ■ ■ i \ ■ • ■ .. / . 
Table 5 shows the mean gain scores for each seriation level on each 
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task. Testing each mean for significance X^*-* 0, p jf .05) Indicated that 
jsignlficant improvement .was made on the construction, -jtask by subjects at . 
seriation levels 2 and' 3, and on the recognition task by subjects at seria- 
t ion level 2. The mean gain scores over all seiMation levels were also 
sljsnificant for each task (p < >01). , « 

: . . Table 5 . • ^ 





Seriation 


Mean ' 


.■,..* " 


.■1 


• 




.level 




d£ 


at 


■ t ■ ; 














Construction tasks 




.144 


15 


.7753 


.186 






1.903 


• 30 


.6144 , 


*** 

3.097 




3 


1.405 


21 


.6194 


icic 

2.268 




4 


.46:^ 


15 


.853t> 






5 


-.044 


17 


. .3585 . 


> 

-.123 ^ 




^11 


.959 




.3009 


*** 
3.1869 • 


Recognition tasks 


1 


.569 


15^ 


1.0236 


>556 




2 


1.487 


30 


-.5746 


'■"**, 

O COO 




3 


;555 


21 


.6871 


.808 




4 . . 


.694 


15 


..6268 


' 1.^07 




■ 5- — . 


.439 


17 


.5911^^^ ' 


^ .743 




all 


.839 


102 ^ 


.3081 


icikic 

2.723 










.05 




• t * 






*** p < 


.01 





* Since some af the groups were small, K-S test for normality-was run on 
each group. The only Significant deviations from normality were/ for the 
recognition tasks at level 2 (p = .038) and level 5 (p = ,026). 
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r— Tr-xi*c jwv— V ^ '-^ r>n e-ve^Jc^ task ou the sA-month scores was deter- 

* inliied by a Kdlmogqroy-Smiriiov ^test of the si^t-month scores for 

. eac^ ^ferlatiorf level ''of each task and for eacH task across all serlat.iqn^*. ^ 
r^J.fV6ls .(see table 6). .No significant ^difference was found for any seria-, 
tibn\^ level or any ta^k between th^ir six-month -scores of /subjects who d.id a 
. the- 0ne-we'ek task and those who did not. * a ^ ^ • 

" . ' . / : '-v'-^r 

' Table 6 ^ 
» - • * . 

Kolmogorov - Smirnov 2-sainple Test 

^ — ^ ^ ■ — ^ — 4 = — ■ — 



Task 



Seriation ' 
level. 


K— S s 


- 2-talled P 




1 


.5123 . . 


. . . 9555 


2 


r 

' .5538- 


.9189 ' 


3 


.6333 " ' - 


.8174 


4 > 


1.0245 


.2446 


5 • V , 


.2722 


i.oooo 


• all 

A - ■ . ■ 


1.0218 : 


.2474 ' 




- 1 .4138 


.9955 ; 


t 

2 


.6496^; 


.7927 


• 3 


.1689 


1.0000 


4 


.7,093 "N, 


■ (^.6957 


5 


;4082 


.9963 


all 


" .8325 . 


.4922 . ' 



"Construction 



Recognition 



\ 



: The^ populations ^^e the siame. 
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onclUslotig * ^ . 

/ Overall , "apparent memory improvement 'V will occur under some circum- 
t^nces;'.and the phenomenon is not a result of th^^+act that the one^week 
Bsting session provide^d a second learning situation. The group that 
UkUd. life BHy UUU\k Mlie menths did not differ signific'antly from 

be group that '.was only Rested at six months 

V ■• : - : ■' . . \ \. . . ^ ■ 

In this study, , four factors seem to influence apparent memory Im- . . 
rovdnent: \a)^ forgetting,* (b). the Gestalt-like tendency of memory- to 
Bcbme ^ell ordered," (q) \cognitiye development over the six month period, 
Qd (d). the 'quality of initial encoding, , , 

Dr get ting ; Not surprisingly i\ some forgetting did occur .over a six month 
eriod. For example-, m^ny children who received perfect scores at the 
Qer-week. session did not recede perfect scores at the six-^month v^ession; 
Qd, it" is reasonable* to assume that a similar forgetting factor was at 
Bast as strong (and perhaps stronger.) for children who did ^ riot receive 
Brfect scores at one week., Chiildren receiving perfect one-week scores 
grided to be in the higher seriation l%yeig., . . \ 

[ie Tendency, of Memory to Become 'Veil Ordered'j ; Although no statistical 
asts were able to show significance, table 3 does suggest that children 
Bnded to '"prefer" synmeti^c,. well -ordered figurias (like II, III^^ V, or 
EII) rather than nonsymmetrical figures (like I and IV — or, to a lesser 
Ktent, VI arid VII-)~and that this « trend was more obv,-f ous at six months 
tian at one week, ' - 

Because the enti?:e study was conducted three times with different . 
Lguires each time, the author jgained some intuition about what types of 
Lgures would produce "apparent memory improvement ." The figures in the 
Lrst two studies (i.e,, g^^o o ) vere-"too difficult" and so . 

^ ^ • oca o oggg 

3hei;al poor perfcrmsfice modulated any "improvement" that i&ay have occurred, 
jnetheless, the general trend's were consistent with the results reported' 
*re except that, for the more complex figures, there was an even greater 
»n(iency to select symmetric/well order^ed figures, ^In fact, in order to 
iutralize this Gestalt-like effect, a partly nbnsymmetric figure (i.e,, " 
>oc^ was used £n the final steady. If the goal had simply been to pro- 
ice high "apparent memory improvement" scores rather than to isolate 
iriables that produced the improvement, then, it would have been wise to 
aVe used a highly symmetric figure (i,.e,, a o rather than ao )• 

■> ' O O O r 

wever, in the present study, Gestalt-like "good form" seemed to be a 
alatively neutral factor regarding N^pparent memory improvement." For 
lildren^who had given C9rrect responses at the one-week session, "good, . 
3rm" reprganiizing acted as a negative "influence, whereas for children 
lose o'n^-week responses had been "poor ," -the* "good form "r factor somet:^es, 
ly have acted to help produce better . responses, \ • * . 

...... ■ . :^ . ■ . . - ..• . 
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Cognitive Developme ni: Over Six Months : The results clearfl.y show that scores 
on. both the one-week and six-month tests were Iclosely correlated with seria- 
tioxi ability. In fact, at the lowest seriation level, several children were 
unable to copy the configuration even when it was in plain view'. (At higher 
seriation levels, none of the children had difriculty copying the array.) 
Furthermorfc, the amount of improvement was alsci related to seriation ability. 
That is^ the most improvement occurred at seriation levels 2 and 3, with 
viry little improvement at levels 4 and 5, and a slight regression in per- 
formance at level 1. . | 

• ' ■ '• ■ / ' , i \ . 

The relative lack of improvement: for seriation levels h and 5 pr^sum- 

;4bly resulted from the facts that (a) children at levels 4 and 5 had already 

acquired most of the relevant operational abilities, (b) children at levels 

4 and 5 had already stored quite well on the one-week test, so> their si7C- 

month scotes could only get worse. However ,^imilar factors did not seem to-. 

produce improvement for children at the lowest seriation level — in spite of 

the *f act that children at seriation level 1 had the most to\ gain in terms 

of improvements in operational ability and the least to lose from ceiling 

effects on gain scores. ^ . ' 

This Quality of Initial Encoding ; Operational ability (or simply organic: ^-^^ 
ability) could be involved in at least, three phases of the learning/reraeui- 
bering prociess: (a) at the encoding phase, (b) reorganizing the information 
for storage, and/or retrieval, and (c) at the decoding phase. 

The fact that similar phenomena occurred for construction and recog- 
nition tasks (with recognition tasks being slightly easier) suggests that 
"apparent memory improvement" is not simplj^ the result of improved decoding 
ability (e. ,g., improved drawing or construction ability). So, whatever pro- ^ 
duces "apparent memory improvement," it is related to improvements in oper- 
ational ability and it functions even when decoding ab.ility (i.e., drawing 

J constructing) is minii^iized — as in the recognition task. This suggests 
at the operations that are involved at the encoding and reorganizing 
ases may be similar (or identical) to operations that are involved at the 
coding phase. However, the operations that are involved function in sys-* 
ms that must be coordinate^:! — and the decoding phase requires a higher 
degree bf coordinatich thau the encoding phase. Encoding would be analogous 
to painting a picture "by the numbers" wher an outline is already given. 
Decoding' would be ai.alogous to painting the same! picture, using the same 
movements, where the only outline is ^'in your head." Presumably, this is 
why children at the lowest seriation level did not improve over time like 
children at levels 2 and 3. At levels 2 atid 3, |:he children's opierational 
ability was sufficient to encode the relevant information correctly, but was 
insufficient to cope with the increased coordination required at the decoding 
phase. Consequently, after six months, when operational abilities had in- 
creased, children at levels 2 and 3 were able to I decode the information they 
had. encoded six months earlier. However, for children at level 1, the 
relevant information had never been encoded properly — so improvement could 
not occur. I 

• ■ - ./ / 
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Piaget and Inhelder (1967) reported that children were able to^make 
a haptic*-visual discrimination of uncomplicated Euclidean shapes at about 
age five. However, infants can learn to make visual-visual discriminations 
of such shapes (Volkelt, 1930), and American upper-middle-class children 
commonly play with and learn to master the visual matching of shape toys 
involving up to twelve shapes by the age of two or two and one-half. The 
present study was designed to exa:aine some of the variables which migiht 
be responsible for this large gap between visual-visual and haptic-visual 
discrimination.* 
«» . ■ 

The size of the shape used seems to be an important variable. Piaget 
and Inhelder used relatively large shape^s (their circl3 had a diameter 
of 11.5 cm.). There are two problems in using large shapes with young 
children. The first is that the child will miss some of the distinctive 
features of the shape in his hap tic exploration. Piaget and Inhelder 
reported that their three and four year old children made very unsystematic 
searches; Zinchenko and Ruzskaya (1962) also found that three and four 
year olds make short haphazard haptic searches of objects. The second 
possible difficulty with large shapes is that the child will find all of 
the distinctive features in his haptic search, but will be unable to co- 
ordinate them into a single mental image which can be used to identify 
the shape visually. The shapes used in the present study were small 
enough to fit entirely into the hand of a two year old child. With such 
a small shape, the child woiild be unlikely to miss any distinctive features, 
and any successive focusing necessary to coordinate different features 
into a single image could be done quickly because he would not have to 
move his hand from feature to feature. 



In this paper the following ; terminology will be used: 

Haptic-visual discrimination refers to the presentation of objects 
for touch or manual exploration with their identification made 
from a group of visually-presented test objects. 

Visual-visual discrimination refers ' ^ the visual presentation of 
objects with their ide^itif ication made from a group of visually- 
presented test objects. 

Visual-haptic discrimination refers to the visual presentation of 
objects with their identification made from touching or feeling 
unseen test objects (that is, haptic exploration). 

Haptic-haptic discrimination refers to the presentation of unseen 
objects for touching with the identification of those objects 
made by haptic exploration. 
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Another possible variable influencing the seemingly late success of 
Piaget and Inhelder's subjects is their socio-economic background, which 
was not specif ied. For the present study, a sample of middle-class chil- 
dren in day care settings and upper-middle-class children in half-day 
nursery school settings was obtained. Tne latter sample of children 
i&ight be expected to perform better both iecause their home environments 
might be richer and because they had more opportunity for individual 
interactions with a^primary care-taker (their mother) 

Piaget and Inhelddr checked the development of children's haptic 
identification in three ways: by selection from drawings, by construc- 
tion of the shape with sticks, and by drawing of the shape. They reported 
that success using the selection from drawings occurred slightly earlier 
than haptic success, but that the latter two methods gave the same re- 
sults. However, a pilot study conducted by the current authors indicated 
that constructing shapes with sticks was considerably e&^ex than J 
drawing these shapes • Therefore, this study was also designed to assess 
the development of the abilities (1) to choose from a visual assortment 1 
a shape being examined hap tically , (2) tu construct a visually- presented . 
shape, f.nd(3) to draw a visi^ally-presented shape. 

Piaget and Inhelder investigated the child's ability to identify 
both ramiliar objects and geometric shapes using haptic exploration^ 1 
Four of the geometric shapes used by them were chosen f ^r this study: \ 
a circle, square, equilateral triangle, and diamond. The chronological \ 
order of success found by Piaget and- Inhelder for these shapes was circle 
first., folic wed later by the square and triangle, and considerably later 
by the diamond. 

Review: of the Literature 

Piaget and Inhelder (1967) reported thii following stages in the hap- 
tic perception of form: 

Stage 0 (<2:6): Experimentation with hidden objects is not possible. 
Stage 1 (3:0-4:4): Familiar objects are identified. Shapes re- 
quiring identification of topological relations (open, closed; 
number of holes, etc.) are identified. Shapes requiring identifi- 
cation of Euclidean relations ate not identified. 
Stage 2 (4:4-6:0): Rectilinear shapes differentiated from curvilinear 
shapes. Later in the stage simple^ shapes possessing Euclidean 
relations are discriminated (square, rectangle, triangle). 
Stage 3 (>6:0): Complex forms such as the swastika, cross. Cross 
of Lorraine, and star are recognize^^ and drawn. ; .- ^ 

■ - , ■ 

Several replications of the Piaget and Inhelder haptic study have 
been made (Fisher, 1965; Hoop, 1971; Laurendeau & Pinard, 1970; Lovell, 
1959; Page, 1959; Peel, 1959). These studies were in large part concerned 
with' the jPiagetiari assertion that topological relations are used by chil- 
dreri before Euclidean ones, and that this development is reflected m their 
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haptic identification of shapes. One interested in the controversy con- 
cerning the development of topological and Euclidean notions in chil- 
dren might wish to examine both the above studies, particularly Lauren- 
deau and Pinard (1970) and Martin (1975) which analyzes Piaget's 
choice of figures from a mathematical perspective. For our purposes , 
the impact of these studies wais in their support of Piaget's results. 
The socio-economic characteristics of the samples and the siz^s of 
the shapes were not specified adequately in all of the studies, but 
higher socio-economic status and somewhat smaller shapes seemed to con- 
tribute to a younger age of success (Fisher, 1965; Milner & Bryant, 
1970), T" — — :^ 

A considerable, amount of research has been done in cross-modal dis- 
crimination of shapes in primates and in children. The wide assortment 
of variables involved In these studies and the inadequate specification 
of task variables makes comparison or succinct summary difficult.* 
However, these developmental studies do seem to indicate that visual- 
visual discrimination occurs first, followed by haptic-visual and visual- 
haptic discrimination, with haptic-haptic discrimination being the most 
difficult. Variables which seem to be associated with earlier success 
on cross-modal tasks are smaller shapes . (sizes ranged from 
about four bm. to twelve cm.), simple. shapes (circle, sphere), comparison 
test shapes that differ greatly from the initial shape, simultaneous / 
presentation of the test objerts, a smai,l number of test objects, and / 
simultaneous presentation of the initial and the comparison objects. 
Rose, Bland, and Bridger (1972) reported haptic-visual success by three 
and one-half and four and one-half year olds on simple discrimination^ 
between two quite dissimilar objects; but most studies reported a / 
high level of success only for children five years of age or older. 
It should be noted that many of these studies involved^ time delays of 
some type. 

Hie construction of geometric shapes with stiekL^ has been little 
researched . Piaget and Inhelder reported that for oaJy one out of 30 
children examined were the matchs tick constructions superior to the- 
drawings (1%7, p. 78). They -found that errors in individual children's 
dirawings parcilleled similar errors in construction. The criteria used 
in judging either an adequate construction or a drawing were not specified, 
however, so it is difficult to tell just what was measured. Lovell (1959) 
asked, his subjects to construct figures with matchsticks. He found the 
square easiest to construct, followed by the triangle and then the dia- 
mond. In a comparison of mean ages at which drawing and construction 
success occurred, he found that construction success occurred approxi- 
mately six months before drawing success c 



* For a more complete discussion of this literature, see Fuson & 
Love-Kunesh, 1977, or write the first author. 
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. \piaget and Inhelder (1967) reported the following stages in the 
development of the child's ability to draw shapes: 

Stage 0 (Until ;-:ll): Drawings display no aim or purpose; they 

are mei a scribbles. 
Stage 1 (2:11-4:00): Topological relations .such as open/closed 

are u^ed. The circle, square and triangle are undifferentiated 

j:losed curves « 

Stage 2 (4:P-6:6): This stage displays a progressive differentiation 
of objects based on Euclidean relations • At first curvilinear 
forms are drawn differently from rectilinear forms. Later in 
this stage relations such as length and number of sides are used, 
so that the circle is separated from the ellipse as is the 
square from the triangle. At the end of this stage, the rhombus 
(diamond) iis d^awn correctly. 

Stage 3 (Above 6:6): There is little difficulty in drawing even 

^ the most complex forms, such as the- swastika. . 

Plaget and Inhelder did not specify the criteria used for classifying the 
drawings, nor did they provide further details of the ages at which 
children draw specific shapes. 

The research on children's drawing HJiat is relevant to this study 
is of three kinds: replications of Plaget 's drawing tasks, cognitive 
development studies, and tests used to assess a child's level of devel- 
opment. Hie Piagetian, replications are largely concerned with the rela- 
tive ease of drawing topological and Euclidean relations, but they do 
contain some. data relating to the circle, square, triangle, and diamond. 
Lovell (1959) found that out of 21 shapes and figures drawn by children 
between the ages of three and five, the circle was second easiest to 
draw, the square sixth, the triangle sixteenth, and the diamond twenty- 
first. The triangle and diamond were more difficult to draw than fig- 
ures containing two shapies, such as a triangle inscribed in a circle 
and a tiny triangle contained in the center of a circle, though this 
result niay have been partially created by Lovell's scoring criteria. 
Peel (1959) reported that children's drawings of Piage't's 21 shapes 
fit a'Guttman'^scale— that is, that older children drew better than 
did younger children. Peel did not report the order of difficulty of 
the particular shapes. 

Among bther tasks. Birch and Lef ford" (1967) hd:d subjects draw 
an isosceles triangle pointing up and pointing down, a diamond, and a 
square baiancirig on one vertex . (a square diaitond). Four conditions 
of drawing were used — freehand drawing, tracing, copying on a dot 
grid^ and copying on a square grid. The freehand conditioh was the 
most difficult at all ages. Birch and Lefford reported improvements 
in the freehand drawing of the triangles from the age of five to an 
asymptote appearing at age nine. Iipprovements in the freehand drawings 
of the two diamonds continued until age 11. For all forms, the greatest 
amount of improvement occurred between the ages of five and seven. 
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Olson (1970) conducted a series of studiles on the child's acqulsl* 
tlon of the concept of dlagonallty. He found\that the diagonal Is a 
very difficult concept and that success reproducing It occurs two to 
three years later than for vertical or horizontal line segments • 
This research Indicates that one reason the triangle and diamond are 
more difficult to drav than the square Is due to their Inclusion of 
diagonal line;* , 

Devel<^pment«'l aRSty»?Tnent instruments which Include drawing of 
the circle,, square ^riaajc§?.e, or diamond Include the Stanford-Binet 
Intel llg(Bnc*> Sc?i* C i.K'')>3 Uie Riley Pre-Scho%|j|evelopment Screening 
Inventory (1959), ^^^^ ^ 'ie Test of Visual-Motor ^Integration (1967). 
In general, it f^a ,i/.f iv;ult to relate the results of these tests to 
those of Piag t fe^c H ^i^ ihe criteria they use are\ inappropriate or am- 
biguous. For ex*ir^v5:e^ q\1 of the tests norm the drawing of the circle 
at three years, hut " -htOivaraent is defined as predominantly rotary, or 
circular lilted which nv inay not be closed. One of the key features 
Piaget required for sticc Zzl circle-drawing was closure. 

The .tests vary c;cns;lderably in their criteria for successful 
drawing of square^^ and ccasequently norm success at different ages. . 
The Riley defines a v^quare as- a mostly closed figure which includes 
at least three corner which are approximately at right angles; this 
"square*V is drawn by four years of age. The VMI defines a square as 
a figure containing four distinct sides with tromers not necessarily 
angular. ^Siis kind of square is drawn by females at 4.3 years and by 
males at 4.6 years. Tbe Stanf ord-Biiiet finds that a square is drawn 
at five years of age. This test defines a square as four unbroken and 
.perhaps slightly'' bowed lines, the heighth of which ar^ no more than 
one and one-half times the width. These lines meet iii unrounded comers 

The triangle is n^^rmed at six yaars of age by the. Riley. The* 
triangle is defined as a figure containing at least two angles drawn 
at approximately 60^, with unrounded lines that meet kt. distinct points. 
The VMI norms a triangle at 5.3 years. Ihls triangle simply contains 
three distinct lines in which one corner is drawn above -the other two. 
The Stanf ord-Blnet does not include a triangip drawing. 

Both the Riley and Stanford-Binet norm the diamond at seven years. 
The Riley defines a diamond as three distinct lines with; approximate 
angles in which at least two carriers meet at points. The figure is 
Qlosed and upright. The Stanford-Binet defines a diamond, as a figure 
containing four angles drawn opposite to eacfti other. Thel figure may 
not be square- or kite-shaped. Hie VMI norms the diamond | at 8.1 years. 
Its criteria are the same as the Stanford-Binet with the. addition that 
the acute angles may not be more than 60^. The VMI states that the 
less mature diamond drawings include acute angles which are too large. 

■ ■ ■ ' \ ^ 

Although these tests vairy in their scoring criteria and age norms 
for different i:,hapes, they all agree that the order of difficulty for 
the four shapes is circle, square, triangle, and jdiamond. 1 
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A provocative discussion o': the lengthy time lag between visual dis- 
crl^a'tion and shape drawiug ability is contained in ^° P^P^^^^^^^, 
Eleanor Maccobv. In the first paper, llaccoby and Bee (19b5, ^ssertea 
STvLual dis^rimination does not require the simultaneous recogni- 
tion of ln shape attributes, whereas shape "P"«^-^J- ^^\^^^f • ' 
does, niis stance w.. modified in -/^^f PS^^^^JH-^g'eh^ 
which proposed thkt the form perception of infants and V "^8 ^"^^^ 
is holistic in that their discriminations """.^^^^^^"ttributes" 
the whole shape quality rather than on the basis of selected f tributes 

to match parts of a square, triangle, and diamond, and to draw these 

rieht- and left-slanting diagonals from. other 1^"" i^'^ 
pirformSce on the drawings of the triangle and the 
the square (because it has no diagonals),- Training insisting of^ 
tricing witi a pencil inserted in grooves outlining each o^ the three 

Sr^fat^. -^^J^^^s.^^ rpr-erequLite 
for the ability to draw it. 

* . -■ ' _ _ . 

The present study was designed to investigate certaih issues^ 
raisefw Piagetian aJd related research --"-^^^^^^^.^t^^'r^"" 
of children's notions of space. Specific hypotheses were. * 

Hypothesis 1: Ihe order of difficulty of tasks will be haptic^- 

visual discrimination, construction and then drawing. 
HvDothesis 2: The smallness of the shape, w .il facilitate its 
Tap^ic ideAtification, leading to considerable success by two 

Hy;otherir3r"Thf ord.r of difficultj.of all tasks according to shap 

HypjrsL^^^1;.=^^^ - — 

environments. 



Method 



Subiects The sample population of 96 children was. stratified by 

J^h7 Sl;s/StfX Sool Montessori preschool and Background B: 
middle class/ nair-aay u i on^o Mnnff»<;<5ori olassroom 

^Iddie-class/day care/ traditional Preschool. ^ontessori class^ 

environment is a structured one- ^^/^^^^^^^^l^^^^l^f traditional classroom 
activities and exercise considerable autonomy. The traaxtxonax 
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enO^lronment has some individual activities, but includes many more 
activities which are organized by the teacher and presented to a group 
of children at the same time. The number of activities in each kind 
*of environment related to the tasks in this study is about equal, 
though the^ organized^ Montessori drawing activities (insets, tracing 
•letters and numerals, 6tc.) may facilitate drawing ability more than 
the frier drawing activities in the traditional environment. How- 
ever, because! the two and thriee year old and about one- third of the 
four and five year ,old Montessori children were new to the Monte ssori 
environment, thlj[_ sm^e^ good llontessori/non- 

Montessori comparison. Another difference between the populations 
concerns the mothers' working habits. The mothers of the Background A 
sample generally did not work; those of the Background B sample did. 
The complicated nature of the background variable reflects reality. ^ 
rather than intentional choice traditional half day schools do not 
enroll two and five year olds and few upper-middle class mothers 
work. All of the children in the study were from a racially and econom- 
ically heterogeneous community of 80,000 bordering on the north side 
of Chicago. 

Design . Each S performed the haptic, construction, arjd drawing; 
tasks and was re- interviewed six months after the first interview. 
Thus the data are cross-sectional and longitudinal. Bie independent 
variables in this study were Age (2, 3, 4, and 5 years). Background 
(A and B), and Time of Interview (Initial and Follow-up). /The depen- 
dent variables were the scores for each shajje on the haptic, construc- 
tion, and drawing tasks. 
♦ ' 

Materials . The geometric shapes used in this study were constructed 
from wood 9rnm. thick. Figure 1 shows the exact dimensions of each 
shape. The shapes fit into the palm of S's hand so tha'. S could feel 
the entire shape simultaneously. 



Figure 1 
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Four sets of shapes were used in this study, one by each experimenter. 
In each sot^ one shape was painted blue, one red, one green, and one ^ 
yellow. Hie color of each shape was varied over sets. 

Ihe screen used in the hap tic task was made of rigid cardboard 
48 cm. by 48 cm. Holes were cut out of the screen and cloth sleeves 
were attached to the reverse side of the screen so that as S put his ^ 
arms .through the holes and sleeves, he could not see his hands. Hie 
screen was placed in front of S, who was at all times seated at a table. 
S could net see over the top f or sides of the screen.. 

Two types of sticks were used in the construction task. The large 
sticks were wooden coffee stirrers 1 mm. thick, 6 mm. wide, and 9 cm. 
long. The small sticks were wooden ma tchs ticks 5 cm. long from which 
the heads had been cut off 

Hie drawing was done with red pencils 10 cioa. long on unlined white 
8%" by 11" paper. Over the course of the experiment, it became clear 
that the lead in these pencils did not mark as well as It should. A #2 
lead pencil would have given darker drawings. 

Interviewers . The initial interviewing was done by a professor 
of early childhood, by a gradua.te student in educational psychology 
with some experience with children, and by an undergraduate with little 
ejxperience with young children. Ihe follow-up interviewing was done 
by the graduate student and by four undergraduates who had some experi- 
ence with children./ 

Hie interviewers were trained in two sessions \^ich included indiv- 
idual practice with children jof the age sampled in the main study. 
Training was considered complete when both the trainer ana an interviewer 
felt that the interviewer, had moved through a complete interview easily 
and comfortably. ' \ 

Interviewers were assigned to not more than one-half of each Age X 
Background cell so that in no case was an entire cell interviewed by 
one person. / 

Procedure , In each school, the testing was conducted in a quiet 
room or alc6ve familiar to the children. Ss were tested one at a time. 
For all children, the Haptlc Task was given first, followed by the Con- 
struction Task and then the Drawing Task. Each A^-.terview lasted between 
ten and twenty- minutes. _ ^ 

The; Haptic Task: After seating herself and the child at the table, 
E pointed ;:o the four geometric shapes laid out on the table in the 
order: circle, triangle, square, and diamond. iS was asked to name as 
many of the shapes as h^ could. These names were recorded. Hie screen 
was I'h^n placed on. the table, leaving the fgur^ample shapes in the 
child's viiew, and S put his hands through the sleeves of the screen. 
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He was given his first shape in his right, hand and asked which shape 
he held • If S had previously been unable to name the shape, he was 
asked to pull one hand out of the screen and point to the appropriate 
shape. Many younger Ss displayed a very powerful urge to pull the 
J^shape from behind the screen in order to look at it. ^ i/as seai^itive' 
to thisKand was at all times ready to hold, on to the S's hand to 
prevent him from viewing the shape. The interview had been introduced 
to children as a "secret"game, and tnost did not seem to mind this 
restraint/* If S did not actively manipulate the shape injtiis hand 
and gav3 no response, he was encouraged by E to "touch it. all over 
and feel it," S was also encouraged to make a choice even if he was 

was the correct one. ; 

■ : ■ ^ . . / . 

For each subject, the four shapes were presented twice inxthe 
same order. The order of presentation was randomized across subjects. 
The response to each shape and the method of response (naming, pointing) 
were recorded. Because the sample shapes vere in view at all times 
and no time delay existed between shape presentation and identification, 
it is clear that thie haptic task was in no way a memory task. 

\ The Construction Task: Fbllowing/coiupletion of the haptic task, 
the screen was . removed from S's view» / Either a triangle or a square 
was placed on / the table. S was given sisc large sticks and asked to 
build the given shape. Half of the subjects built the triangle first, - 
an4 half the square! first. The other of these two shapes was given 
second. The diamond was always presented last because a pilot study 
__indicate3 that it was considerably more difficult to build than the 
other two, and it discouraged subsequent responses on. the simpler shapes 
if presented first.. The circle obviously could not be used in this con- 
struction task. If S could not cons trite t the shape with the large sticks, 
^he small sticks were given to him. E recorded S's responses by drawing i 
on a record sh^et all of S's attempts to construct each shape. Each 
side was labeled to indicate the order in vhich it was placed. / 

■ ' • / . ^ ' \' 

The Drawing Task: After completing the construction task, ^ S was 
3;tven a red pencil and sL she^t of paper • *S was presented each shape and 
asked to draw it on his paper. Hie circle was presented first, the 
diamoiid last, and triangle and square second or third, alternating between 
subjects. In "the event that S's drawing o£ a parti6^1ar shape was in- - 
' accurate, E presented that shape for S to redraw aft^r S had attempted ^ 
to draw each of the four shapes. S was also allowed to redraw a shape 
when he asked to do so^ The name of each shape was rechfded beside 
e^ich drying. 

Scoring . The haptic, task was scored for each shape by the total 
correct recognitions out of the two trials. 
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The recordings of the construction task for the square, triangle, 
and dilamond were scored according to the following criteria: ' 

^ . ' : not even one vertex was constructed correctly, 

1: at least one vertex was constructed correctly but the 

entire shape was not constructed correctly, 
2: at least one stick was initially misplaced but the shape 

was eventually correct (i.e., trial and error correct 

construction), ' ^ 

3: the shape was constructed correctly wi'th no misplaced - 

sticks during construction, ' - ; 

E^ch shape constructed by each S was given a score of Qy 1, 2, or 3« 
All constructions were scored 6y two scorer.s. Disagreements were dis- 
bursed and mutually resolved. The scorers initially agreed on 95%, of 
the constructions • , j. ' ^ , 

The drawing of each shape was, scored by six judges on a. simfllar ^ 
0-3 poir^u scale. The scale was modified somewhat for each shape as 
iollows : . ^ 

» 

0: C: random scribble, , * 

^ D: random ^scribfcle or a closed, curve, 

1: C:"^ff score of 1 was not given for a circle, 

S,- T, D: distinct sides present, but some of the sides 
were curvilinear ir^tead of rectilinear, ^ ^ ^ 

2: C: closed but not round; must be a distinct closed ^urve 
and not a circular scribble, 
, S, T: all sides approximately 'straight ; all vertices, clearly 
present; angles or sides may, be o£ unequal size, 
b: two halves of the diamond are present but are not co- 
ordinated correctly (lines joining opposite vertices are 
not perpendicular), or the sides are not eiqual, 
, 3: C: fairly round, ' - 

S, T: all sides quite straight; no extensions at the 

vertices; angles and sides all equal (one side -^3/2 

of another) ^ ^ 

D: lines joining opposite vertices are perpendicul^ir, 

all sides are equal, and angles are the correct size. 

Classifying drawings is a difficult task. There are some fairly 
clear stages present in the drawing of these shapes; and the rating 
iscale was constructed to describe these stages. Figure 2 illustrates 
some of the typical drawings in these stages. However, many drawings 
fall in between these stages; that is, the drawings show continuous 
rather than discrete development. This continuity is reflected in ' 
the ratings of the drawings. Table 1 displaiys the percent agreement 
among the six raters for each sha^.e in each cell. The agreement 
fell as children moved from one stage to another. , Many of the Back- _ 
ground A three year olds were between stage 0 and 1 for the last 
three shapes, while most Background B three year olds were more/ clearly 
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• - - . - 

Percent Agreement of Drawing Ratings by -Six 
, . Judges for Each Shape by Age/School Sample \, 



•Ag£ . 


Back- 
ground 


C 


S 




;.D' • 


Mean 


■3 


B 


81.9 ' 


75.0 


80.6 


87.5 


82.7 


3 


A '• 


BU9 


70.1 


77.8 


77.8 


t6.9 




• ■ 


87.5 


77.8 


83.3 


'79.2 , 


82.0 


4 - 


.A V 


86.1 


88,9 


90.3 ' 


90.3 


88.9 


5 


B 


. 72.2./ 


88.9 


83.3 


^ 84.7 


82.3 


5 


A. 


80.6 


76.4 


83.3 


86-1 


86. L 


Mean 




81.7 


79.5 


83.3 


84.3 


82.4 



Figure 2 
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in stage 0. The agreement was higher for the latter group. Bie "A" 
four year olds, were quite solidly in stage 2 for the square, triangle 
and diamond, and agreement was fairly high (88.9%). Hie agreement fell 
for the "A" five year olds ^because many of these Ss gave responses that 
fell between scores 2 and 3, some raters giving them a 2 and some a 3. 
Lower agreement for the five year olds was also due to what we term "thb 
sloppy effect". Some children become quite casual about shapes they think 
aire easy, and they ^produce drawings with charact'^ristics of lower scores. 
While It was fairly clear that some of the drawingc could have been done 
~at. a' higher level, they had to be scored as they were - somewhere between 
stages' 2 and 3» This depriesised the agreement. In future studies, re- 
swear chers should be urged to ask Ss to re-, and re-draw a shape if it was, 
drawn quite rapidly or sloppily. 

In order to use this continuous.^ rather than discrete quality of the 
scoring for the drawings, the scores of all raters for a particular shape 
weriB totalled. These totals were -used in all of the analyses of the drawings. 

; - f , 

Analysis \ . ' \ 

^ — ■ ^, ■ ■ . \ ■ 

A 2 X 3 multivariate analysis of variance was performed on the haptic, 
construction, and drawing scores for the initial and follow-up interviews. 

independent variables were Background (A and B) and Age (3, 4, and 5 years 
old). The variates were the scores awarded for each shape (circle, square, 
triangle and diamond). A 2 X 2 X 3 MANOVA was r-lcc performed on the scores 
comparing performance on each interviews. Here the independent variables 
were Time (first and second interviews), \Backgi<ound, and Age. Two -Ss were 
lost in the second interview because they^ had moved from the area. The MAN- 
OVA used was originally written at the Biometric Laboratory, University of 
Miami, Coral Gables, ^orida. / 

Extreme difficulties were encountered in our interviews with two-year- 
old Background 5 children. Communication was difficult, and Ss' attention 
spans were too, short to reach task completion. Because it is misleading to 
compare incomplete task performance, the results for each two-year-old Back- 
ground cell were analyzed apart from the remaining sample data. Descriptive 
datfifci f of the irwo year olds Is givAi in a l^ater .section. 

In order to determine whether the ability to perceive haptjcally, to cor* 
struct, and to draw shapes occurred in individual Ss in the predicted order 
(circle first, then square, then triangle, then diamond), the number of ob- 
served reversals of ^his order within each S was counted for each task. A re- 
versal occurt^ed whenever the score for a given shape was less than that for 
a shape. hypothesized to be more difficult. Thus, a sequence of scores such 
as 3, 1, 1, 2 for the circle, square, triangle, and diamond, respectively, 
was counted as two reversals. In this example,' both the square and triangle 
scores were less than the diamond score. A chi square was calculated for 
each Backgroutid X Age cell comparing obsferved reversals to those which should 
have occurred by chance alone. - ^ 



Fusoiiy Murray 
Results ' 

Haptlc Perceprtoh Task 
Initial (interview 



interview haptic 



llrie means and standard deviations for the/initial 
task are given/in table 2. The percent of correc/t re- 



success- 



sponses are giv4n fc^ eacli half year in table 3. Virtually all of / the chil- 
dren cc*-rectly Llentified the circle. Except for the diamond tot the four 
year cld.B chil^en, the four and fiv^ year olds were almost entirely cor- 
rect in their identifications. Most of the errors in the three /year" olds 
came from 'child;:en less than three years, six months old. So, yln this sam- 
ple, most of th(2 children werfe able .to complete the haptic tas^ 
fully after three and a half years of, age. 

Tab^e 2 

Means and Standard D^eyi'-.-.ions of Correct / 
Scores for the Haptic "i^/ask (Initial Interview 



Age 



Back- 
ground 

B 



Shapes 



/ 



B 





Circle 


1 Square 




'i 


/ 1.75- 


SD 




/ .622 


X 


1.917 


/ 1.917 


SD 


.28? 


.2?.9 


X 


2.000 


1.833 


SD 


0.000 


.577 


X 


2.000 


1 1.917 


SD 


0.000 


; .289 


'X 


2.000 


2.000 


jSB 


v.0.000 ' 


\ 0.000 


X 


2.000 


\ 2.000 


.SD 


0.000 


\ 0.000 



Triangle' 



Diamoad 

1.667 
.778 

1.583 
.669 



2.000 \ - 1.750 

0.000 .622 

1.917 
.289 

2.000 
0.000 

2.000 
0.000 



2.000 
0.000 

2jo00 
OiOOO 

2.000 
6.000 



scores: 



2: 
1: 
0: 



j2 but of 2 trials cArrectly identified 
jl oul^^ of 2 trials correctly identified 
|) out of 2 "trials correctly identified 



The. multivariate analysis of variance revealed no significant interac- 
tions, no effect! of Background, and n^ effect of Age (though the latter ap- 
proached significance with p < .06). \The univariate F tests for Age were sig- 
nificant for the^ triangle (F = 5.04, p\ < .009) arid for the diamond (F = 3.34, 
p< .042). Younger children made more \incorrect /identif icationf of these 
shapes. 
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Table 3 

Percent Correct Haptic Perceptions 
By Full and Half-Year Cells 



First Interview 



62 



Shape 



Shape 



Age,, 


(n) 


C 




T 


D 


Age 


(n) 


C 


S 


T 


D 


3.0-3.6 
3.7-3.11 


(13) 
(11) 


96 
100 


92 
91 


95 


69 
95 


3.0-3.11 


(24) 


98 


92 


85 


81 


4.0-4.6 
4.7-4.11 


(12) 
(12) 


100 
100 


96 
92 


96 
100 


96 
88 


4.0-4.11 


(24) 


100 


94 


98 


92 


5.0-5.6 
5.7-5.11 


(15) 
(9) 


100 
lOO 


100 
100 


100 
100 


100 
100 


5.0-5.11 


(24) 


100 


100 


100 


100 



Second Interview 



Shape 



Shape 



Age* 


(n) 


C 


s 


T 


D 


Age* 


(n) 


c 


s 


T 


D 


3.0-3.6 
3.7-3.11 


ai) 

(ii) 


100 
100 


100 
91 


100 
100 


100 

91 . 


3.0-r 11 


(22) 


100 


96 


100 


• 96 


4.0-4.6 
4.7-4.11 


fl2) 
(12) 


100 
100 


100 

/lOO 


96 
100 


100 
100 


4.0-4.11 


(24) 


100 


100 


98 


100 


5.0-5.6 
5.7-4.11 


(15) 
(9) 


100 
100 


100 
100 


100 
100 


lOOL. 
1.00 


5.0-5,11 


(24) 


100 


100 


100 


100 



scores: 3: immediately correct construction 

2+3: trial and error or immediately correct construction 



* The children were now six months older than the ages listed. 
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Follov-'Up iPtervlew : In the first interview most of the Haptic 
errors had been made by children younger than three and a half. This 
result was confirmed in the. second interview with the same children six 
mottths later --Wly six errors were made in the 560 haptic identifica- 
tions. Two square and two diamond errors were made by three year ^ olds, 
one diamond error by a four year old, and one triangle error by a' five- 
year old. The haptic identification of small shapes reaches a quite 
dramatic ceiling at the age of three and one -half . ^ 



Construction Task ^ ' ' • . 

Initial Interview ; In table 4, the group >eans for the construction 
task reveal that for three and four year olds, | the square was considerably 
easier to construct than the triangle, and the triangle was considerably 
easier than the diamond. For the five year oldjs, the square and triangle 
reached celling performance while the, diamond s^till presented some diffi- 
culties. ' 

In table 5 the percent correct responses indicate that 82% of the 
three and one-half year old Ss. correctly constructed the squarfe either 
by trial and error or without hesitation. Only 75% of the four and one - 
half year old Ss were able to cc>nstruct the triangle, and only 83% of the 
five and one-half year olds were able to construct the diamond. 

The multivariate analysis of variance revealed no significant inter- 
action' and no significant effect of B^ackground overall, though for the 
diamond. Background A children made significantly higher scores (F =4.79, 
p .032). The overall effect ofJiSg^e was significant (F = 8.151, p< .0001), 
as were the unlvarlante F tests ^f or -;all three shapes (p .001) : Square, 
F = 9.45, Triangle, F .= 25.03; £)i#mdnd, F = 17.42. Thus construction 
ability for each shape increased '^TArilt^lage. 

Follow-Up Interview : The pefc^nt,:!^^^ the second . 

interview construction task is reported?' in table 5. These data reveal 
that almost the entire sample was able to construct, the square and the 
triangle correctly sither inrniediately, or,;by trial and error (above 90% 
correct for all age levels). This is considerably above the performance 
..on the first interview, for at that time even the four and one-half 
year olds were only 75% correct on these shapes, "nie teachers of the 
children reported thad they had not tried to teach these constructions 
to the children. It may be that the first interview focused the atten- 
tion of the childreri'on the construction of shapes, and they subsequently 
ser. about to learn this task for themselves. If this is so,, it would 
seem that a task interview is an extraordinarily powerful means of moti- 
vating children to learn this task. - ' 
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. i$ Table 4-:^ ' 

Mearis^ Standard Deviations of Scores 
For the cJhs true tion Task (Initial Interview) 



V 



Age 


School 




Square 


3 


B 


X 


1.667 


• 




SD 


- 1.303 


3 


A 


X 


2.167 




SD 


1.030 


4 


B 




2..417 






3D 


.996 


4 


A 


X 


2.667 






SD 


,778 


5 


B ' 


X 


3.000 






SD 


0.000 


5 


A 


X 


3.000 






SD 


0.000. 



Shapes 
"Ttiangle 



Diamond 



1.083 


.583 


.900 


.515 


1.417 


.750 


.900 


1.055 


2.000 


1.250 


1.128 


.965 


2.167 


1.750 


1.030 


.965 


2.917 


1.833 


.289 


.937 


3.000 


2.545 


0.000 


.688 



scores: 0: not even one vertex, 
1: one vertex correct 



i.;.'. trial and error correct 
.3/i;-isnmediately correct 
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Table 5 

I 

Percent Correct Constructions 
By Full and Half -Year Cells 

First Interview 



Shape 



Shape 



Age 


Score 


- S 


T 


D 


Age 


Score 


s 


T 


D 


3.0-3.6 


3 


15 


08 


0 






t • 






n=13 


2+3 


54, 


15 


08 












3.7-3.11 


3 


73 


18 


09 


3.0-3.11 


3- 


. 46 


13 


04 


n»ll 


2+3 


82 


45 


18 


n=24 










4.0-4.6 


3 


.67 


42 


17 












n-12 


2+3 


83 


58 


33 












4.7-4.U 


3 


75 


.58* 


17 


4.0-4.11 


3 


71 


50 


17 


n=i2 


■ 2+3 


83 


.75 


67 


n=24 


2+3 


83 


67 


50 


5.0-5.6 


3 . 


100 


r\ 93 


40 












n=15 


2+3 


100 


VlOO 


73 












5.7-5.11 


3 


100 


100 \ 


50 


5.0-5.11 


3 


100 


100 


43 


ii»9 


2+3 


100 


100 


\83 


n=24 


2+3 


100 


loo 


78 























Second Interview 



Shape 



Shane 



Age* 


Score 


S 

• 


T 


D 


Age*, 


Score 


S 


T 


D 


3.0-3.6 


3 


73 


54 


09 












n=ll 


2+3 


91 


91 


27 












3.7-3.11 


3 


64 


45 


0 


3.0-3.11 


3 


68 


50 


04 


n=ll 


2+3 


100 


91 


36 


n=22 


2+3 


95 


91 


27 


4.0-4^6 


3 


92 


50 


17 












n=12 


2+3 


100 


92 


33 












4.7-4.11 


3 


92 


83 


50 


4.0-4.11 ^ 


3 


83 


42 


33 


n»12 


2+3 


100 


92 


92 


n=24 


2+3 


100 


92 


63 


5.0-5.6 


3 


100 


100 


73 












n=15 


2+3 


100 


100 


100 












5.7-5.11 


3 


100 


89 


67 


5.0-5.11 


3 


IOC 


96 


71 


n=9 


2+3 


. lOO 


100 


100 


n=24 


2+3 


100 


100 


100 



Scores: 3: iinmediia|:ely correct construction 

2+3: trial and error or immediately correct construction 



*The children were now six months older than the ages iudicated« 
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The numiber of iii:niediately correct responses varied by shape and by 
age» At ages three aiA four, 207o more constructions, were immediately 
correct for the square ^han for the triangle. Both shapes were constructed 
imaedately by five year olds. The diamond was eventually correctly con- 
structed by almost ..all of the children who were now five and older. How- 
ever* eVen one* third of the oldest children (now six to six and one half) . 
sttii required trial and error to construct the diamond correctly. 

The multivariate analysis of variance resul'-s were the same as for 
the first interview. 

" ■ ■ ^ ' • " . >' ■ " ■ • 

Comparisoi;^ of the- Twol Interviews ; A 2 X 2 X 3 (Time X Background X 
Age) multivariate analysis of variance for construction revealed signifi- 
cant effects (p < .001) for Time and Age overall and for each shape. Older 
Ss and Ss in the second interview made higher scores. The Background effec^t 
for ^ the- di^ond almostr- reached significance (F ='3.49, p < .064), with Back- 
ground A children scoring consistently higher on the diamond construction. 
There was a significant Time X Age interaction overall (F«= 2.25, .04) 
aSid for the triangle (F =, 5..07, p < .008). This interaction jusc failed to 
reabh significance for the square (F ^-2.62, p < .07). For both the square 
and triangle, the three year. olds increased their scores in the follow-up 
interview about twice as mxiph as did the four year olds, anc the fives did 
not increase.. In contrast, the increase for the diamond showed a regular 
pattern across ages, with Backgrouna A children increasing about .6. No 
other effectis reached significance. 

Drawing; Tagk ' / • c 

First Interview ; In table 6, the group^means for the. drawing task 
reveal that children scored the highest cffflEhe circle, followed by the square 
triangle, and diamond, in that order. The percent correct scores given in 
table "7. show the irregular growth of drawing abilities specif ic to the in* . 
divi4uai shapes. Even at the age of five, most Ss did not make drawings that 
were correct by the rather rigorous standards of the drawing rating scale. 

. The multivariate analysis oT variance . showed significant effects for 
Age overall and for each shape on the univariate te^ts (p < .001). Drawing 
performance improved with age fpr each, shape. The overall effect of Back* 
ground was i^ot significant, but the univariate tests showed a significant 
Background effect for the. circle (F = 4.49, p< .038) and the diamond .(F= 
5.05, p-<:'.028), while the square (F = 2.91, p<^ .093) and the triangle 
(F ^ 2.29 , p < .135) approached Significance. Background A subjects scored 
higher than B subjects. There was a significant overall Interactioiiv of 
Background and Age, though the circle was the only shape to show significance 
on the univariate test. This interaction was a result ^^of A children scoring 
higher or the drawing of the circle and the square at younger ages and higher 
on the triangle and diamond at the older ages. 
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Table 6 

Means and Standard Deviations 









of Scores for 


the Drawing Task 




• • 






First 


Intei^iew 


■ \ 


- 




Back- 








Shapes 


Diamond 


Age 


ground 




Circle 


Square 


Triangle ' 


3 


B 


X 


1.864 


.667 


.576 


.409 






SD 


.446 


.500 


.668 


.513 


3 


A 


X 


2.394 


1.182 


. .758 


".455 




• 


SD 


.,382 


. .497 


.375 


.342 


4 


B 


X 


.2.431 


1.528 


1.111 


.639 




SD 


.411 


•497 




.703 


A 


A 


X 


2.444' 


1.556 


m 1 O "T C 


1.236 






SD 


.385 


• 679 


•/oZ 


.851 


5 


B 


X 


2.514 


1.778 


1.750 


1.472 






SD 




.583 




.688 


5 


A 


X 


2,542 


1.958 


1.889 


1.833 






SD 


.421 


.370 


.239 










Second 


Interview 








Back- 








Shapes 


Diamond 


Age 


ground 


•' 


Circle 


Square 


Triangle 

<^ ■ ■ • 


3 


B 


X 


2.439 


1.182' 


'.995 


.758 






SD 


.319 


.450 


.58/ 


.664 


3 


A 


X 


" 2.394 


1.697 


1.303 


.697 




SD 


.436 


.623 


.714 


.862 


4 


B 


X 


2.306 




1 /././. 
j> .'I'i'i 


1.181 




SD 


.388 


.575 


.574 


.712 


4 


A 


X 


2.611 


1.958 


1.917 ' 


1.694 






SD 


.372 


.276 


.584 


.413 


5 


B 


X 


2.667 


1.958 


2.250' 


1.889 




SD 


.302 


.578 


.447 


.259 


5 


A 


X 


2.819 


2.056 


2.125 


2.000 






SD 


' . 181' 


.287 


. .285. 


.123 



' Scores: 0: meaning les ^scribble , 2: whole shape present but still 
i: one vertex correct / some errors 

3: shape correct in all details 
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Percent Correct Drawings 
By Full and Half -Year Cells 



First Interview 









Shape 














Aee 


Score 


-c 


S 


T 


D 


Age 


Score 


C 


S 


T 


'd 


3.0-3.6 


3 


31 


r 

. 0 


0 


0 








K 






n=13 


2+3 


92 


08 


0 


0 














3.7-3.11 


3 


27 


0 


0 


0 


3.0-3.11 


3 


29 


0 


0 


0 


n-11 


'2+3 


83 


09 


18 


0 


n=24 


2+3 


87.5 


08 


08 


0 


4.0-4.6 , 


' 3 .. 


. 25 


0 


0 


0 














n«12 


-2+3 


100 


42 


. 25 


08 














4.7-4.i;l 


3 


50 


0 


0 


0 


4.0-4.11 


3 


HZ. 


0 


0 


u 


n»12 


2+3 


100 


fo 


67 


58 


n=24 


2+3 


100 


58 


46 


33 


5.0-5.6 


3 


60 




07 


0 














n»15 • 


2+3 


100 


87 


73 


' 60 














5.7-5.11 


3 


67 


33 


11 


22 


5.0-5.11 


3 


i 62.5 


12.5 


08 


08 




2+3 


100 


89 


100 . 


67 


. n=24 " 


2+3 


loo 


87.5 


83 


62.5 










Second Interview 


















Shape 










Shape 






Score 


c 


S 


' T 


D 


Age* 


Score 


C 


S 


1 

T 


D 


3.0-3.6 


3 


54 


0 


0 


0 














n«ll 


2+3 


100 


64 


27 


18 














3.7-3.11 


3 


45 


0 


• 0 


0 


3.0-3.11 


3 


50 


0 


0 . 


" 0 


n-11 . 


2+3 


100 


45 


27 




n=22 


2+3 


100 


54 


27 


23 


4.0-4.6 


3 


33 


0 


08 


0^ 














n=12 


2+3 


100 


67 


58 


25 














4.7-4.11 


3 . 


75 


0. 


08 


6 


4.0-4.11 


3 


54 


0 


08 


0 


n»12 


2+3 


100 


92 


83 


75 


n=24 


2+3 


100 


79 


71 


50 


5.0-5.6 


3 


80 


13 


27 


0 














n=15 


2+3 


100 


93 


100 


93 














5 7-5.11 


3 


100 


,11 


22 


0 


5.0-5.11 


3 


87.5 


12.5 


25 


0 




2+3 


100 


78 


89 


100 


n=24 


2+3 


tLOO 


87.5 


96 


96 



^ 3: ImmcJiately correct drawing . V . ^ 

^^ores 2+3; trial and error or immediately correct drawing 

*The children were now six. months older than the ages indicated. 
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Table 8 

Multivariate Analysla of Variance for the Drawing Task 



Multivariate 
Analysis 



/ 

Univariate Analysis 



Circle 



Square 



Triangle 



Dlaoond 



Main Effects 


d£ 


f 


df 


F 


F 


F 


F 


Tloe 


4^125 


** 

5.29 


^ 1,128 


7.5S** 


11.47** 


19.21** 


12.92** 


- Background 


A^^25 


3.74* 


1,128 ^ 


6.76* 


10.37* 


. 4.86* 


7.05* 


Age 


8,250 


11.66** 


2,128 


11.15** 


25.88** 


43.39** 


^7.A8** 


Interactions 








< 1 








t X B 


A, 125 


<1 


1,128 


<1 


-'<1 


- <1 


T X A 


8,250 


1.37 


I 2,128 


1.64 


1.68 


•<1 


..<1 


3 X A 


8,250 


2.29* 


2,128 


v<l 


1.81 


1.28 


2.56 


T X B X A 


8,250 


1.59' 


2,128 


4.43* 


<1 


<1' 


<1 



#: P<.05, *: P C. 01,. **: P.<.001 



Table 9 

NxuDber of Reversals by Individual Children of the Order Square, 
) Triangle, and Dlanond 



/ 

Haptlc Task 
Background 3 Background A 



Interview I 

Construction Task 



Background ? 



Background A 



iJrawlng^Task 
Background B Background A 



No. of 

reversals X 


No. of 
reversals 


x2 


No* of . ' ^ 
reversals X^ 


No. of. 

reversal s. X - 


No. of 
reversal^ 


2 

X 


No. of . 2 
reversals X 


3 


7.41** 


4 . 


6^.31* 


1 


10.67** 


3 


7.41** 


2 


9.30 


2 9.30** 


4 


6.31* 


2 


9'.30** 


i 


10.67**" 


0 


12.52** 


2 


9.30 


1 10.67** 


0 


i2.52** 


0 


12.52** ' 


0 

0 


12.52^* 


0 


12.52** 


. 4 


6.31 , 


3 7.41** 



Interview 2 



0 


I2.52**n 


4 


6.31* 


0 


12.52** 


0 


l:'..52** 


1 


10.67** : 


0 


12.52** 


0 


12.52** I 


0 


** 

12.52 


3 


. 7.41** 


0 


12.52** 


1 


10.67 


2 


** 

9.30 


0 


12.52** » 


1 


** 

10.67 


0 


12.52** 


• 0 


12.52** 


4 


6-31* ib^ 


0 


12.52** 



There were 36 possible reversals In each cell. 13.84 would occur by chance. 
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Second Interview : All children received scores of 2 or 3 on the 
circle* At age three, the percent of children receiving scores of 2 
or 3 was 50% for the square and about 25% for the triangle and diamond 
(see table 7). At age foiXr, this percent was about 75% for the square 
and triangle, and 50% for the diamond. By age five, almost all children 
received scores of 2 or 3 on all drawings. However, only half of the 
three and four year olds received a 3 for a circle, while most of the 
five yeat oldsidid. Very few of the -hildren of any age received a 
3 on drawings th e square, triangle, or diamond. 



As ,in the 



first interview. Age was a significant effect overall 
and. for each shape (5 < .001); older children had higher drawing scoresvj 
Background w^s Wot a significant effect overall, but it was for certain 
shapes. The A Ichildren were significantly better in drawing the square 
(F = 3.08, p < ;.008), with trends in superiority^;! or the other shapes 
(triangle: F 3.08, p < .084; diamond: F = 2.\f; p\ .151). The inters 
action between Age. and Background was not signlfxcaa^n^. the second inr. . 
tervi'ew. ^ 

^ Comparison q/ the Interviews ; The 2 X 2 X S'multivariata analysis 
of variancv^t of scores on the drawing task indicated that each of the main 
effects - Age, Background, and Time of interviewj- was significant overal^ 
and for each $hape (see table 8). Performance wks higher for older Ss, 
for the Background A children, and. for the follcp-up interview. 

The significant Background effect indicat^4 the complexity of the 
developmental growth for drawing different shades. This development seems 
to proceed in stages, wijjh fairly marked improjrements of particular types! 
followed by long plateaus of little or no imprWement. These periods of j 
marked improvement differ for different shapes!. :For all shapes, A.child^\ 
ren preceded the B children in their movement !to a new stage, but some 
of' this movement took place at the time of th^ first interview and some, | 
only by the time of the secdndr Thus, Backgrc|und A children scored sig- j 
nificantly better on the circle and the diamoiid at the first interview | 
and on the square at the follow-up interview • j | 

The Age X Background interaction was significant, overall in the com-f 
parison MANOVA. '"Siis inter .-ction indicated tfiat the difference in score^ 
between the A aud B children varied at differfewt ages and that this dif- | 
ference also varied with each shape. For the sqaare, the A children wer^ 
considerably superior at age three and onlyjijQdera*:ely 

and fiye^ For the triangle, the A children v^ere moderately superior at j 
age threi and four, and not , superior by age ^ive. For the diamond, therd 
was no differehce at age three, but the A children scored consid^ably \ 
higher at age four and five. Background A djildren seemed to sli^e higher 
when the ability to draw a shape began i:o de^'elop. ^ 



The* three-way interaction (Age X School 
the circle (p < .01). The three year old A 
the circle drawing for the first interview bt 



X Time) was significant for. 
children were superior on 
t not for the second; the 
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four and five year old A children ^^e^ superior on the circle in the 
second intervie w and not in the fir st>xWe believe the A children were 
probably superior ^t tfie . older dges in^sithe first interview, too, but the 
"sloppy effect" (plder childreji not drawin^sthe simple, shapes as care- 
fully as they could) pulled down scores. )5C^t xs probable that the scores 
were affected more on the^^first than the second^ interview because experi 
met) ters were less sensitive f:o' this sloppiness problem at .^^Kgt time and 
asked' for fewer re^drawings than in the second interview. 

Comparison of the Three Tasks 

' . ' <, • ' ■ ' ' 

A comparison of the' percent correct haptic-visual identifications, 
-^^si:fuctions, and drawings iti tables 3, 5, and 7 reveal that while 
haptic identifications for all shapes, reached ceiling performance by 
3.6 years, construction and drawing for certain shapes lagged consid- 
erably behind. Using a criterion of 66% correct, we f ind thatry-for: the 
first interview, trial and error construction (scores 2 and 3) of the 
square lagged six months behind haptic identif ication^ and trial and 
error construction of the triangle arid diamond lagged one and a half 
years behind haptic success. Approximate drawing success (scores 2 
and 3) was one year behind trial and error construction for the square 
and diamond, but occurred at the s^e time as construction for the triangle 

A comparison of scores of .3 (immediately correct construction and en- 
tirely correct drawing) shows that coirst:ruction success lagged behind hap- 
tic success from six months to ov^r three years, varying from the square 
to the diamond. A very considerable construction-drawing l#g exists using 
scores of 3. An immediately correct consj:ruction was made by 66% of the 
children by age 3% for the square, by age 5 for the triangle, and by age 
^ 6% for the diamond; but even by age 6^, the percentages of children who 
\had made entirely correct drawinjgs was only 11% for the square, 21% tor 
'^the triangle, and 0% for the diamond. ^ 

\ . i : . ■ ; ' . /' ' 

\ . ,■ ' 

. ^omp£«rison of the Shapes 

The nunAar of reversals of 'the order square, triangle, diamond 
observed in the protocols of indivxdual Ss and chi- square values for 
these reversals appear in table. 9. For all tasks in hoth interviews 
the niimbei' o£ reversals is lew and significantly below chance. Thus, 
for individual children as Wiill, as for groups, the circle was the 
easiest to identify haptically,, to construct and to draw, followed by 
th^ square, then the triangle, 'and then the diamond. 

Two*" Year Performance . 

■ It was necessary to delete the two year old dat<t frOT our main 
analyses because so few childrjen in the B sample were ab\« to complete 
all of the tasks. No children! of this age were able to construct or y 
draw the geometric shapes, with the exception of one 'female Background 
A child, age 2:07, who was able to construct the square without hesita- 
tiono . ; ■ , - ^. ■ ■• ' "~: /■'"■ 
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Striking differences were observed between the A and B si^bjects. 
The B Ss were froiri poverty homes dnd attended a day-care center whlch^ 
provided for some physicalV emotional, and mo cor skill development 
-but gave little contingent verbal interaction. None of the children 
gave names for £he geometric shapes, and only four of the twelve sampled 
cou^d or wo^ld complete the haptlc task. In' contrast, all of the A 
children completed our tasks, and fiye out of the twelve could name 
the circle, square and triangle. Jibne of these child rein could name ' / 
the diamond. . , . • / 

In the i]lnitial interview it was uncle^ whether the B children / 
^ could not perform our tasks or whether the ^interviewers were unsucce'ss- 
"ful in communicating the tasks to ..them. Fear and shyness did seemyto 
be a factor in their low performance. Consequently, after the follow- 
up interviewL some children were re- interviewed in.-their -classroom using 
a towel-sleeve fot hiding the shapes, rather than the' experimental ^ . 
screene Half of the children improved their performance under these 
conditions. It is not clear which ^f the following variables produced 
this improvement: familiar classroom, seeing^igtiier^ ch:Udren do, the task, 
the towel- sleev^e instead of the screen, or a* second trial. Perhaps the 
combination ^?as important. What does seem fleat is , that testing con- 
ditions are especially Important for young low SES children. Other in- 
vestigators are encouraged to take steps to reduce Ss' apprehension xon- 
cernine the experimental environment and to increase non-verbal communi- 
cation of the required taskt. . . ^ ' 

In the. six month fcllow-w interview the A Ss completed almost all 
of the haptlc tasks correctly (there were ,1:wo square "and two diamond 
errors). Thus by two and onfe-half years 6f age, these A children per- 
formed as well as did the three 'and one h^lf year olds in the total 
sample. Whether this Is due to some aspect of their iMontessori ^training 
Is^iinqle'ar (they attended for one and a half hours twice a week); their 
curriculum did not in^^olve tasks' similaf to the haptlc jtask.' Perhaps 
the fact, that these ver. yourig childrenjwere enrolled in this preschool 
•reflected -a special interest or knowledge on the, part of their parents 
which contributes in other ways to the advancement of their child's 
cognitive abilitres. Alternatively-, perhaps what these two year^olds 
blrought from their Mdnt^ssori activitii^s was .m increased ability to 
focus oh a task. \^ j / _ ' \ 

The two year old data does ^Nsupport the hypothesis concerning the 
order of difficulty of particular shapes in the haptlc task. Thei^ . 
were extreipely 'few (three out of a possible 144) revefrsals o£ the orders- 
circle > square > triangle > diamond. I The percent of^correct haptlc 
recognitions for all two year olds is jreported in tablerlO.^ y , 



son,. Hurray \ l^^ 

• ' , ■ ■ ^: Table id ' 

^ ' Percent Correct Recognition by TWo Year Olds 

Of Shapes in the Hap tic Task 



First Interview , Second Interview 

.n C * S 



T 


D 


n 




s 


\T • 

- 


- 


8 


0 


8 






44 

« 


' 0 


90 


25 


9 


100 \ ■ 


89'- 


100 


89 



J -. -. . 

Qackgrouxid B 12 21 4 
SaCkgz^und A T:2r~'S^: ] 54 

Secondary Results . , 

Names ; i^x analysis of Ss '.^knowledge of the names of each shape 
shdWed that by three years of age over 60% of all Ss could i;^ame the 
circle, square and triangle. By five years of age virtually^ all Ss could 
'uame these shapes* However less; than 5% of the three year olds could 
name the diamond. Only 177o of the four year olds and 717© of the five 
year olds knew the name of the diamond. Knowledge of the shape names 
was subst^antially higher in, the second interview. Ninety . one per<ietit of 
the three year olds knew the names circle and square: 86 7q knew the name 
triangle Hie diamond was named by only 327o of the three year olds; how- 
ever '54% of the four year olds and 967p of the five year«olds could name 
the diamond, lliis relatively late acquxsition of the names of the sha^>^ 
<^emonstrates that the* ability to^name^a shape was not a prerequisite for 
the haptic Identification 'of a sha{)e, as haptic identifications of all \ 
shapes were performed by age three and bne-half. 1 

Matchsticks and Cof feerstirrers ; The percentage of Ss at each age 
,jWho were not able to construct each shape with cof fee-stirrers but could 
do so with the smaller matchsticks was calculated. In the first interview 
the matchstipks facilitated construction of the sq^uare for l87o of the 
three and 33% of the four year olds; for the triangle 42% of the three 
and 10% of the four year olds , were aided;' valid 9% qf the three year olds, 
17% of the four year olds, and 147o of the five year olds were able to 
construct the diamond only when given the matchsticks. ^ 

/ There were feweif Ss in the follow-up :i.atervi ? • than in the first 
who were unable. to construct the .shapes. However, of those Ss unable to 
construct the shape :, a largcir percentage were aided by the matchsticjcs; 
r:5_0% of the three year olds and the one four year ola unabl.e. to construct 
the^ square with the large sticks were. able \o construct it with the match- 
sticks. For the triangle, 5076 of the three year olds and SS^t of the fours 
were^aidej3 by the matchsticks; and 16% of the three and 10% 3f the four 
year olds needed the mr >h4ticks in order to construct the diamqnd« 

Patteims in Construction ; We examined the order in which each stick-. 
'Jide of each shape was placed in an effort to find any consistent patterns 
for form construction. .All figures given are percents of the successful 
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constructions (score 2 or 3) at/ a given age level. The most consistent 
pattern observed for the square was a circular placement in which stjLcks 
were placed In a clocki:.lse or counter-clockwise order by over 60% of the 
Ss at each age. The moat consistent pattern observed in the triangle | 
constructions was one in which the two diagonal sides were placed first, 
followed by the bottom, horizojntal side. This pattern was observed in 
over 70% across all age leveld and reached 83% for the five year olds. 
The diamond constructions were more varied than the other two. The dia- 
mond was constructed in a contiguous circular (clockwise or counter- 
clockwise) fashion by 25^0 of the three and f Ol v year o'^ds and by 61% 
of the five year olds. However 50% of the three, 67% of the four, and 
33% of the five year olds constructed the diamond in top/bottom halves, 
placing the top sticks: 1^/ ; to right (or right to left) and then the bot- 
tom sticks left to right .u;. right to left, accordingly). This indicates 
a considerable number of Lv' who produced (that is, displayed a knowjTedge 
of) a symmetrically balanced diamond. ^ / 

• / 

The follow-up construction aata revealed somewhat different/patterns, 
Ihe squn^ va- 0 ftrUcted in a contiguous circular (clockwise dr counter- 
clocVr; fashic: y 30% of the three, 67% of the four, and 29%- of the 
:i v year olds--a . iking decrease from the over 60% observed in the. in- 
itial interview fc. .ill ages. However, 32% of the fours and 54% of tfie 
.i. constructed the square by placing the^ first two sides simultaneously^ 
One -of the fours apd' six fiVa year olds who displayed this tendency intially 
placed sticks which formed thp parallel sides.pf the square. However, five 
of the six fours and seven of the thirteen five year olds immediately 
placed two^ sticks to. form a vertex of the square. This findinjg combined 
with those Ss who constricted the square in a circular fashipn (consistently 
placing sticks wh^ch formed successive vertices) iflipiies thai it was the 
vertex vh.cri was the most salient feature of the square iror those Ss who 
were able to construct the square (rather than the, parallel sides, for 
exa^nple). In the cons truce ipn o^ the triangle, there was an increase from 
the first .interview" in the tendency to place the bottom horizontal s^fcick 
Itst. Over 85% (95% for the fives) displayed this pattern. Also, over 
3-2% o£ the three and. four . and 71% of ^'the^ five year olds simultaneously 
placed the diagonal sides of the triangle in their constructions. Certain 
tendencies found in the diamond construction in the. initial interview 
were agkin found in the follow-up interview. Foi'ty-three percent of the 
^thrtees constructed-^ tho diamond in a circular order; that number dropping 
-to 13% for the four., a^- i only 4% for the five year olds. The tendency to 
construct the diamond j.n top and then bottom halves was observed for 43% 
of the three's, 67% of the fours and 83% of the five year olds. A lesser 
number (fours: 20%, fives: 8%) constructed the diamond in a left/right 
(or right/ left) fashlo^. It is interesting to note that 47% of the fours 
and 67% of the fives simultaneously placed at least two sides of the dia* 
mond before constructing the rest of the shape. Thus, over 50% of our 
sample at each age who were able to construct the diamond displayed an 
understanding of the symmetrical nature of the diamond through their 
method of construction. 
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Discussion ■ . I ' I \ p • ' 

Our hypothesis that children would be able lo petceiye geometric 
'shapes haptically prior to constructing them, and to cons true t_. them 
prior to drawing them, Was strongly supported, yirtually all of the 
children! could haptical^ly identify the circle^ sijuare, triangle, and . 
diamond by the age of 316 years, ,Over two-thirds of the children could 
construct the square bylage 4.0, the,^|riangle byj age 5.0\and the diamond 
by age 6«0i However, even at 6.0 years, less than one- third of our Ss 
^iJere able to draw any shape other f:han the circlp quite accurately. 



Our results clearly 1 support the hypothesis jthat the tasks involving 
the circjle are solved first, followed by those involving th<e square, then 
the triangle, and finally the diamond. Tliis wa^ true for hkptic, con- 
structlbn, and drawing tasks. The obliqAe nature of tl;e sides of the trl- 
angl^ make it more difficult than the square, and the simultaneous coor- 
di^tlon of the right- left and the top-bottom hialves of the diamond makes 
this shape the most dif f ipult. I 

/ It 'should be noted thlat progress in "an individual child is not the 
smooth increase indicated by our group data., /individual progress consists 
of slow development of skills, sudden insight; and temporary regression. 
Regressions may occur as a child Oorlr^'^xm some new problem and ^temporarily 
ignores a previously solved one, as indic'^^ted by oui? four y^ar olds when 
they abandoned equilateral squares with rotinded corners to drawl rectangles 
yith 90 vertices. Regilessions also may be\due to the state of |the child 
^^t a given moment, involjving uncontrollable ^i^rxterDal variables such as hun- 
•ger, illness or boredom. \ " 1. 

• Our results agree yith. some of Piaget. and Inhelder's rest^lt^ a:.,.? dis- 
( agree with others. Piaget and Inhelder deliberately chose ;rge |f igures 
for their haptic task because they were interested in the abllityi of chil- 
. dren to coordinate perceptions of parts of figures. They found th^t young 
children (three years) did not seek out parts of figures and that 1 older 
ones (four years) either did not seek out all of the parts" or wer^ unable 
to coordinate them. Their haptic task also involved a large number of 
shapes, many of which were quite similar to the squ^'e, triangle, land dia- 
mond. Our ^tudy indicj^x^d that when children did .not have to sear^ch for 
parts of the figure, Htey could nake haptic identiflcaticas by age! three 
and one half> This result is >in striking contrast t results witri larger 
shapes, as for example Lovell who reported that onL> ^hree out of ftS chil- 
dren between three and one half and four could identify the circle, square 
and triangle from a haptic pre'sentation (Lovell, 1959, 107). j 

1 , 

The chief difference between our results and those of Piaget and In- 
helder is that construction clearly precedes drawing. It is- interesting 
that this result is more in keeping with Piagetian theory in general than 
is Piaget's ovm result, for one would expect children to.be able to operate 
on concrete objects before they could operate on abstract images* ., jThe 
-arawing-af- shapes occurs later than constructions for several reas<)ns. 
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Drawing does not allow for trial and error placements of a part; each 
mistake requires d whole new drawing. Drawing also requires the ability 
to drawva sl:raight line. Most importantly, the drawing task involves 
the coordination of lines one tias already drawn on paper with mental 
images of lines still undrawn which one projects onto the pap^r." As one - . 
five year old subject 'described it, "I see an invisible triangle' on the 
paper, and I draw it*" Drawing shapes is a difficult task, requiring a 
detailed and well-formed mental image as well as the ability to coordinate 
such images with partially completed drawings. Children did seem to 
use mental guides aMost exclusively for drawing, for very few Ss were 
observed to look back and forth from the presented shape to their drawing. 
Even when interviewers called a child's attention to the shape while he 
was drawing, the child ignored It. 

The constiruction task used in this study utilized sticks of equal 
length. . We gave Ss six sticks, from which they chose the appropriate nuxn- 
Vber to build each shape. It should be noted that was only when Ss were 
i^Asure or unable to build the shapes that they tried to use all six sticks. 
That is, our Ss did display an understanding that each shape had an exact 
number of sides. However, we cannot be sure that . they fully understood 
that each shape had sides of equal length. For example, there was no ques- 
tion that if our Ss placed three sticks together touching ends, they had 
constructed an equilateral triangle. Perhaps a better test of a child's 
understanding that an equilateral triangle, a square, and a diamond have 
equal length sides would be made if we had given Ss ?" > icks of many lengths. 
When given sticks of many lengths, Ss would have to choose those sticks 
of equal length and then construct the shape. The difficulty in performing; 
this new task should fall between that of the present study* s construction 
task and drawing task. This prediction stems from the assimiption that the 
difficulty involved in making. equilateral sides with sticks should be the 
Same for the suggested construction task and «the present drawing task, but 
the former will involve the coordination of concrete naterxals rather than 
a mental image. 

The ceiling performance reached on both the haptic and the construction 
tasks undoubtedly contributed to the lack of significance of the Background 
effect. Where there were differences. Background A scores were consistently 
higher. The one significant construction difference found was for the dia- 
mond - the most difficult task. That Background differences might ave been 
found in the haptic task with younger children is supported by a study by 
Fuson and Love-Kunesh (1977). Using shapes identical to those used in this 
•study, they found significantly better performance in the visual-visual— andT^ 
haptic-visual :.hape identification by .niddle-class children^liged 1% to 3 
years whose mothers had fourteen years or more^ of education than by chil- 
dren whose mothers had between eleven and thirteen years of education. 

In both the construction and drawing tasks. Background A children were 
the firsts to demonstrate an advance in skill for a particular shape, though 
the considerable difference which resulted occurred sometimes in the first 
interview and sometimes in the follow-up interview. The scale used to rate 
the drawings helped to minimize Background dif fer»Bnces, for it combined a 
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wide. range of drawings in catt-gory 2« Background A children tended to 
make drawings that were not quite '*3*', while Background B children often 
nikds levrel "2" . drawings, that were barely past level "l'\ A more discrim- 
ina,ting scale for the better drawings would have resulted in even larger 
dif fcrenCes^between the two background groups. 

Our interviewers did report additional differences between the Back- 
ground A and B subjects, especially in the setond interview. These im- 
pressions" are of fered here to aid the generation of hypotheses in future 
studies. The Background A children were generally mor,e confident and self- 
possessed, attended more closely to the tasks in the interview,, and made 
more verbalizations indicating they understood the overall structure of 
the interview ('*We can't construct the circle with these sticks." and "And 
now you want me to draw the diamond.^') These kinds of differences might 
be examined in future studies. " 

Drawings necessarily reflect both motoric and cognitive abilities. If 
one side of a square is drawn in a convex rather than a straight line, for 
example, it is difficult to decide whether the drawing is due to an inaccur 
ate production scheme, to a lack of motoric control, or to ah inaccurate 
mental image of the shape. Our scoring plan did not, and we believe could 
not;, make a clear separation here. Freehand drawings will always confound 
these sources of error. A possible alternative is to offer drawing aids, 
such as a straight-edge and measuring instrument, to S while he is drawing. 
In iJiis way one could observe how a child went about making his drawings. 
With young children, however, these unfamiliar aids may be of little use. 

In order to assess the level of motoric skill tapped by our scoring 
.scale, a mathematics class for preservice elementary teachers was asked 
to araw the shapes used in this study. They were allowed to draw and 
r^drav each shape until they were satisfied with it (many of the older 
;:cliildran in the main study had voluntarily done this as well). The num- 
Aber of three's (the highest score) for the seventeen students was circle: 
17, ■ square: 14, triangle: 11, and diaiaond: 6. The triangle scores of "2" 
resulted chiefly from inability to draw straight oblique lines; this re- 
sulted in the sides of the triangle being. curved in various ways. The 
diamond scores of ''2'' were similar to the better two drawings of our five 
year old sample, displaying an inability to make the two halves of the 
diamond symmetric o Either the top and bottom, or the left and right sides 
did not match. Thus in ,this adult sample, as in the preschool sample, the 
- ikck of ability to coordinate two dimensions simultaneously precluded ac- 
curate drawing of the diamond. Again, the need for another level in oiir 
drawing scale to separate the wide range of drawings at level "2" was evi- 
dent. 

.. ■ . . ' - - ■ ■ 

Several methodological problems arose in our r^jse of an interview 
situation. Interviewing young children is inherently unreliable. Many 
internal (hunger, fatigue illness) and external (the amount of threat 
in the situation, the activity the child jusu left, the presence of an 
unfamiliar adult) factoirs can affect a child's performance. We attempted 
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to control for as many of these as possible: intairviewing 'vas alwaSrs 
done at the beginning of school; we tried not to interrupt a child at 
work; a friend or teacher could come along for the few cases where a 
child did not want to leave the room, -itc. Nevertheless, there were 
undoubtedly factors which varied from child to ch?ld. 

Controlling for the interviewer :5.s one of the biggest difficulties 
.in a study such as this. One might choose to have one interviewer for 
all children so that results across children are more comparable. How- 
ever, this one interviewer might unconsciously or inconsiste.^tly vary 
his behavior in such a way that the results may be biased. Training 
several interviewers requires the use of a standard interview protocol, 
and thus increases the objectivity and reproducibility of the interview. 
However, the use of several interviewers introduces the possibility thdt 
the ideosyncratic behaviors of different interviewers will produce 
varying results. One might aisses? the effect of different interviewers 
by comparing data collected by them ^rom the same sample of subjects. 
This procedure was not practical in the present study due to both ex- 
perimental- (learning from the first interview) and subject-related 
(boredom from doing the same task again, different internal state) con- 
straints. The compromise made in this study was to traip several inter- 
viewers atjid to" assign them to at most one-half of any cell. In this way ^ 
any interviewer- generated biases were dis'.ributed throughout our sample* 

Another interviewer problem concerned the use of new or experienced 
interviewers for, th(2 follow-up interviews. Using the initial interviewers 
who were by the second interview quite experienced, could have produced 
superior results, making the first and second interview data uncomparable. 
Therefore, new interviewe were trained for the follow-up portion of 
this study. 

A final interviewer problem concerned the need for a blind-experi- 
ment tr : that is, one who does not know the experimental hypotheses. 
Anticipation af certain findings could bias interviewer behavior towards 
different subjects. However, the authors, who obviously were informed 
interviewers, felt it necessary to have some personal con tac-fr' with the 
Ss in order not to lose unanticipa:ted results which might otherwise be 
ignored by uninformed interviewers. A compromise was made in which the 
* authors did two- thirds of the interviewing in the initial interview, but 
only one-fifth in the follow-up. Blind interviewers were used in the 
follow.-up interview. The great improvement displayed in the second* in- 
terview demonstrates that the authors did not bias the initial results. 

Implications ^ 

^ Our four main, results are briefly restated below. 

1)' Haptic perception of the geometric shapes u£:ed in this study 
chronolpgicaliy preceded the ability to produce the shapes 
by both construction and drawing. The smallness o'f the shapes 
used seems to account for the success on the haptic task. 
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2) P^^oduction of shapes is not an all-or-nothing ability. 
There seems to exist a continuum along an abctractness 
dimension vhich predicts that production of a shape using 
concrete materials (our construction task) is less diffi- 

X cult than one requiring the production of abstract mental 
* images (drawing),. For all shapes , construction ability 
chronologically preceded drawing ability. 

3) The complexity of geometric shapes affects a child's ability 
to reproduce them. Object projperties such as curved lines, 

►straight lines, vertices, oblique lines, and symmetrical halves 
using these oblique lines combine to pred ice a developro.ental 
pattern of production ability. In this study it was found 
that the order '5f"cxrele, square, triangle, and diamond de- 
scribed the chronological order both of perception and produc- 
tion. 

4) Background A subjects sc.ored significantly higher on the 

' drawing task than Background B subjects, as well as on the 
construction of the diamond. Although Background A subjects 
did score somewhat higher on the other construction tacks and 
on the. initial haptic-visual task, the differences were not 
" . significant, possibly due to the ceiling reached on these 

tasks. , 

Our subjects were able to make hapfic-visual discriminations of gee- 
metric shapes much earlier than i^^ported by other researchers. Virtually 
no mistakes were made on this task after age three and one half, and the 
Background A subjects reached this ceiling by age two and one-half. This 
success is <J?ac to two factors: the small size of the shapes and the simul 
taneous presentation of the task object and all choice objects. Our sub- 
jects did not have to possess or be afele to use voluntarily a systematic 
method of searching the shape — all of its features were perceptible at 
all times because the entire shape could be held in the hand. Also, the 
smallness of the shape would ..facilitate the coordination of many separate 
hap tic centrations into lan image of the total shape, because successive 
cehtrations could be made almost simultaneously. 

Our haptic results cffer no direct ' evidence concerning Mabccby's ' 
assertion that the perception of young children is holistic? but the 
authors' observations of the behavior of children doing the haptic task 
and introspection concerning their own haptic behavior provides some in- 
direct evidence. Many children made inmiediate identifications, saying, 
"Triangle" as soon as the shape was ;put in. their hand. No attribute was 
ever isolated in a verbal description; the few desicriptions^ observed were 
always like "the pointy one" rather than "the one with points". This 
lack o£ verbal attribute isolation suggests that even when an attribute 
was focused on by . the child;' the totality or wholeness of the shape wasi 
so much in the forefront of the child's perception that the isolated at- 
tribute was inmedlately incorporated into a notion of the.jwhole object. 
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If a child can construct a "shape, we caii infer that he can discrim- 
inate the p^rts of that shape. Ihe fact that our subjects eould con- 
struct shapes before they cquld draw them supports Maccoby'^ assertion 
that discrimination of the parts, of a'figure is necessary before drawing 
csai be done. But the fact that there was a long time lag between success- 
ful construction and successful drawing ^implies that discnimirfation of 
the parts is a necessary but not a sufficient condition for drawing a 
shape. ''r results support Zoltsn Dienes 's contention that construction 
precede .nalysis (1960). If a child was given the parts, he could con- 
struct them into a whole much earlier than he could break down (i.e., 
analyze) the whole into its parts and coordinate these. In particular, 
the construction task freed him .from having to build the shape ee- j " 
quentlcrlly , i^e., after parts of the shape were put together in one way, 
he cotild adjust the relat^.9ns of the earlier placed, parts. The differ- 
ences in table 5 between percentages of Ss who received a 3 (built cor- 
rectly immediately) and who received a. 3 or a 2^ (trial and error: even- 
tuai-^correct construction, but moved at least one stick in the process 
of building) reveals that the ability to build a shape in immediate 
correct Sviquential order (a prerequisite for drawing success) lagged 
behind trial and error success by six months (the, square) to a year and 
a half (the diamond). Thus, we would modify Maccoby's hypothesis to 
say that at lenjt two prerequisites for drawing of shapes exist: • 

. . '■ . ■ ' ^ '. ■ ■■ 

1) the ability to discriminate the parts of the, shape, and 

2) l:he ability to operate on a mental image of a shape so that 
(a) the patts of the shape can be related in a sequential 
order, and. (b) the part(s) of the shape already drawn on 
the paper can be coordinated with the mental image of the ' 
whole shape that is projected onto the paper. 

The Background variable in the present study refl^^cts a combination 
of faictors: type of school attended, socio-economic status, working 
habits of the mother, aivd amount of time spent in school. Although sig- 
nificant ^differences in construction and drawing performance were founc?, 
it was not the aim of the authors to" encourage further rese-'V: ' concerning 
^he exact locus of this effect. We feel that energies shouiil r-istead be 
directed toward Studies which examine, what can be done to rer. dif- 
ferences which do exist — i.e., toward training studiex«i. Th6 imaginative 
Soviet training studies reported by Zinchenko (1969) indicate fairly 
clearly that practice in concrete modeling of figures can result in' 
greatly imprwed drawing's for children aged four and above. Goodson's 
results (reported in Maccoby, 1968) vindicate that training in identifying 
parts of shapes can also improve drawing. 

While we advocate research into training .procedures, we feel two 
points.must be kept in*miud with respect to training of perceptual and 
Representational skills. This training should be training in tHe general 
improvement of perceptual and representational abilities, not a narrow 
focus on the ability to construct or draw a few limited shapes. Knowing 
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how to build a square or a triangle is not important in itself ; this 
ability is only important as an indicator of representational ability 
in general. Such training. can be kept general if it is done with a 
varied set, of mr^.erials and for. many different shapes. Secondly, such 
training must be viewed as providing an opportunity for a child to de- 
velop wnatever capacities he posses^.- 3 at a given time, rather than as 
a programmed se-ies of steps 'that Wiil be successful for any child at 
any time. As such, the training must consistr^of-^creative, imaginative, 
constructive activities which enable a child to improve his own abil- 
ities to discriminate and coordinate parts of figures. Premature o.r 
insensitive rote copying of models may leid to a mechanical, chained 
behavior ("First I do this, then I do this, etc.")- This is mere con- 
'ditioning and will disappear if it is not practiced. 

Tlie particular tasks used in our stsudy indicate that the careful 
choice of task objects can greatly facilitate task success. Researchers 
anci preschool teacher^ should take careful noT.e of this finding. The 
size the materials usfed here seemed to be the crucial jf actor both 
for the hap tic idertif i'ccitiQn of the shapes and for the construction 
With match's ticks. Ihe shapes were small so that children did not have 
to seek out shape'* features. In addition, Ss could move quickly from 
feature to feature to coordinate theip into a perception of the whole. 
However, objects probably get ''too small" when they can no longer be 
handled easily by a child. Motivational components of a task are im- 
portant too. Schultz (this volume) found that very large shapes (60 cm) 
used for transformation tasks with elementary school children produced 
slightly higher perform^ce than small shapes (6 cm). The crucial fac- 
tor here seemfed to be^ that the very large size of the shapes was in- 
triguing to the children, and„ they worked longer on tasks involving 
these shapes.' It may >be. that preschool tasks should involve 
either srnaLl, child-size objects, to facilitate cognitive solution of 
the task or quite large objects which increase : action and interest 
and conseq;uently the amount of time and energy expended on . the task. 
The point to be made here is that size is hvc one of many variables 
which may be subsumed under the notion that providing the materials 
most suitable to a child's given state of development or readiness 
will facilitate task success. Careful observation and imagination on 
the part of the teacher is to be encouraged towards this end. 

We do ncit think that the ability to do the tasks in this study 
are important in themselves and do not {5ropose that they be included 
in a preschool curiiculum. The important implications of the study for 
preschool education were outlined above. However, this study does re- 
flect one of the most important aspects of research in cognitive devel- 
opment, r- that such research leads to the development or refinement of 
theoretical constructs. Therefore we look to res^arch> ^uch as ours, 
which bears upon the general theory of spatial development of Piaget 
^andnippri specific hypotheses concerning ability and concept acquisition, 
such as Maccoby 's, to contribute to the evolution of theoretical prin-.. 
ciples which can guide- the education of young cl^ildren. 
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The Role 6i Motor Activity in Young Children's 

Understanding of Spatial Concepts 

/ 

Judith Srci'th Musick 
Northwestern University 

•Within the last 20 years certain theoreticians have hypothesized 
a motor period of -ontogenesis during which bodily action is the critical 
component in the" child's, developing ability to store in,formation about 
representational space (Kershner , 1970) . As a result, educational 
.programs have been developed which, emphasize children's motor activities 
in their acquisition of spatfSl notions. Yet, how much justification 
really exists for a "learning through movement" or a "remediation 
fthrough movement" approach? More .basically > what is the relationshxp 
between the realms of motor and intellectual functioning? 

lil the research reported here, the concept of distance was used 
to investigate the relationship between motor activity and intellectual 
functioning. It was hypothesized that a child who, with his own' body, 
joiiiy^yed .from point A to point B and returned would not nfeSessarily, 
as y6 result of the action, comprehend the equality of distance traveled 
unless he was at the stage -of concrete operations. 

Related Literature 7 

Movement theorists (Cratty, 1970) who emphasize t)^ role of motor 
activities for the acquistion of spatial concepts api^rently base theit' 
arguments upon three sources: "...(a) observations tlmt infants' motor 
development to a large degree seems to precede their ability to think 
and to speak, (b) correlative and factorial studies injwhich scores on 
intelligence tests 'have been contrasted to variou^-^rrrdlces of motor 
aptitude, and (c) from experimental investigations which have hypothesized 
that change in intelligence may be elicited by following various programs 
of physical activity." Delacato (1963)^ ^nd Godfrey and Kephart (1969) 
are among those representing this vfew. Delacato's theory centers around 
the. concept that a defective nervous system can be transformed through 
the utilization of various patterned activities such as creeping and 
crawling. He claims that^ these activities klso can aid the child in 
developing more fully in such areas as reading and visual organization 
of simple anct" complex spatial relationships. Cratty (1970) reminds us,, 
however, that within recent years the theories of Delacato have been shown 
to be generally unfounded, and that Delacato ^appears unwilling to subject 
his methodologies to well-controlled experimental procedures. 

0 Godfrey and Kephart (1969) view motor learning as the basis of cognition 
and note that the more complex activities s^ch as perception, symbolic manip- 
ulation, and concept. formation depend upon, and utilize in their acquisition. 
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the Tcore basic motor learning which had its origins in early infancy. Thfiy 
^claim that wherr the -qild's early motor learning is deficient, more complex 
learning v/ill be impeded and retarded. Consequently, .they state,,, motor 
activities are important not only for their own sake, but for the contribu-- 
tion which they must make to the more complex acti^ylties the child wil^ be . 
required to perform at later stages (Godfrey & Kephart, 1969). 

In drawing conclusions based on studies investigating motor learning, 
it is important to keep in mind distinctions between grost» and fine motor 
abilities. Wilff and Wolff (1972) coimnent that these two, motor dimensions 
may be the output counterparts of two functionally independent perceptual 
systems. Although both systems have motor-perceptual components', fine motor " 
abilities appear to be cbr|:ical and to be related fb focal or f igural percep- 
tion, whereas gross motor abilities appear *-o be subcortical and related to 
spatial perception. Gross motor activities inVolve locomotion of the entire 
body in space, whereas fine motor activities require movements predominantly 
of the fingers and hands in relationship to' finely articulated visua:! stimuli^ 
Clj^nical observations suggest that manry atypical children h^e serious prob- 
lems in spatial conceptualization and organization which are) reflected In 
gross and fine perceptual-motor difficulties (Fe^dfer, 1938; DeHirsch, 1957; 
Kephart, 1950; Keogh, 1969). This suggests that impaired motor abilities 
may uncer^ie spatial confusion, but 'it may possibly be the reverse. For 
e.^ample, the fields of "neurology , language pathology, and merital^^retardation 
iy±ve some evidence that motor abilities may be 'influenced by perceptual and 
cognitive factors (Critchley, 1970; Goldstein , 19'48; Goodglass & Kaplan, 1963; 
Duf fy, Puffy, & Pearson, 1975) . Co nseque^ntly , alth ough it is. obvious that 
iiiotor actions are related in some way to" a child'^ s "understandtng of space, 
the dynamics of this relationship remain largely unknown. Nonetheless, move- 
ment theorists recommend the use of both gross and 'fine motor activities to 
develop and enrich a wide range of perceptual and cognitive functions. 
Fro si^::^ and Mafelow (1970, p. 85) suggest the use of movement activities empha- 
sizing i:: ; words cs "around," "sideways," "before," "after," "in-b en," 
"faster,;* 'slower," "higher, ;' "lower," "wider ," and ''smaller" to pr chil- 
dren with .a <^ vocabulary denoting time and space relationship, as, well as 
an understanding of the concepts represented by these words."^ Fro^^tig and 
Maslcw also consider movement to be^ critically important in the training of 
such academic skills as arithmetic and reading '.Chapter 8). They/ comment :that 
movement activities can be used to teach all foiir arithmetic processes Includ- 
ing fractions, noting' further that children can learn to compare ^izes and 
distances when they are told; "Let's run to he gate—it's farther than the 
tree," or "Take the longer rope'* (p. 115) . 

Most movement theorist^ particularly emphasize the usefulness of move- 
ment to aid the young child in. developing spatia l perceptiop^ and spatial con- 
cepts (Barlin & Bariin, 1971; Barsch, 1967, 1968 ;_Hawkinsyi964 ; Dimondstedn, 
1970, issell, 1965). For example, Godfrey and Kephart (lte69) recommend that 
balance activities whidh relate to gravity are the point of origin for spatial o 
coordination, and note that'' locomotion is the tool for the use* of the total 
bbdy'to explore space. In addition, they view* the throwing ahd catching' ' 
activities involved in receipt and propulsion as being especially helpful in 
aiding £he*^cjiild *s investigation of movement in space, ' ^ 
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Many movement theorists cite the .wotTc of rtaget as having been 'most^ , " 
Influential in the development of their owri re'searct^j^^d theories (Kershn^^ 
1970; Kephart, 197lV Frostig & Maslow, 1973). These theorists frequently, ' 
comment on the c^trrdlity of sensory-motor functions in the development of 
Intelligence, ;and ftirtl^r propose that it is pnl^'-by way*bf direct inter-, 
action with the environment through movement that' the]*child cam learn about 
his 'spatial world^:; However j they fail to note Piaget^s emphasis on actions • 
which are> both cov'ertl as well as overt, and in so doing misinterpret the 
term "actions", as reffer^ing-oniy-to-^^^tual-motor^ Nowhere does Piaget 

stat^ that motpr act'ivity constitutes the totality from which the multipli- 
. city of human cognitive abilities stiem; yet some of those who desire to set 
up and. implfement movement educat*ron [programs appear to assume that this, is 
the case (North, 1973; "Frostig , 1970; Godfrey & Kephart, 1969). , 

For Piaget, the term ."actions'- includes the' lightning-quick, highly, 
organized systems of internal operations characteristic of adu;i£log>Lcal 
thought, as well as the overt, slow-paced senpory-mot^^ -actions of the ^ 

'infant: (Flayell,Vl963, p. 82). A cri4iical point to emphasize here is that 
a.'lthough the neonate^s actions are^relatively overt and most closely re- ^ 
semble what cou]^ be termed motor sjctrivity,. the*^ internalization of actions 
begins ^ery /^arly in J.ife. Although the operational ^level (concrete opera- 
i:\ons) is-not reached' untU six or seven years of age, the child begins the 
process ^f internalization while still an infant. Adult logical^^ operations 
are then^View#d as sensory-motor- actions which have undergone a 'succession 
or , transformations, rather than a3 a totally different spacies of behavior. 
' Both invplve actions as the common 'denominator : overt actions the case of. 
simple schemes; internalized actions in the case of pperations ^^^Tlavell, 1963, 
p/83). Clearly, Piaget *s use of the term "actions" refers to far more than 
simple botlily mov^ents. . - . , < 

i ■ " ^ ■' • ' \ ' 

in addition to distorting Piaget 's use of t^^ word "actions-", ^learninff* 
through movement" prop n^ents also' fail to distinguish between two different 
kin'as of activities: those in which there .is an isomorphism between the struc- 
ture of .the task and the structure |of the spatial concept and tHose in which-* 

'there 1^ not According to Pikgj^t 1(1956) , tasks involving spatial concepts 
require children to'make judgments using: systems of relationships that mu3t 
be gradually coordinated. So, "the problem x>f learning is essentially how : - • 
toTfind a iind^'o? /best fit* between .the structure of , a task andvthe struc- . » 
' ture of a Jerson's thinking" (Dienes,- 1960^) . Unfortunately, however, for / - — 
many 5 of th6 gross motor .activities tihat "Ifearping ;throrugh movement'^ proponen'cs ^ 
suggest, there is no "relationship be^iween .th^^structVe of the tasks and the 
structure^of. the ieas that are presWably being taught. For exami^le, hopping 

' ot skipping from one point \td"anottiei^ may dolitt;le £c^f aeilitate a child's ; 
^cquisitio|-of the concep'fe of distande. • In fact, becatise gross mojior tasks ^ 

/Often involve: a numh;^r of striking attri^bUf es that'teaSr, no relationship to 

^he cqrice^ being , taught, they can actually confiise children who 'have .already 
'learned xo use -thfe' concept in simpler ^it^^tioi^^s . * / j 

•When movement proponents state thaV a young child can b^t develop- spa- 
tial concepts tlttrough. active utilizatiofi of thd. total body movinp in space, 
they appeat to be unaware of. Piaget 's frWent mention of -prepTperational children 
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lack of fixed notions of space anid their many confusions of spatia' qualities 
with temporal and effort and movement qualities. They also ignore the fapt^^ 
that young children are so often fixated on end points or goals that "going" 
is often viewed as farther than "coming back" in joui;neys of equal distanae- ^ 
(Piaget, 1946; Piaget, Inhelder,, & Szeginska, 1960). Consequently, tasks' 
in whiQh children are motorically active can actually confusing because 
they draw bhe child's attentio'v to characteristics that are irrelevant tc 
the concept being taught. For example, if a child is supposed to learn 
about "symmetry or'-^^istance , " a task in which the child actually walks a 
line A B in one direction and ' in the opposite- direction , it may ,p 
actually be more difficult than a ta. k where he was less active arid merely 
moved an object along a path 'in both . dir<iCtions , or" in tasks in , which he was 
even less motorically active and merely, watched the expe^en^er do^o.. All 
three of these tasks are cbnceptual, not some motoric and^ther/s cognitive. 
However, it is probable thkt as the child develops, .theKe-Vill be' some d^ca- 
lage, with the child judging correctly on one task before ariot^er. Some 
tasks may involve either fewer total variables to process, o^v. rawer df^the 
kiindfe of variables which act to confvse young children. These "simple < tasks 
m£iyi therefore, be easier for children in the early stages of the development 
than are other seemingly equivalent ta^ks dealing with the same spatial concept-/ 

If children cannot comprehend the equality of distances as readily on. 
some' tasks as on others* then the next question is^ "Which aspects of the 
situation might confuse them: effort, e.g., "i went farther^when I carried 
the basket because it was so" hard for; me," g' ess, e.g.,.^'I went farther, 
going 'cause it's always farther to go somewhere than to come back, time/speed, 
e g 'I v;ent ;farther when^I- carried the basket because it took me longer, 
or perhaps others, e.g., 'I went farther with- the groceries because I took 

more steps?" ^ * / 

... <- ■ ' 

"The following then .were the hypotheses of the study: 

(1) There will be nl, task decalage be^een gross^motot versus fine motor, 
or observer versus participant tasks Jji" the ability to comprehend and conserve 
the equality of symmetrical distances. - 

(2) Jld*ever, within the gross motor realm, performance on ^ja Iking tasks ,^ 
will b e superior to performance on run-jump tasks because the walking tasks ^ ^-^ 
embody fewer time/effort/m6venent variables to "confuse preoperational children. - 

(3) Children who are not yet operational regarding the concept of svm- , 
metry of dT^tiH^e will judfo one distance as farther than the other (AB » -«A) . 
Furthermore, on those' tasks in which .effort, is a manipulated variable., the 
direction involving greater effort (w^ight.or skill) will be judged as ■ 
"farther." ' " 

. Method - ' . . " / 

The subjects, for chis itivestigation were J ^? n-edominan'cly white upper 
middle class suburban children ,. ages 44-108- mon.:,. (see Tablp 1). These 
subjects -we*^ asked to judge and justify rhe equality c stance traversed 

back and forth -either (a) by thems^Lves (gross-motor ac .0 , or (b) by a doll 
moved (1) by them, or (2) by the inve;t ; gator (fine-motor action as manipulator 
or as observer). Eleveft tcsks wejre, ct..:otructed whlTch varied^ in terms of 
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gross-motor (whole body) versus fine-motor (manipulation of a doll) action. 
Within gross-motor they varied as to (a) amount of effort in carrying a load, 
and (b) amount of skill (walking versus running/ jumping) ; arid within fine- 
motor varied in terms of (c) observing the investigator move a do^ll versus 
move the doll oneself, and (d) position of the doll in relatd^on to the sub- 
ject (parallel versus perpendicular) • Figure 1 illustrates the 
construction of ' the eleven tasks. 

A screening test was individually administered to each child in order 
to eliminate at the outset those children who were unable to demonstrate an 
Understanding of the term "farther" evVn under the most clear-cut situational 
, conditions. ' 

o The study utilized a repeated measures design whereby each of the 142 

subjects did all 11 tasks. The^ order of presentation of the tasks was varied 
among the par tl.c'i pants. 

i Table 1 





Subjects, 


•k 

Median Age, 


Range , and 


Sex 






Median Age 


Range 








Group 


(months) 


(months) 


Male 


Female 


n 


1 


50 


44-53 


4 


12 


16 


2 


57 


53-59 


11 


5 


16 


3 


63 


60-65 


2 


14 


" 16 


4 


69 


65-71 


6 


10 


16 


5 


74 


71-76 


10 


6 


'^16 


6 


80 


76-83 


11 


5 


16 


7 


87 


83-91 


7 


9 


16 


8 


95 


92-101 


10 


5 


15 


9 


105 


103-108 


8 


7 


15 








69 


73 


142 



* All ages rounded upward at the Sth of the month and above. 
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Figure 1. Eleven test tasks 



On floor with two sheets of paper 
as border 

task 1 - E moves doll parallel to S 
Task 4 - S moves doll parallel to S 

E and S sit on floor facing each other 

Task 2 - E moves doll perpendicular 
to S beginning at S 

Task 3 - E moves doll perpendicular 
' to S beginning at E 

Task 5 - S moves doll perpendicular 
CO S beginnir^g at S 

Task 6 - S moves doll perpendicular^ 
to S beginning at E 

S walks from wall-to-wall in room 

Task 8 - S carries basket to one wall, 
leaves basket and returns 
empty-handed 

Task 9 - S walks empty-handed to wall, 
picjcs up basket and returns 
with load 

Task 10 - S runs to wall> jumps 
return^ journey 

Task 11 - S jumps to wall, runs 
return journey 
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Test Procedure ^ . - 

. Task 1 - The Experimenter Moves' Doll Parallel to Child 

Sitting on' the floor approximately 0.5 m apart and facing the child, 
the experimenter placed two sheets of blank paper about 30 cm apart on 
either side of the child and said, "This doll is going to take a walk. See, -> 
she starts here (at the edge of one sheet) and walks right to here (the edge 
of the other sheet). Now, she turns around and walks back to right where 
she started." (The starting line alternated between children.) The experi- 
menter then executed the doll's raovements appropriately and asked, "Did the 
doll walk (or go) the same distance when she went from here to here (points) 
as she did when she went^from here to here, or did she go farther one time 
than she did the other?" With older children, the question -was simplified : 
"Did the doll walk the same distance both times, or did she walk farther one 
time than the other?" If the cb fid just said "farther,'^ the experimenter 
probed, "Which way?" The experim:fenter avoided using the terms "coming" or 
"going," as it was noted during a preliminary study that young children tend 
to confuse these terms, and often use one when they mean the o^ther. However, 
a, child will frequently spontaneously say, "She went farther going there," 
or "She went farther when she came back." 

The experimenter wrote the child's response (Jiidgment Response) verbatim 
on the test protocol, refraining at all times from evaluative statements 
such as, "That's right," or "That's wrong." Next she asked, "How do^ you know 
it is the same distance (or farther)^" and wrote down, the child's justification 
(Justification Response). If a child was unable to give reasons for his/her 
judgments or gave responses such as, "I just know *cause I'm real smaiTtl '* 
the experimenter attempted^ to elicit further justification if possible. Thus, 
for each of the 11 tasks, the protocol contained two kinds of responses; 
judgments and justifications. 

, 

Tasks 2-6 utilized the same procedure, varying only in terms of (1) the 
child's observing rhe doll's movement versus moving the doll himself, (2) the 
doll's movement a^ perpendicular to the child versus parallel to him, and 
(3) the doll beginning its journey 'at the child versug at the experimenter. 

Tasks 7-11 used the same basic structure, but on the gross as opposed 
to the fine motor level. , . 

Task 7 - Chixd Walking Empty^Handed 

Beginning at one of the walls furthest apart (about 5-6 meters; the 
starting wall alternating between the subjects), the experimenter said, 
"Stand at the wall, making sure your heels touch the wall. Walk^to the other 
wall until your toes touch the wall. Then, turn around and walk right back 

* In all of the tasks, the questions were alternately asked with the "farther" 
clause first. 
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to where you started, and make sure your toes touch the wall." After the 
child returned, the experimenter then asked, "Did you i/alk, farther j^hen 
yon went from here to here (points) , or did you walk farther from here to 
here (points), or did you- walk the same distance both times?" 

Tasks 8-^il utilized the same procedure, varying only in terms of (1) 
walking while carrying. a basket on one journey —either (a) outward, or 
(b) return, or (2) the child's ^running and jumping versus walking the dis- 
tance—either (a) run outward « jump return, or (b) jump outward - run return. 
Questioning and writing of the judgment and justification' responses followed 
the standard form. (See Musick, 1976, for further details of test procedure.) 

Analysis 

It' was noted during the testing that some younger subjects tended to 
-.give correct judgment responses, yet when asked to justify this response, 
would change their Kjinds, or say, "I don't know. I just guessed That is, 
not all responses seemed equally acceptable. Therefor^, the individual proto- 
cols of judgment responses were scored in part on the bdsis of the type of 
justification pffered for the judgments of equality of distance.. A score of 
1 was assigned for a correct judgment ("same distance") which was also ade- 
quately justified, and a score of 0 was given for either of three classes of 
judgmehts: (a) vacillation, (b) an incorrect judgment ("farther"), or (c) 
a correct jud'gment inadequately justified. This particular scoring procedure 
was chosen because the correct but inadequately justified response clearly 
indicated subjects lack of understanding of the concept involved. Typical 
responses in this category either referred to "mimical" reasons " such a& ' God 
told me, ",.or .focused o^ irrelevant factors such as, "Both sides have no door 
in them."" The results would have been less accuif^te had the scoring been 
"easier" as there was no indication that subjects categorically really under- 
stood the cdhcept but were too linguistically immature to justify it adequately 
There were children who responded correctly hut gave linguistically immature 
justifications such as, ^^'Well you know, it's all the same spape, this space 
doesn't change, no matter what happens here." These responses were scored as 
adequate because the child, though lacking language facility, did display his 
under standi^ng of the concept, whereas the ather subjects did not. 

The highest possible overall score any individual-subject couJ.d obtain 
was 11 (scores of 1 on 11 tasks). Group scores could not exceed 16 (or 15 
in the case of groups 8 and 9, n = 15) on any one of the 11 tasks. The maxi- 
mum possible total group score for the^ entire test was therefore 16 x 11 = 17b 
for each of groups 1 - 7 (n = 16) or 15 x 11 = 165 for each. of groups 8 and 
9 (n - 15). - . i 



* The experimenter's insistence on the child '^touching" or going right back 
or "exactly to where' you started" stemmed from noting (during a prelimxnary 
study) that children of/ 5-6 years are extremely literal and would often say, 
"I went farther going /here 'cause when I came, back, I stopped right here 
•(pointing to a spot 1^2 cm from the wall). 



Several types of justification responses' were extracted through coding* 
of all protocols. The four classes of judgment responses (3 classes of in- 
correct and 1 class of correct) are described in Table 3, 

n 

' Table 3 . 

Types of Justification 

Score of 0; Example 

(A) No definite response and no justification 

1. Vacillation: "It's the same — no, it's farther going, no, it's farther 

coming back."^ 



(B) Incorrect judgment response 

2. No justification: "It's farther to go there (points)." "How do you 

know that?" "I just know it, I just see it," 

3/ Spatial confusions: "It's farther to go 'cause that side of tl^e room 

is longer — it's bigger there." 

: ' \ ■ - • ■ ^' ' ■ , Qr- 

4. , Effort confusids: "It's harder to carry the basket home cause it, s^^^ — 

r so heavy and hard for me." - - — 

■ 5. Goal-ReJ.ated confusions: "It's always farther to go someplace than to 

come back." 

6. Egocentric confusions: "It's more far for the dolly to go from me to 

you than to come back to me 'cause she was 
' farthv^r away from me — see?" ' o 

7. Time/Speed confusions: "It went farther when I ran 'cause it's faster 

. than jumping." 

8. Additivity confusions: "It's the coming back time that's farther 'cause 

you went there, and then came back — -you've gone 
two times!" 

(C) Correct judgi^ent responses but with incorrect or inadequate justifications 

9. Unable or unwilling to justify: "I just know in my head it's the same." 

"But how do you knuw?" "The room told 
me, I guess. " 

10. Incorrect justification: "It's the same both ways 'cause there's a 

window on both sides of the room." * 
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Score of 1 : Correct jud^ent responses with adequate .^nstif ication ^ 

11. Action-Oriented: "The doll went here and then just turned arouifd and 

went back where she 5; tar ted (based on child's or 
doll's actions)." 

12r Space as stable, unchanging, whole: J'See, it doesn' t matter what 

you^da, the room stays the— same. 
^ , size. It*s all the same space.'* 

• ^ ' ■■ 

13. Early Euclidean-spontaneous measurement: "I could just walk back and fori 

^ .and count my steps — it would be' 

the same number both ways." ^ 

Percentages of correct judgment responses at each age level (9 groups) 
were computed for each of the 11 tasks individually, and then combined over- 
all. From* these percentages, a mean j>ercentage score for each age-group and 
for each of the 11 tasks was obtained. Next, a linear trend analysis was 
performed for all 11 tasks combined. ^ In addition, the age of pas sing"^ each 
of thejll tasks (separately and combined over=ill) was computed using 75% 
^rorfect as the criterion for passing. 

A 9 X 2 (age x_task) analysis of variance with repeated measures on the 
second factor (i^e.', ta^k) was performed for comparisons 1-11 noted below. 
The terin "tasks" here refers to the pairs of comparisons made:'"e.g.. Gross 
Motor Tasks' 1-6 versus Fine Motor Tasks Z-11, or Basket Coins (task 8) versus 
Basket Coming (task 9). 

^ - . • 

The following comparisons of judgment performance j^ere made on the data: 

1. All fine motor versus all gross motor (tasks 1-6 versus tasks 7-11)1 

2. Observer versus participant (tasks 1-3 versus ta^lcs"4-6). ' ■ ^ 

3. Perpendicular versus parallel movemei>t (tasks 2,3,5,6 versus tasks 1,4). 
4„ Walking empty-handed versus carrying basket, (task 7 versus tasks 8,9). • 
5. Walking only versus running-jumping (task .7 versus tasks 10,11). . 

• 6. Carrying basket versus runnin^jumping (tasks 8,9 versus tasks 10,11). 

7. Basket going versus basket returning (task 8 versus task 9). 

8. " Running- jumping versus jiimping-runnlng (ta^;k 10 versus task 11). 

9. Walking in general versus running-jumi^ing (tasks 7-9 versus tasks 10,11). 

10. "Xesser versus greater effort in gross motor (task 7 versus tasks 8-11) . 

11. Doll beginning at child versus doll beginning at experimenter 
(tasks 2,5, versiis tasks* 3,6). 
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.The ANOVAs were followed by Neuman-Keuls Tests for differences bet</een 
pairs of means. This post hoc measure esJ:ablished and defined more clearly 
the boundaries of sequential developmental stages in the acquisition of the 
concept of symmetry of distance (See Musick, 1976 for details). 

A chi square rr^;lypis was performed on the "farther going" versus 
"farther coming 4>aek" errors on those gross motor tasks where effort was a 
inanipulated variable (tasKs 8, 9, 10, 11). This w^s to determine whether 
S's errors on these tasks were 'a result of confusions due to qualities, or • 
other factors such as time/ speed or goal-related confusions. •• 

Result s^ 

ThQ results presented in Table 4 indicate that younger children were 
uilable to understand the symmetrical cteTracter of distance. AB = BA. Not 
until the age of approximately 6 yearfe^ 5 months (77 months)^were subjects 
able to^ comprehend that a path traversed. in one direction was the same dis- . 
tance as -its return journey. No prediction had been made as to the direction 
of the errors; Whether the child would judge AB.> BA or the reverse, BA:^^ :^B. 
An analysis of all incorrect responses revealed only a 25 point difference 
between the number of "farther going" (236) versus "farther coming back" 
(211) errors. The linear trend analysis confirmed the existance of an upward,, 
liaear trend, F 'U, 133) 341.99, £<.001. , ■ 

As hypothesized, there was no significant difference between performance 
in fine versus gross- motor , or observer versus participant tasks in the abil- 
ity to comprehend. and conserve the equality of symmetrical distances (see 
Table 4). Subjects who were unable to compreliend the equality of the dis- 
tance AB = BA on one fofm of task were generally unable to do so on the other. 
Conversely, subjects who were able to comprehend the symmetry of the distance 
on one form of task generally were able to dcPso on the' other.. 

in particular, the absence of differences in performance between obser- 
ver and participant on fine motor tasks-g^-yes additional support to the 
author's view that a. child need not "act upon" space physically in order to> 
comprehend its properties. - * 

Also, as hypothesized, jugment performance following the . walking; tasks ^ 
was significantly superior ^'tp that following running and jumping tasks. The 
comparison of all- the tasks which involved the subject in wa^Lking (tasks 7, 
8, 9) to the more difficult gross' motor tasks requiring a subject, to run and . 
jump the two equal distances (tasks 10,11) to. determine if the effort/time/ 
movement factors in the run-jump tasks' would affect performance revealed 
significant main effects for both age (F, (8, 135) = 32.99, £ < .001) and -^^ 
task (F (8, 135) = 10.92, £ ^.001). V 

These ^results are similar to those in which walking-only was- compared . 
to runfiing and jumping (1 (8,135) = 27. 85,* £ ^ .-001 (age) ; and F (8,13.5) « 15.42 
£^ .001 <task)), and to those in which carrying baskets (which is essentially 
a walking task) is compared to run-jump fasks (F. (8, 135) = 33.79, £^ .001 
(age), ,and F (8, 135) = 7.14, £<.01 Jtask)) . No significant differences 
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. Percentage of Correct Answers by Age & Task w 



Age- . 
Group 


Group 

Median 

Age 

(Months) 


n 


•Fine inotor ' 

Observer 
1 2.3 


Fine inotor 

Participant 
4 5 


6 - 


7 


Gross motor 
8 9 


10 ' 


* 

11 
11 


nean 
Percentage 
Score 

— / 


9 


•105 . 


15 


m% 


100% 


y'100% 


100% 


100% 


100% 


100% = 


100% 


100% 


93% 


■ 93% 


99% 


0 
0 






100 


loo/ 


86 


100 ' 


93 


86 


93 


100 , 


100 


86 


'86 


94^- - 


7 


87 ■ 


16 


100 , 


100 


93-^ 


100 


100 


. 93 


100 


93 


93 


87. 


'87- 


• '95 


6 


"80" 


16 


93 


87 


93 


; .87 

I 


87 


93 


87 


93 ■ 


81 ' 


75 > 


. 75 


86 


5 . 


74 


16 


75 


68 


^8 


\ 

\ 75 


'75 


Sk 


68 . 


68 


68 


56 


56 


69 


4 


69 


16 


56 


50 


^31' 


! 56 


56 


50 


75 


62 


56 


43 


43 


53 


3 


63 


16- 


12. 


6 , 


6 




.0 


.6. 


18 


18 


0 


6 


12 


8- 


2 


57 


16 


12 


6 


0 


6\ 


' 6 


6 


12 


0 


12 


6 


6 


"7 ' 


1 


50 


16 


6 


6 


6 


12- 




1 


f 

0 


0 


0 


0 


0 


4 


Mean Sco 


re: 


61.6 


58.1 


53.7 


59.6 


" \ 
58.8 


57.9 


'61.4 


59.3 


56.7 


50.2 


50.9 





Maan Age at Passing =74 77 77 7'4 ' '74 73 ; 69' .75 77 80 80 
Mian Age at Passing for all 11 tasks at 75% correct = 77 months. (6 years, 5 months) 
N -142 ' . . ' 

*Correct answer is judgment of "same distance" which ig also- adequately justified. Mean scores for ^ 
significant differences can be found in Musick. (1976). t ■ 

'^^ ' , . . " . . . I":;- 
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. Table 5 
Comparisons of Judgments Performance 
Result of Statistical Analysis 



COMPARISONS 



: ' — : ~~: ' =r3 ~ 

1) All fine 'motor versus all gro.ss motor 
(Tasks 1-6 vs. Tasks ^-ll) 

2) Obseryor versus participant 
(tasks '1-3 vs. Tasks 4-6) 

• 

3) Perpendicular versus parallel ir*cvement 
(Tasks 2;,3,5,6 vSq. Tasks 1,4) 

.4) Walking emptyrhanded versus carrying' a basket 
(Task 7 vs. Tasks 8,9) 

5) " Walking only versus running-jumping 

(Task 7 vs.. Tasks 10,11) ^ 

6) Carrying basket versus running- jumping 
(Tasks 8,9 vs. 'Tasks 10,11) 

7) • Basket going versus basket returning 

(Task 0 vs./Task 9) ^ ' ^ 

<t 

8) Running- jumping versus jumping- running 
(Task 10 vs. Task 11) 

9) Walking in general versus running-jimping 
(Tasks 7-9 vs. Tasks 10,11) 

* ■ . ■ ' ^ 

10) Lesser versus greater effort** in gross motor 
(Task 7 vs. Tasks 8-11) ' * ^ 

11) Doll beginning at child -versus at experimental - 
(Tasks 2,5,. vs. Tasks 3,6) ^ 



p .01 

P 



1.62 
.73 
3;54 
' 2.83 

« 

15.42*** 
7.1A** 

f 

2.18 
\ 1.00 
10.92*** 
12.59*** 
2.46 



Results presented in column are main effects for - Task only. 
All comparisons revealed significaijt main effects, fot age p<.Odi. 
No significant interactions were revealed by the analyses. 
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were found between perf orma^ice on the walking only versus walking with basket 
task^. It appears, then/ that chilfiren are better .able to judge the equality 
of distances which they ,fiave walked (even wfiile carrying a heavy basket) 
thin. of distances whicn they 'have run and jumped. This issue will.be dis- 
cussed further in the Discussion solction. Table 5, illustrates the- results 
of the statistical analyses^ computed for the 11 comparisons. 

'The third hypothesis that preoperational children 'would confuse the 
spatial notion -of distance with ef fortSqualities was only partially sup- 
ported. Although Subjects were found to followthis pattern on. tasks where 
the effort quality involved was weight (basket tasks 8-9), the reverse pat- 
.tern^Jas found on tasV^s where^-'the effort quality was motoric- skill (run/jump 
tasks). On these, taslcs, a significantly greater number of subjects judged 
as farther the route on which they ran, although running requires less mus- 
cular effort (and skill) ; than does jumping, especially for .^young -children. . 

. • 2 
An attempt to clarify this apparent contradiction (x (1 df) = 14.90, 

£ < .01 (f df) (see Table# 6) - begafi wiih an analysis of both type 4 (effort) 

and type 7 (speed/tlrae) justif icatiqn respon-ses. There were only 14 justi-. 

fications based on effort qualities; of the^e,' 12- were in the basket 'tasks' 

(tasks 8 end yj. Upon further questioning,' many.*o£ these subjects would 

add, "Weli you know, ^^'ca^se it's heavy (or har^d). so it takes longer." 

' ■ . . ■ ■ \ ' ■ " ■ V 

Table 6 \ . ' ' 

Route Judged Incorrectly afe "Farther" 

Task ' Greater Effort „ „ Lesser Effort - 

• -8 , . ^34 ' • • 14 

-9 1 - 24 I ' 19 

10. ' • "17 32 ^ • 

• ' 11 • 19 ■ 35 



^Totals ^ - 94 . - 100 



Therefore, even on those tasks where the effort qualities of the situation 
apSar to <:onf pse children, temporal .qualities may be involved to some degree 

' ' A further anaiy sis of justifications for incorrect judgments on* the 
basket taslfLS reveais fthat although subjects more frequently judged the route 
in which they carried the basket as farthest ,< when giving justifications for 
these iddgmenCs no one type of response was predominant. The carrying of :the 
basket was often not even mentioned, nor stated to be the cause of .the sym- 
metry. The. impression given is that the subjects were distracted by the 
effort involved in. carrying the basket and so» misjudged the distance. How- 
ever, when questioned about their juHgrnents, they were not really certain ^ 
why it seen/ed" farther sa they justified their decision oij the .basis of what- 
i^r quality or cha^aj^terist jrtT of the total situation was most salien t for - 




th^ at* the moment of questioning* Typical examples include: . ^ 

Type 3 (spatiajL,confusiori) : S - "When I carried the baslcet it made that 
p^th longer." E - "Do x;^ou mean i't stretched, it out?" , "Yes, it 
•.pulls it cut longer." . ■ ' , ' ■ 

Type 4 (effort confusions): - "If it's hard to carry something, 
that way is ttje longest." ,.' ' 

■ ' . . • ■ . r : ■■ ^ ■" ' .■ 

Type 6 (egocentric confusions): S^-- "Grandma's hause is more far from me, 

^ . ' ■ .. ' ■ ! . , ■■ ■ . 

■ lype 8 (additlvity confusions): S_ - "Well, I went to the, store and now 

I'm back home, so this way is the farthest." " ■ ' .. 

The "distraction" caused by the 'effdjrt -factor in the basket tasks is 
unde'rstandable in view of the inability of preoperational children to focus 
on more than one "dimension at a time and the tendency to center their atten- 
tion on only one, aspect of a situation. It is also in keeping with the egb- 
centric thought, of young children to believe that the properties of, time 
and space are in some way related to.^or "dependent upon, their own actions . 
(Piaget;.,1927, 1946). ' , , V ^ /' ' . ' 

The responses to the\run/jump tasks (10 and 11) provide a striking 
• illustration pf the interdependlhce of the young :^hild's conceptions of move.-- 
ment, time,, ind space. In Piaget's view, time, sp^ce, and movement form a 
whole at first. Young children are often unable to clearly differentiate 
' among them. For examiile, if one car moves faster than another, it is, viewed 
as having gone farther, even if both cars stop at the same end point. Or, 
the reverse may occur where one car is Relieved to Tiave .moved faster than 

• anottier, merely because it has gone farther, having stopped at a more distant 
.point (Piaget, 1927,, 1946), . 

An analysis of the judgment -responses on the run/jump tasks indicates 
that' a significantly greater number of 'subjects chose, the . less effort route— 
running-as farther on both- tasks (lO and 11) (see Table 6) . An analysis . 
of Justification responses reveals fhat the judgments of running as farther 
ate based primarily on" the temporal qualities inherent in the motor acts-of 
running and jumping>hich appear to be superordinate J^^J^" 

• involved. For all tasks combined, there was a total of 53 type ? (speed/ 
time confusion) responses; .87% (46) of which occurred on tasks 10 and 11.. 

«lJhen subjects judged the running route as fartlier. the txme/speed justifica- 
tions were most frequent: "Running makes it farther 'cause it s faster. 
"It's always farther when you-. run 'cause you get there more quick than when 
you jump." "Runs are always more far than jumpers j 'cause jumpers is_^ slower 
and they take a longer time/'. Even those subjects who judge the jumping _ 
(erfeater "effort) route .as farther do so almost excliisively on the basis of „ 
temporal as opposed to effort qualities-. "Jumping" takes a longer time, so 
5ou go- fatther!" "Jumping is real slow, so .you've gone farther . to get there 
than when you run.*\ v \ . . 

riere'we see the preoperational phild's tendency to center on only one 
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dimension of a situation ais he focuses attention on 'only tl^e time/ speed ^ 
'•factors, and is therefore unable to keep purely spatial factors in mind. 
In addition J we see the irreversibility. of notions that cannot deal with 
space which has been "broken" by running and jumping, by making it back into 
a whole, or by noting that one route is just the reverse of the other. 

Conclusions . , - ' 

— ^^^^^^^^^ ^ , 

Although no significant overall differences were found between perfor- ^ 
mance on fine motor and gross motor Jtasks, certain individual tasks were 
somewhat more difficult 'than others.' For example, statistical analysis 
revealed a significant difference in performance between the walking tasks 
{ev2n those on which a basket is carried) and the run/jump tasks. This 
result illustrates the subtle interdependence of the motoric and cognitive 
aspects of- fu^l body movement in space, and indicates tl;iat to view all 
gross motor- activity as falling within a single category\is grossly mis- 
leading. Not only were young children not any better able^ to understand' 
and conserve the symmetrical nature of distance traversed \J^en they actually 
moved this distance themselves, ^ut under certvain gross motor conditions they 
were even less able to do soJ Far from acting to facilitate spatial under- 
standing, ^cer*-ain gross motor taskfe app^«r to impede it. Although most chil- 
dren's notions of distance remained the same under both the fine motor and 
the walking tasks, this was, not the case in relation to the run/ jump tasks. 
Indeed, there were many young children who comprehended and conserved the 
equality the distances on the walking and fine motor" tasks, but who ap- ^ 
peared to "lose" or lack this understanding on the two run/ jump tasks. For 
example, one subject said: "It's the same distance when the doll walks it, 
and when I walk it, but it's not^ the same distance to run it or jump it." 

, E - "Why is that. Josh?" S_ - "Well, when a person runs, it's just longer 
that way." E - "But you just told me that walls, don't move, so, how come 
you're saying it's farther wlien you run?" S - "It just makes it kind of 
stretchy. . .Oh, I don '*-.« really . know why". It's jifst farther!" This kind of 

' justification was noc uncommon and is illustrative of a point made by "Meyer. 
She ndtes that comprehension of spatial relations occurs on ^diff erent levels 
of mental .evolution, accotding to the difficulties of the problem . Like 
Piaget, she f inds that it develops. by a' continuous genetic process of which 
'devel6pmental stages mai;k the fundamental steps. Whenever the child's mind 
"...encounters problems too difficult to solve with the functional instru- 
ments it has at its disposal, the process of comprehension reverts to the 
same mechanisms long left behind on other levels" (Mayer, 1940, p. 149). 
■ '-.^ 

When there was an oyjarload oh the temporal or effort factors involved 
111 running and jumping tasks, subjects appeared to regress temporarily to 
eavlier, more egocentric modes of thought. A striking illustration of this 
"regression" v^o given by those subjects who were presented with the reverse 
order, of casks; gross motor first, fine, mo tor second; In many of these cases 
subjects TOuld state their judgment of the asymmetry of the distance of the 
run'/ jump 'tasks, but when presented with all the other (gross and fine motor) 
tasks, would say, "Now it's the same distance 'cause it's walking." Or, 
"I can see it's the same both ways when the dolly walks, or when I walk 
'cause we don't go so fast, and we don't take so many steps then." 



Kuslck 

Young children are so "caught-up" or I'captured" within this kind of 
activity that^they are unable to extract themselves; to step back and view 
. the system ^with the subjectivity necessary to understand the relations with- 
in it. This may be. accomplished more easily when the child engages in simple 
fine motor activity (observer or participant) such as that utilized in this 
study, or in the simpler gross motor activity of walking which is not as 
heavily saturated with time, effort, speed, and movement qualities as are the 
more complex activities of running, jumping, skipping, sliding, and hopping 
so often used by movement educators to introduce children to spatial con-, 
ceipts. 

Since, according to Piaget, the child must coordinate a system of rela- 
tions in order "to grasp distance concepts, he must be able to see the entire 
system. The fewer distractions inherent in the task, the more quickly or 
easily the child will be able to focus on the relevant variables and there- 
fore compreljend the underlying structure of the system. 

Spatial concepts are not immutable forms constructed at one point during 
the growth of intelligence and then immediately applicable to all situations. 
On the contrary, they appear to be correlates pf activity at/various levels 
(Piaget & Inhelder, 1956). These concepts are., as Meyer (1940) notes, the 
instruments which the mind renews and recrea;tes during its activity, and 
their creation follows similar laws at all levels. The beginnings are found 
in the earliest or sensori-motor period. They are then reconstructed^^and 
reconstructed again on a level of practical activity in ^ the period following 
sensori-mptor development, and then in the operational stage. 

The results of the investigation indicate that at the preoperational 
stage the child is particularly susceptible to confusions arising from a con- 
figuration of distracting factors^ surrounding certain ^gro^ motor acts. That 
is,- the boundaries between notions of space, time, movement, and in <.ertain 
instances, effort, still appear somewhat unclear. The results of thi.s inves- 
tigation indicate that the tempor.al, spatial, movement , and effort qualities 
inherent in certain motor acts may, at times, interfere with the chifld*s 
comprehension of spatial relations causinjg the child to misjudge an^ to 
attribute change ^ to a property he had previously viewed as invariant. There^ 
fore, a child's ability to "know by doing" is soipetimes limited. 

In Infancy, the child did physically explore space. However, as the 
chi'ld begins to move away from reliance on the sensori-motor aspects, of 
spatial awareness towards the reversible objective space of operational intei 
l,igence, he passes through a preoperational stage during which he is particu- 
larly susceptible .to confusions arising from certain factors inherent in 
motoric activity. \ The more the motoric activity involves these factors 
' (time, effort, etc.), the greater the possibility of spatial confusion. 
Simple gross motor acts, such as walking, would be at one end of the conti- 
nuum which moves Up through running and jumping and beyond to such complex 
motor acts as skipping, sliding, hopping,' and leapinjg. 

A logical analysis should be undertaken of any activity which attempts 
to introduce a child-^to a system of operations which he must coordinate. To 
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promote this coordination we should look for those kinds of activities which 
have some relation to that system. The more closely related, or isomorphic 
the structure of the concept and the structure of the task, the more easily 
it will be grasped. Even those tasks in which there is an iso'jiorphism 
often contain two potential categories of activities: gross motor and 
fine motor. Fine motor tasks and simple gross motor tasics mry indeed be 
better for younger children; yet, the fact that a task is fine or gross motor 
may not be of primary importance. Rather one should look at the similarity 
betweer). the structure of the task and that of the system or concept. 

In general, any but the simplest gross motor tasks appear to introduce 
(as would highly complex fine motor tasks) too many extraneous factors into 
the system, which act to distract the child and impede his ability to grasp 
the concept and its underlying structure. 

A final comment deals with motoric activity and older children. The 
older subjects participating in this study did appear to enjoy and to more 
fully involve themselves in the gross motor tasks than in the fine motor 
tasks. Although there was no difference in performance between the two forms 
of task, older children who clearly understood the symmetry of the distance 
appeared to derive a "bonus" from all the gross motor tasks. This bonus was 
obtained in two ways; one motoric, the other conceptual. The first had to do 
with an apparentjj^ genuine pleasure in the use of the body to'move through, 
space; a personally experienced and exhilerating exploration of space based 
on one's own skilled actions, in which movement, time, and space are fused. 
The second bonus tevealed older children's delight in the intellectual exer- 
cise involved in separating the extraneous from the relevant variables in . 
the gross motor acts. For example, a child of 7 years, 6 months, told the 
experimenter, "Even if you go fast, or slow, it doesn't change the space. 
The, space always stays the same." Or, "I could carry 16 baskets and take a 
real long ti^e, and be so^ tired, but that can't make the walls move, back and 
forth. Now, if I'd walked a big crrooked, curly way, I'd have gone more dis- 
tance, but I just went straight back and forth both ~ times in this isame piece 
of spacel" ^ 

The older child who already possesses an operational grasp of spatial 
relation's may subsequently enjoy arid learn still more about space through 
active exploration in which full body movement is, utilized. Eventually, he 
can develop the ability, to use his body ^as the instrument for the creation 
of movement compositions in space and time. 
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" \ ' A. I. Weinzweig^ 

^ ^ University of Illinois 

' , ' Chicago Circle 

We live in space. In-order to deal effectively with the world around 
us, we must learn to function in space. ^Moreover, spatial concepts underly 
and play an important role in the development of many other concepts* The 
use of the number line, for example, in representing certain properties of 
numbers presupposes some specific understanding'^ of space. . It is clear 
that an- adequate understanding of space is absolutely essential! 

What constitutes an "adequate understanding" in this context? As part 
of our normal functioning in :^space, we perform many , tasks fully anticipating 
certain outcomes. In moving a glass of milk from the. counter to the table . 
cwe implicitly accept the faqt that the shape (a Euclidean pircpdrty) will 
remain unchanged. Indeed, we.would be quite surprised (to put it mildly) 
if the glass were to ifndergq a topological transformation which drastically 
changed its shape! .Similarly we measure' the length of the cabinet in the 
store and the space- along the wali^^iri the dining room, and decide with 
reasonable confidence whether, or not the cabinet will fit into the space. ^ 
It "is this ability to say what will happen if^ a certain action is carried 
out, vrithout actually carrying cOut the action— this ability to anticipate 
or predict the outcome of certain actions which, in our view, constitutes 
"adequate understanding." In this r^espect, then, most of us do acquire a 
somewhat adequate understanding of space. Yet for most people it\is in- 
adequate to deal with the .'following situation: figure 1 presents us with 
two views of the same cube; there is a circle in the center of the hidden, 
face. Which faces are opposite whith faces? 

-r ^ Figure 1 ^ 




Figure 2 presents three views of this same cube, but incomplete. Complete 
these views. 




The difficulty many people encounter with these tasks serves to point 
Up some of th^ inadequacies of our spatiai concepts. 

One objective of mathematics education must surely be to^^ensure , or 
foster, or somehow bring about an adequate understanding of space^^n^chil-^ 
dren. In order to carry out this objective, we must first understand ho w~^- 
these ^cpncepts develop in children. This question has been studied by a 
number o£ mvesizigators foremost among them is Jean Piaget. His work Is 
frequently cited as the justification for many different and often contra- 
dictory theses! In, view of the great influence exerted by his work, it Is 
of the utmost importance that this be examined very carefully. One 'th3.ng Is 
cleat. Any investigation of how' a particular concept develops, mu^t neces- 
sarily be based on the investigator *s preconceived notion of the nature of 
that concept. .One cannot ^investigate the development of a concept in chil- 
dren without a thorough understandings by the investigator, of just what it 
Is all'^abotit. In particular, it is important to -determine what is the view 
of space ifpon which Piaget bases his studies. 

While it is difficult to extract this Information from the writings of 
Piaget, a study of his work doe's provide certain clues. He views cognitive 
growth in general as the; gradual mastery of inyariarj^t properties under pro- 
gre'ssively more complex systems of trans forma cions . With regard to spatial 
concepts, one of his most frequenti;ly cited conclusions is that topological 
relations are grasped .by the child before Euclidean relations. He goes on ^ 
to assert that whereas historically^ Euclidean geometry was developed' prior 
to topology > \ 

.this' psychological order" is muCh closer to modern geometry 's 
order of deductivfe or axiomatic construction than the historical 
order of discovery was. It offers another example of the kinship 
- between psychological construction and the logical construction 
Of science itself . / (1965, p. 409) ' 
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It seems quite clear from this and other writings of Piaget that his views 
of space and geometry were strongly influenced by what has come to be 
called Klein's Erlanger Programme' ^ ^ . ■ 

Feli^-Klein,~on accepting a chair on the faculty at the University 
of Erlanger, in his inaugural address presented a definition of geometry 
as the study of properties invariant under a group of transformations. 
This leads to a Simple classification of geometries over a set or a space 
' in terms of these transformation groups . /^ Topology , as the most general 
"geometry is therefore, in some sense,, th'fe most basic, with projective geo- 
metry as a subgeometry of t&^ology a;ii3 Euplidean geometry a subgeometry, of 
projective geometry. This, of course^' is precisely the "psychological 
order" of development according to Piaget." 

-c : ■ - ■ '■ . . s. 

The influence^of the Erlanger , Programm ou Piaget s views of space and 
the impact of Piaget 's views on mathematics education no doubt accounts 
to some extent "for the great^ interest presently manifested in the approach 
to Euclidean geometry through transformations—transformation geometry 
(this still seems, to be regarded as the geometry underlying space 0* 

According to the Klein definition, °in terms of the Erlanger Programm, ^ 
Euclidean geometry (of the plane, say) Is the study of the invariants under 
the* group/of motions. 'One important theorem in the Euclidean ge&metry of 
the plane is th^^t motions may be classified "as follows: There are four ^ 
basic classes of .motions other than the identity — ^^(i) reflections (flips), 
(ii)^eranslations (slides), (iii) rotations (turns), and (iv) glide reflec- 
tions. EvelFy-^mjat ion other than the identity is in one and only one of these 
classes. This, ih^ turn, has led to a great deal of ^interest in. the question 
of how children develop^an^iinderstapHirij .'of each of these clashes of motions 
(usually opitting the fourth ^rass-Jor^S'ome reason!)." ' » 

The influential role played by the Er^^anger^Trog^^ of 
Piaget and others makes t\t a necessai^y prerequisite to an understl^l^ii^g of 
these works that the Erlanger* Programm itself be fully' understood, pairtictJLr!:^^^ 
larly with respect to Eucl-idean space.' What are the various transformation 
groups and their geometries? What are the invariants of these groups? 
What is the relation of. some of, the research to the Erlanger- Programm? 
JIow does this conception of geometry fit with the child's development of 
, spatial concepts? These are but some'^of the :questions to whicji* we must 
address ourselves. ^ 

The main part of this paper will.be devoted to a thorough analysis of 
the Erlanger Programm in relation to Euclidean space. However, for simplicity 
of exposition we will deal with the plane. The maiii section will be subdivided 
into subsections, each dealing with a geometry of the plane determined by a 
transformation group. This will include a discussion of how the group is ^ 
obtained as well as a'study ok, the properties invariant under that group., ^ 

, 'A. second section will present a brief discussion of some of the research 
in the light of our analysis. 
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' The third section will briefly discuss the relation between the view 

of geometry as expressed by Klein and .»the child's experiences in space. 
Ill this section, we introduce our own views of geometry and space and pre- 
sent the case for the greater compatability of this view with the child's 
experiences in space. We conclude by indicating some implications of this 
view. ■ " ■ *' 

The Klein Erlanger Programm 

The Group of Motions 

Klein's' definition of a geometry as the study of those properties 
invariant undfer a group of transformations, like most definitions . in mathe- - 
ma tics, tells us very little about geometry unless we already know a grea^t 
deal! In the 'first place, we. must understand the context of the definition; 
given is a set or. space and a group of transformations on the set. A 
"geometric" property of a figure (or subset of the space) is one which is 
preserved or left invariant by every transfoxmatipn of the group. This 
definition is general enough to include situations we do not normally regard 
as geometry. If, for example, G is a group and^ ^Z(G) the automorphism 
group of G, theh the property of 4 subset of G of being- closed under the 
binary^ operation of G is invatiant under any automorphism of G and hence 
a "geometric" property. On /the other hand, Klein's definition overlooks or" 
excludes many things, in 'geometry as we usually, think of it. Nevertheless, [■ 
it does provide a- convenient framework for classifying geometries. If G is 
a group on a set's and H is a subgroup of G, then H is also a group-of trans- 
formations on S, and hence,-- also determines geometry (over S) . This geom- 
etry determined by H is a subgeometry of the one determined by G. / 

For simplicity of exposition we confine our attention to the Euclidean 
plane. * . , ' 

In the early part of his Elements . Euclid focused his' attention on con- 
ditions for the congruence of two figures. It 'is clear from some of his ■■ ^ 
proofs that he regarded two figures as congruent if one could be superimposed 
on the other— that is, if onfe of the figures could be- lifted up and fitted 
onto or made to coincide with the other. Unfortunately, Euclid failed to 
formulate this concept (and bthers as well) in. precise mathematical terms. . 
Modern developments, of geometry, 'which rectified- the vatious deficiencies 
in fiViclid's Elements , usually i^idestep. this vquestion by taking congruence 
as an undefined relation. Klein took a different approach- by providing . the 
necessary mathematical -formulation .of Euclid's principle; of superposition. 
This he did in terms of transformations'. „ . ^ • • 

Consider two triangles , J^, ABC andT^ A 'B'C (figure 3). How can one 
determine whether or not they are congruent? One way would be to cover • 
d AB"G.with a clear apetate , sheet arid' trace the' triangle.- If the acetate 
"can be>emoved and replaced so that the tracing on .the acetate covers or 
cqincid£8 .^th the triangle A . A'B'C, then the two triangles are . congruent . 
We descrlbe/^is action aS superposing the triangle A ABC. onto ^ A B G . 
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A more pfcecise formulation of this action leads to the notion of a transfor- 
mation,, and, in particular, amotion. 

In considering whether A ABC can be superposed on ^ A'B'CJ we. are not 
at all interested in what happens to the arcetate (after tracing the ABC) 
between the tima the acetate is, removed fpom the paper and when it is re- * 
placed with the tracing* covering the triangle AA'B'C*. All that concerns 
us is that in the,' initial position tha tracing on the acetate coincides with, 
or covers, the triangle A ' ABC, and" in' the final position it coj^ncides with 
$he triangle A'B'C'-. In the initial position of the, acetate,-'^each point 
on the acetate lies over or covers exactly one point, of the paper. The 
point on the acetate serves as a surrogate for the point oir- the paper which 
it covers.- In the final position of thfe acetate, this surrogate point on " 
the ajcetate covers another (possibly the same) point of the paper. Thus, 
with reference to the preceding situation, the tracing of ^he_'vertex A lies , 
.over or covers the vertex A in the initial- position and over the vertex. A' 
in the final position. The pet result of this, is to create a situation 
wherein, subject to certain physical limitations, to each point of the paper 
(say A) thei;:e is assigned in this way a specific point of the paper A*. 
The physical limitations of which we spoke are due to the fact that; the 
-acetate may' extend beyond the paper, so that a point on the acetate, does not 
coyer a point on the paper, or the paper may extend beyond the acetate ^in 
which case there may. be ppi'nts on the paper^'not covered by a point on the- 
acet'ate! We overcome these physical* limitations by assuming that we can • 
always extend the sheet of paper or the acetate'.. Abstracting this situation, 
we are led to the concept of a plane. In this new context , then, each point 
in the plane is covered by a specific pointy ojis the acetate in the initial- 
position; In th^ final position, ^ this point iies^over a specif ic point ^in 
the plane. This assigiiment to. each poi-ritV in ' tfte- plane of s^ome specif i(i 
point of the plane defines what we call a function fjcom the set of poiitts 
of the plane tp the set of points of the plane. We^ will devote such a func- 
tion by . In this case, the point-of the 'plane, assigned to the point V 
of the plane by 4^ is called the image of V and denoted "(^ tV) . A transform 

. mation is* then a fund tion;which> satisfies two extra conditions, .;namely: 
— - III 

, (i) every point in ' the- p*iai>e 'is the image of some point of the prlane|^ 



■ (ii) distinct- points have distinct images. 
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The function defined the acetate. is in facjfe a transformation, for 
if W is any point, then ^n the final position of the acetate some point on 
the acetate lies over W. This point in the initial position lies oyer a 
point, say V, whose image is precisely Moreover, distinct points of the 
plane are covered by distinct points of the acetate in the initial position. 
In the final position, these cover distincu points of the plane. 

The transformation defined' in terms of the initial' and final positions ' 
df the acetate is a motion of the 'plane. While this may seem like a very 
unmathematical definition^ a more precise formulation would only provide a 
formal and probably less comprehensible description of what we have described! 

Cohs^ider now three separate positions of the acetate — a first position^ 
a second" position, and a third position. Let (p denote the transformation 
with initial position of the acetate the first position, and final position, 
the second position. Similarly, is the transformation with initial posi- 
tion the second position and final position the third position, and is ^ 
thGk transformation with the first position of the ^cetate sheet ais initial 
positioA and the third position as firial position. 



/ 



These transformations <f , and ^1 ^are related in a special way; If 

y is any point in the plane, let V, be the point on the acetate which, in the 
. first position covers V. This is thfe initial position for both «p and TJ . 

In the second position of ^he acetate V covers a specific point of the plane. 

This position is the final position for the transformation 4^, so that V 

covers the image of V under , namely <p(V) . This second position is also 
' - the initial position for the transformation "T^^ . the- third position^ V 

agaixjL. lies over .some specif point of the plrne which is thereby the image 
• 'tinder \f> of the point covered by V in "the initial position for^^J , (the 

second position) namely cp(V). Thus, in the third position^ V covers"' 
V( ^ (V) ). However, since this third position is also the final position. 

for- the transformation , V covers ^(V), Thus, 1, 

■" • ' ^ . ' 

This is truS for every point of the plane. Summarizing, ^1 assign;s to the 
point V, the .point assigigied by \)/ to (p(V), the image of under (p . We 
express this relation by paying that . is the composition of followed 
by and write ^- 

- \ = ^ ' 

Note . that- the composition jof the trangf ormatibn ^ followed by the transfor- 
0 mat ion is the trahsformation ^ ^ • w 

We may represent this situation as follows: 
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Extending cour considerations to a fourth position of the acetate sheet 
gives rise to. thtee more transformations, as indicated below: 




As before, we can easily see tha't 03/is the composition of.'*^ fol- 
lowed by "X- sincei (in -the acetate) covers V at position 1, 1\ (V) at 
position 3 and Cx> (V) at. position* 4. But it also covers /%( (V) ) whefice 

- ^ ' ■■ U) = / ' • 

Sir;iilarlyj * ^ ' » 

which we usually write as - 

m\ ' ■ . . ■ ■ * . 

; . ^ This, of course, expresses the associativity of* composition of motions 

^(or transformations). . . . v ' 

■ Ifinaily, suppose a motion ^ has position 1 as initial position and 
position 2 as final position-^the motion with position 2 as initial position 
and position 1 as the final position is then related to 9 in a yery special 
Way. If V, any point in. the plane, is covereia by V in the Initial £osition* 
of Ji> (libsition i), then in the final position of <^ (position 2), V covers 
-^<^(V). This new motion, then assigns, to ' CfiV) the point V, and .hence, ^ 
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■ *■ * • , ■ 

undoes -the effect' of cp . This is called the^ inverse of (p and ^is denoted 
qj-1. We then have, for. any point V'in the= plane: 

• cp (v) ) = V . . • / ' f 

# The. identity of the plane assigns to each point, itself so that 

♦ L(V) = V for every poimt V. /-'^^ 

Thus, ^ (f^(p~t^ . ^ ■ 

Suimnarizing, ' we regard the plane as an extendable sh^et of/paper which 
/is -'duplicated" by an extendable acetate sheet. There are two* positions -of 
this acetate on the paper which we 'designate as the initiaL position and . 
the/'final posi-tion, respectively. Any point V in the plane is^overed by 
one and only^. one point of the a.cetate.. If, in -the initial position, the- . 
point V-on the acetate covers the point V on the paper, and in the f^iikl posi 
tion of the acetate, the( point V covers the point V' of the plane (the ex- 
tended, ^heet of paper), the transformation if , defined by ithese initial' i. 
and finals positions, maps the point V to the point. V'! ' ^' 

■ ■■■■■ ■ s ' ■ ■■ " 'l . ' ■.■ ■ 

Transformations defined in ^his way, ^ in terms of ari rlnitial ai^d a final 
position of the acetate, ^'ace called motions .-"^ The composition of two Inotions 
is again ^a mption^ with initial poslt;ion, the initial position of the first , 
. motion, and fiiidl position ,^^he final position/ of the second mofciori'. Compor 
sitioh of motions defines a binary ojperation in the set TT1 of motions. 
Since composition ofn.f unctions, and hence motions, is' associative,.- the iden- 
tity is a motion, and the inverse of a motion is* a motion-, "^7^ is a group ^ ' 
under the binary operation of composition of*motions . ^ In th*Ls way,' we. have 
defined a geometry in the plane! ' . 

, . . • • • ■iL- ' * 

« ■ • • ■ , 

' One problem which we have sidestepped is that of specifying ^ the" initial 
and final positions of the acetate. Specif icaliy, if the acetate. is mdved- 
in any way, how can we be sure of replacing it in the original position?* 
Thus, if V is' a point in the^plane covered in the initial position by the 
point V on the acetate, and V, in ^inal position, covers the point V, then 
V is thfe in^age^of V under the motion (P* determined by this initial and this 
final position. However, how do we find the image of a point W under • this , 
motion ^ 1 We know' that in the initial position the point V on the acet^^te 
covers thfe point V on the'" plane, but there are many ways to replace the ace- , 
tate so that. the point *V covers the p&int V (see figure 4) . ; 

' Figuire 4 x ^ . . 
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How do ♦e determine the correct position? In particulat, "if the acetate is 
replaced so that V covers^ the acetate is free r.o rotate about this point 
' Y (imagine ^ pin through the point V and the point V) . • One way to"" eliminate 
^. this rotation is to stick another' pin jjhrough the- ac^*. Late and the papier 

another point • That i$f choose a point W in thg plalte^^f f erent from the 
/ ipoint V and let the point W on the a:cetate coVer the point Won the plane. 
This cerjtaiyil^ restricts our freedom considerably, but. still leaves^us with 
"^tifo 'choices for placing the acetate on the paper so that the point V covers 
•Vthei point, V and the point^ W covers' the point W. . For^ if we Have ^already 
'done this iii one way (see figure 5a), then we can turn the acetate over and* 
replace it so that the point V afeain covers the point V and the point W 
again covers tTie point W (see figure 5b)!. . , 

. ; . V.:.' ■ ' ^iss^- •;. V , .. ,j • 

* V ^ V • / ^ 

(a) ; ' ' (b) • 



1 • . . ' . { ( ^ : ^ 

' In order to distinguish these two positions, chopse a pbint^X on the 

acetate not cjn the line V W. Now' the line V W lies over the line in the - 

plane V W which separates the. plane into two half-rplanes In one position 

of the acetate the poiijt X lies over a point_X in- one of^^these half -planes, 

and in the other flipped position, the point X lies .over 'a. points X' in the 

other half -plane (see figure 6). ' ^ ^ ^. 

, , . • Figure's , ^ ^ 



V 



* ;> 



w 



I 
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Choosing'^bne of these points, say X, there, is only' one way__we can place the 
fecetate so that the point V covers the point V, the point W covers the point 

ahd» the point X covers the point X. Thus, we can completely detetmirs 
or fix apposition of the acetate, by choosing three non-collinear points in , 
the plane V, W, X and their surrogate points in the acetate V, W and X. 

Now a' motion is defined in terms of an initial and a final* position of 
the acetate^ Any position of the acetate may be fixed by choosing'' three 
•non-collinear points in the plane and their surrogate points in the aqetate^. 
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It secmci refiisoiiable^ .theny to chooae three non-collinear points' in the^plane, 
V, W, X. In the initial position of the acetate, the points V, W and X in 
the acetate cover the poirits^V, W a-^.d X respectively; in the final position^ 
thfs point V lies over ,th4 point V', W over W* , and X over X' . Thus, the 
non-collinear points V, W and X and their images under the motion, V', 
and X' respectively^ completely determine or fix the initial and final posi- 
tions of the acecate and hence," completely determine the motion. This asser- 
tion ii3 in fact an important theorem with profound consequences. However, 
before going into any of them,. we first consider the question of invariant 
properties under the group of motions. 

^ Let the points- V and W be any points in the plane. In the initial posi- 
tion of the acetate the points V and W are covered by their surrogate points 
V and W in the acetate. If, now, X is any point^on the line VW in the plane, 
then its surrogate poiut X will lie on the line VW on the acetate. In the 
final position of 'the ace ate the line VW will cover the line V'W', where the 
point V' is the image of the point V and the point W' is the image of the 
point W under the given motion. Hence, the point X'-, the image of the point*^ 
X, is covered by the surrogate point X in this final jt>osition^ (see figure 7) 
so that X' must lie on the line V'W' . 

♦ 

Figure 7 ' ^ ^ 





A set of points in the plane ig collinear if for some line, all, the 
points in the set lie. on this line. This property of a set, called col- 
linearity, is Jjivariant under a motion. / ^ 

^i>e point X is chosen between the points V and W (so that in moving 
along'" tKe^ line from the point V to the point W we. must pass the point X), 
then its surrogate point X on the acetate will lie between the points V 
and W, .Hence, the point X,' , the image of the point X under the motion, will 
be covered by the surrogate point X and 1:herefore must lie between the points 
V' and W'; Thus, betweeness is invariant u nder motions. Hence, the line 
segment VW is mapped onto the line segment V'W' and line segments are invar- 
iant. Similarly, lines ^re mapped onto lines and rays 'onto rays under a 
motion. . 



* Note that in order to define a cbllinear set we, must have some "structure"- 
in the spate (the plane), namely lines. ^ ^ 



1 ' ^ 
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If V and W are two points in the plane, then the distance between their 
surrogates V and W is the same as that between V and W, and also, therefore, 
in the final position of KhB acetate, the same as the distance between the 
image points V and W* of the points V and W. Hence, distance is invariant 
under a mot^ion* , . • 

If two lines in the plane are parallel then thei^ surrogates .on the 
acetate are also parallel. That is, parallel lines in the plane are covered 
by parallel lines in the acetate so that the image of- a pair of parallel 
lines under a motiQn.will again* be a pair of parallel lines so th^t parallel- 
ism is* an invariant under the group of motions. 

Since l^he surrogate or tracing on the acetate of an angle in the plane 
is again an angle of the same measure, angles are mapped into angles urider 
motions, and the measure of an angle is invariant under any motion. 

Similarly, circle is mapped into a circle, and ellipse into an ellipse 
a hyperbola into a hyperbola, and a parabola into a parabola. • 

A set is convex if the line segment between any two points in the set 
is a subset of the set. Since line segments are invariant under a motion, 
so is convexity. 

This raises the question— is there anything that isn't invariant under 
any motion? The position of a figure is not invariant under every motion 
nor are the attitude, or orientation of the figure. ,Thus, th^ square in 
figure 8 can be mapped under a motion into the "diamond" in figure 8, and 
the "A" in figure » 9 can be mapped into an upside-down "A." These are changes 
in attitude. ' ' 



Figure 8 




Figure 9 



0 
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The notion of orientation is a little more complicaned. The "L" in 
figure 10 can be mapped by a motion into the backwards or reversed "L" in 
figure 10. This represents a change in orientation. Recall that a line 
separates the plane into twg. half -pities . Now choose a direction along the 
line. This can be done by choosing two points V dnd W on the line so . that 
the direction on the line is from the point V to the point W. If onel is 
"standing" oh the.llpe facing in the direction of the line, then one of the 
half-planes is on the left and the other is on the right. 

Figure 10 



In figure 6a the point X is in the right half-plane. This choice of a direc- 
tion along the line, in terms of two points (V and WX on the line, andone^of 
the half-planes^ (the right or the left half-plane) determines an, orientation. 

Figure 6a represents the initial position of a motion. Figure, 6b repre- 
sents tl:o final position of the motion where the acetate is turned over and 
replaced so that- the point V again covers the point V and the point W again 
covers the point W. Tpe point; X now covers the point X\ the image of the* 
point X. However, X' ks in the other half-plane from X! Thus, going from 
the point V to the point W, X is in the right half-plane, and X* is in the 
left half-^plane. This motion reverses the orientation. 

With regard to the "L" of figure 10, if we move from the corner along the 
longer arm of the "L" (the vertical arm) this defines a. direction along the 
line containing this arm and the short arm of the "L" is in the right half- 
plane. However, with regard to the reversed "L", moving again from the corner 
along the longer arm, the short arm is now in the left half-plane. 

Alternatively, if we move out from the corner along-^ the shorter arm, 
then the longer arm is on the left for the "L" and on the right for the re- 
versed "L"l, that is, on opposite sides. 

We express this by saying that they are oppositely -oriented , so that 4 
motion can ^reverse orientations. and orientation is not Invariant under all 
motions. — ''\^ . 

Let U and V be distinct- points in the plane. Covering the plane with 
the acetate", let U and V be the points covering the points U and V in the 
plane, respectively. As we have already observed, there are two positions 
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~6T~t:he acetate with the point if covering the point U and t'heNpoint V covering 
the point V. Choosing W a point in the plane not on the line U V, and itSv 
surrogate point W in the acetate, fixes one of these positions. Flipping 
the acetate and replacing it so that the point U again covers the point U 
and the point V again covers the pgint V, then W covers a point W in the 
Opposite half-plane of the lini^ U V from the point W. If the position deter- 
mined by the points U, V, and \J is taken as the Initial position ard. the posi- 
tion determined by the points U, V, and W' as the final position, a motion Cp 
is determined. The iir- ge of the point U under <P is again the point U and 
the image of the point V under is again th6 point V. Indeed, since the 
line U y is mapped into itself, any point X on this line is mapped into the 
same point X. We express this fact by saying the line U V is point-wise 
fixed by\ this motion (P • 

Since th e p oints W and W' are on opposite sides of the line U V, the 
line segment WW' intersects the line at some point Y between the points W 
and W* (see figure 11). 

\ ' . ■ 

; Figure 11 
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Now the motion maps the point W on to the point W' and fix es t he 
point Y, hence it maps the line segmen t W Y onto the line segment W Y — 



thus Y is th4 



have the same 
< W Y W' is 
that the lind 
line segment 
point not on 
sector of the 
line segment 
the point W. 



midpoint pf the segment WW 



Moreover, since (p fixes U, 
it maps the 4ngle < U Y W onto the angle < U Y W' . These angles therefore 
measure, and since ^t hey are supplementary angles (the angle 
a, straight angle!), each is a right angle. From this it follows 

U V i is the right bisector (or perpendicular bisector) of the 
W"W^I Since W was any point not on the line U V, '(J) maps any 
the line U V into the point W' such, that U V is the right bi- 
line segment W W' . Since it i s al so the right bisector of the 
W (the same line segment as W W') ^ m^ps the p^int W* to 



Thus 1 
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The motion Cp defined in this way from the line U V is called the - 
reflection In the line U V. 

Consider figure 12. U V is a line. Let W and X be distinct points 
and denote by and X* the images of the points W and X , respectively, 



Figure 12 




under (p , the reflection . in the Tine U V. Then and X*' are distinct 
points and the reflection maps the line W X onto the line W*X*. Let Y 
be 2 point not on the line W X as in figure 12, and let the point be the 
image of Y under the reflection (p . Orienting the line W X from W to X, 
the point Y is in the left hand half-plane of the line W X. However, going 
from the point to the point X*, the point Y* is in the right h^lf-plane 
for the' line W*X'. Thus, a reflection reverses orientation. 

Now cdnsider an arbitrary motion ^ . If U, V, and W are three non- 
cqllinear points and the image under (P of the point U is ,:the point , 
of the point V is the point V*, and of the point W is the point , then 

cp is completely determined. IJiat is, if in the^initial position of the 
acetate the point U covers the point U, the point V covers the point V, arid 
the point W covers the point W, then" in the fina]. position of the acetate, 
the point U covers the point U', the point V , the point V', and the point 
W, the point W*. In this way, the initial and final positions of the acetate 
are fixed and the motion determined (see figure 13)* 

Figure 13 



w 
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• If U and y' are dis tinc t let <v denote tthe reflection in the right bisec* 
tor of the line s^egment U U' . If U = U', then w( will denote the identity 
transformation.^ In either case,o< maps the point U onto the point U', and 
W3 denote the image under o( of the point V by V' \ and of the point W by the 
point W".> «>.(0f course, if is the identity transformation then V" -V 
and W • - W!). 

If the point V**is different from the point V , t hen denote by 0 the' 
reflecti on in the right bisector of the segment V* V* * . ^ Now since the line 
segment V ' is congruent to the lin e seg ment U V and th is lat ter l ine s eg- 
ment is congruent to the, line segment U' V', the segments U' and U' V* 

are congruent so that " the t riangle A. V" U' V is isosceles atid the right . 
bisector of the base V' ' V passes through the vertex U*. Hence, maps 
the point U' onto itself. If V" = V then denotes the identity transfor- 
nation. In either case, maps the point U' onto itself and the point V V 
oftto the point V . Let W' " denote the image of the point W" under the 
motion fi . (Again, if /i = t, then W ' ' » W'' .) 

Finally, if the point is distinct from the point W!, then as before 

Aw' " U' W and ^ V W are both isosceles with base the segment 

W' " W and the right bisector of this segment passes through the vertex 
of the triangle AW" U' W' and through the vertex V of the triangle 
AW" V'W. In this case (where, the points and W* are distinct), let 

Y denote the reflection in the line U' V. Otherwise <if W "• =« W) 
thei4 7f will denote the identity transformation. In either c^se, fixes 
— the poi m:8~ir*~ana~T' and~maps the~pbint onto the point W. Thus, since 

^(u)=u', p(u') =u', y(u') - u' 

it follows that = • 

( /9 ( (U))) - U' 

Similarly, ' " 

al(V)=V', /i(V')=V"and 'r'(V")=V' 

so , that ^ ■ 

( ^ ( o( (V))) ° V 

and 

o<(W)=W", /!3(W")=W'", ^(W'")-W 
^ so that » 
y ( ( CW)))) = W. 

Thus, since the motion T/^'t maps the point U onto the point U', the point 
V onto the point V, and the point W ontb the point W se=-fehat the initial 
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aiid final positions of the acetate for the motion }(fi^ axe exactly the same 
as those fr^v the motion CjP . Hence, 

Tya <^ - ^ 

and we have shown that any motion can be represented as the composition of 
three motions, each of which is either the identity motion or a reflection. 
Since the identity mofion may be deleted from the above representation with- 
out changing anything, we have shown that any motion may be represented as 
the composition of at most three reflections. Tuis means that the group of 
inotions is generated by the reflections! - » 

Recall that a reflection reverses orientation so that the composition 
of two reflections will leave the orientation unchanged or invariant. Thus 
if the motion (p reverses the orientation and is not a refleci^ion then it 
must be the composition of exactly three reflections. (This is the case 
illustrated in figure 13!) If orientation is invariant under if , then^^ 
must be the identity or' the composition of exactly two reflections. Such a 
motion, which leaves the orientation invariant, is called a direct motion. . 

Since a direct motion can be represented as the composition of two re- 
flections, the composition of two direct motions can be represented ad the 
composition of . four reflections. Each, of these reflections reverses the 
orientation, giving rise to four reversals. The net result is, thereforia, 
to leave the orientation unchanged. Hence the composition of two direct 
motions is again a direct motion. Moreover, the inverse^ of a direct motion 
is also a direct motion. It follows from this that the direct motions form 
a subgroup TTI^ of the group of motions 'TTI and hence defines a sub- 
geometry in which orientation is an invariant. ^ 

■ . •■ j> 

A direct motion ^ can be represented as the composition of two reflec- 
tions—that is, reflections in two lines. We distinguish two cases. -'In the 
first case, the lines intersect. at the point X. (see figure 14)/ Then X is 
left fixed by each of the reflections and hence by their composition. If' 
P is any other point and t:he image of the point P under this motion^ cp is 
P'.', then the motion maps the segment P X onto the segment P X . The 

first line i can be rotated about the point X through some angle onto the 
second line Tn . Ro,tating the segment P X about X in th e sa me direction but 
through twice the angle will bring the segment P X onto PV X (see figure 
Hence we describe this motion as a rotation about X. 



Figure 14 
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In the second case, the lines Ji and 'kre parallel (see figure 15). 
Then^ if P i s an y point in the plane and is its image under this motipn, 
the segment P P* is perpendicular to each of the lines and "Tw and its 
length is twice the distance between the lines. If Q is anpther point in 
*the plane and Q is not on the Tine P P*, then P Q Q' P' isl a parallelogram 
so that P Q is parallel to P' Q'. On the other hand, if Qj is on the line,. 
P P', then so is its image Q'. In either ^case, this motion maps a line into 
a parallel line. That is, the attitude is invariant under Ithis motion. 
Such a motion is called a translation . i " 

If Jt y and TV a^e three lines with the line yr\ perpendicular to 
both the lines jl and T\ , (so that the lines i and are parallel), then 
composition of the reflection in the lin6 ^ followed by the reflection in 
the line 'MV is a rotation about X, their point of intersection. Similarly, 
the composition of the rejflectiori in the line "Vn followed by the reflection 
in the line 1f\ is also a rotation, but about the point Y ^see figure 16) . 



Figure 15 



Figure 16 




The composition of these two: rotations is the composition of the reflection 
in the line ij, followed by the reflecti^pn in the line 7\ . Since these lines 
are parallel, this composition is a translation and not a rotation! Oh the 
other hand, the composition of two translations is again a translation, so 
that the translatjLons form a! subgroup of the group of direct motions 

"777<^ • '^^^ siibgeometry determined" by O - has as invariants, attitude as 
well as orientation. ' v 



The Group of Similarities 

In discussing motions, the initial and final positions of the acetate 
served primarily as a means of describing the assignment to a point U in the 
pl'ane of a point U' in the plane, the image of U under the motion defined by 
this initial and final position of the acetate. Indeed, it is precisely 
"this assignment to every point of the plane of a point of the plane which is 
the transformation. The acetate, as a surrogate for the plane, cai\ be used 
.to introduce and describe more general transformations. 



The first class of these will be defined as follows: the'initial position 
of the acetate will be, as before, on the paper; however, the final position 
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wlll.be in ^sr ::e parallel to the plane of the paper^ In this way, the sur- 
rogate of a point U in the plane, namely the point U on the acetate, covers 
the point U in the initial position. However, in the final position U 

..covers.. some point Uoin space. In order to get a point in the plane, choose 
a fixed -point 0 in space such that O'.is not in the plane of the paper and 
not in the plane pf the acetate when in the final position. The line 0 Vo 

'will meet the acetate in the final position at the point U and the plane of 
the paper at the point U'. The transformation defined by. this, initial and 
final position of the acetate assigns, to the point U in the plane., the point 
U* in the plane. Transf omations defined in this way are called similarities 
(see figure 17). 

Figure 17 . • . " ' 





The. point 0 iri the defiTiition of a similarity is called the center of 
projection. Any line through 0 not parallel to the plane of the paper will 
meet the acetate, in its final position, at a poirrt say X and meet the plane 
at a point X'*. The,. point X' is the projection of the point X from the 
center 0. " . 

In order to avoid confusion with other' planes which will be introduced 
in the discussion that follows, we denote the plane (of the paper) which we 
are studying by TT . . ^ . . .. ■ 

Consider now a similarity ^ defined as above by an initial position 
of the acfetate iri the plane IT- , a final positipn in space parallel to the _ 
plane, and a center of projection 0. . In order to facilitate the. determination 
of the invariant properties under similarities, we fi^st Represent any simi- 
larity, say (/> , in terms of more special trans f ormatioris . 

The line through 0 perpendicular to the plane ( IT' ) will proiect the 
point U on the acetate into the ptint U' in the. plane. The point U on the 
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acetate will cover a point U in the plane in its initial position, and a 
point Uo in space in its final position. The similarity if maps the point ^ 
U onto the point U* (see figure 18). 

Figure 18 . 



Let V be another point in the acetate covering the point V in the plane ^ in 
the initial position of the acetate, and the point Vo in space itl the final 
position of the acetate. The line 0 Vo meets t;he plane in a point V*, ^the 
projection of V from 0 and the image of V under <p 'i 

Since. the lineO Uo is perpendicular to the plane, the plane 0 Uo Vo 
is^also perpendi<;ular to the plane of the paper, TT (see figure 19). The 
sheet of paper of the figure represents the plane 0 Uo Vo and we "see" the 
acetate and plane of the paper, TT^, from "the edge." That ^.s, their inter 
sections with the acetate on the plane of the acetate in its final position 
and with the plane of the psper • 

; ^ figure 19 
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The line through the point Vo parallel to the line 0 Uo will be perpen- 
dicular to the plane (of the paper) TC' and meet this plane at a paint 
Vo', Moreover, the point Vo' will lie on the^line U' V in the plane. Now 
Uo U' Vo' Vo is a .rect angle so that the line segment' UU^o' is congruent to 
the . line segment Uo ,Vo and hence to the line segments U V and U V . If W is 
another V^oint in the plane with surrogate W on the acetate, covering, in 
the final position, the point Wo in space, let the line 0 Wo meet the plane 
in the pcdAt W' . :THen W' Is the ijna^e of W Under this similarity (D . 
Now, 'sincei the line Uo Vo is parallel to the line U' V, the triangles 
^ 0 Uo Vo and A 0 U' V' are similar so that 



\ 



t 0 Uo I = 1 b Vo I = 1 Uo Vo r = I U' Vo' \ 
I 0 U' I I 0 V I I U' V I I U' v I 



Moreovei, since the line Uo Wo is parallel to the line U' W and the line 
Vo Wo id parallel to the line V' W' , the triangles A 0 Uo Wo and A . 
0 U' Ware similar as are the triangles A 0 Vo Wo' and 0 V W'.' Hence 



and 



t 0 Uo I = I 0 Wo I = I Uo Wo I = I U' Wo' ,1 
I X) U' I I 0 W' I I U' W' I i U', W' I. 



3> 

I 0 Vo I = I 0 Wo I = L Vo Wo ( = I Vo' Wo' I 
I O.V I I 0 W' I I V W' I - I V' W' I 

It follows, therefore, that for any two points V and W in the plan&, since 



I V 'W I = I V W I = I Vo Wo 'l 



that . 



• i V W I = I Vo Wo I = \ 0 Uo \ - 

I v w' I I v wv » ^ j 0 U' I 

so that, while a similarity will not, in general, leave ^distances invariant, 
for eaqh similarity there is a fixed number t (^0) by which all distances 
are/ multiplied. This is the magnification factor. 

If now the point W were chosen not on the line U V, the three poin1;s . 
U vV and W would then serve to fix the initial position of the acetate. 
Similarly, the points Uo, Vo, and Wo serve to fix the final position oT the 
acetate in Space. Now, if the acetate were "dropped" into the plane TT 
along the lines Uo U', Vo Vo', Wo Wo ' , t.he point U on the icetate would^now^ 
cover the pciint U', the point on the acetate V would now - jver the point Vo 
in the pianel and the point W could cover the point Wo' in the plane. In this 
way, the' poihtsU' , Vo', Wo' serve to fix an intermediate position of the 
acetate ^n'the plane. Taking thfe initial position of the acetate for the „ . 
similarity (p as the initial position, and this intermediate position of 
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' the aceta:te as the final positicn^ defines a motion which we denote by '/W^ . 
Slmilarl5% this interaediate position as initial position of the acetate, 
and the final position of the acetate for (p as final position determines 
a similarity which we denote by • Then,,^ . ^ 

that is, the similarity Cf may be represented as the composition of a 
/motion -y^** followed by a similarity . This similarity is quite spec- 

ial. 'It leaves fixed the point U' and maps any point Vo' distinct from U' 
onto the point V on the line U' Vo' and such that the distance from V to 
U' is some fixed, constant It times the distance from U* to Vo*. ^ 

Considering this similarity , we must examine some separate cases. 

If the' center of projection 0 is not between Uo and U*, say Uo is between 
0 apd U' or U' is between 0 and Uo, then a point Vo' is mapped onto the* ray 
0 Vo*. .However, if 0 ^.s between U' and Uo, then the point Vo' is mapped 
.into the opposite ray so that 0 is between Vo' and V (see figure 20). 

o Figure 20 , ^- . 



U V 



/ . 










u' 


V/' 





I 



*In this latter case (where 0 is between the .points Uo' and U') a half-turn 
about U' (a rotation of 180°) will, map • the point Vo' into a/point V,' on 
the ray U' V' (see figure 21). If . the. point V,' coincides with the pointy 
V, then the magnification factor is 1 and this half-turn defines the same 
::ransformati6n of the plane as is defined by ic so that (f> is in fact a 
motion! If k 1 then the <point V,' will be different from the point 
V/ and the line through the point V,' parallel to OvU' will, meet the a"cetate 
(in the final position for (() ) at a point V,, covering the point V , in space 
Now V| is on the lihe Uo Vo but ^ith Uo the midpoint of the segm^t Vo V,. 
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figure 21 







1 




V, 




i 

Uo - 






"0- 





V' Vi* 

The line V, V' will lie in the plane 0 Ub Vo and will meet the line 0 Uo 
in a point 0^ . Since' the line Uo V, is parallel to the line U' V, the two 
triangles -il'o, Uo V, and A 0, U'V are similar. Thus, ' ' ' 



0, U 



0, 



U 



|U' v*| 



u. 



1' OUq 1 

I bu* f 



Similarly, let W,Vbe the image of Wo' "under the .half -turn about :U' 
The point. W, on the acetate covering the poiut W, in space is tlje ynique 

:poinc such that the line W, W,* is parallel to Uo U*. . Once again, the pro- 
jection of W, from Oj is W' . If now we take as the initial position of cthe 
a^tate the initial position for the similarity aiid for the, final pjDsl- 

tion that determined by the points in spaee,X7c , V,, W; (that is a half- 
turii of. the acetate about the line Uo U*, from the previous final position) - 
an4 as th^ center of . projection 0, instead of 0, then Ve have another way " 
of defining the similarity- C|> , for any point V in the plane is mapped in 

/this way into the saMe V*. That is^ th^ . point V*' in^the pilane assigned to 
♦the point V of the plane is the same for either definition and- hence bo tlh 

-determine the same similarity ! With this new description we can repre 

sent as the composition of . ' • . 

where /n\±s the motion and a similarity determined by the intermediate 

position of the acetate where the point U covers the point U', the point V-- 
covers the point V, and the point W covers the j^oint W/*^ The .motion >H| 
is simply the mbtioii followed by a halfT-turn about U' and 4i is the 

similarity which fix es ^u!^' and maps any point V different irom U' onto a ^ 
point V* on. the ray UV V, * such that ^ , . 



Welnzwelg 



127 



'Where id is the magnification f actox" (see figure 22) . A similarity with the ^ 
properties, of above is called a homo the ty of center U' and magnification It* 



Figure 22 




Thus, what we have shown is that »ari:^ similarity can be represented as 
the composition of a motibn followed by a homothety. 



. One can show without too much difficulty that the similarities, inclu- 
ding motions, form a group generated by the motions iand th,e homothe'ties. 
However, ouir njain inteirest is in the invariant properties under this group, 
aud since any similarity' not a mention can be represented as the composition 
of a motion attd a homothety, we need only consider which propert;ies, invar- 
iant under motions,, are invariant under homotheties. 

■ ■ ^ \ , • 

Gohsider% therefore, a homothety 'i. with center C and magnifies tioa fe. 
Let U' J^e any, point in the planfel Then k maps U into the point U' on the 
ray Cy siich' that 1017*1= ^\0V\ (see figure 23X Let V be another 
point. If' V is not on the line C U--&hea^4;J}e^line through the loint 
parallel to the line U V will meet the ray 0 V at a" point V' and the tri-^ 
angles ^ CUV, ^ Q U' V are similar. Since . ; , 

' \ rc = [ • ' . 



'' I \ 1 ; 

If V is on the line C U then so is V*. 



and tlie point: V* tnust: be tzhe Image of* the point V under the homothety 

■ / ■ > ■ • • - 

Figure 23 - 




The S£une argument will show that If W Is any point on the line U V, then 
the dlmage of the polr.t W, namely , the point W, will lie on the line U' V». 
Thus , colllnearlty 1/3. Invariant under a homothety^ Moreover , /if th<2 point 
X Is between the points U and V then the point; X' Is between tJ' and V' 
Csee figure 23) so that betweennes s I s ...Invariant under hom ot.aet y , Thus, 
the homo thety maps a line segme nt U V onto the line sefe,.aent U V and a 
ray. U V is mapped onto the ray V' . From the above discy&slon we see 

that a line is mapped onto a par all eX ll^ie so that atztltude (or direction) 
is invariant under a homothety. -Distance is not invarianl^ .under a homo- ^ 
thety but is -multiplied by the magnification factor. / 
■ ' ■ ■ , ' . / 

Since a homothety maps a line onto a parallel iine^i parallel lines are 
mapped into parallel lines and parallelism is invariant under a homothety. 

Cohg ider the' ang le < U V W. Since the ra y V ^^^ is mapped into the 
ray U* ^nd the ray V~V is mapped intc5^ the ray V* W' the angle <: U V W 

is mapped into the angle <fZ U' V* W . In view of t^e f act^ that the line 
V** U' 1^ parallel to the line V U and the line V W' is parallel to the line 
V W, ' the measure of the angle is invariant. ^ 

Similarly, circles are mapped . into circles, ^ellipses into ellipses, 

/ 



'' Letr~>^ denote~th'e^. group of similarities. Then ^ leaves invariant 
collineajity , betweenness , line segments, rays, lines, parallelism, angles, 
and the measure of angles, shapes (circles, ellipses, parabolae and hyper— 
tolae) and convexity. If is the group of direct similarities generated, 

by the direct motions and the homotheties then leaves orientation invar- 

iant- Finally, if is the subgroup of direct similarities generated by 

the translations and the homotheties , then leaves attitude or direction 

invariant, since a line is mapped onto a parallel line. , 

Distance is not invariant, but for each similarity there is a magnifica- 
tion factor h. for distances. Let U, V, W, X be points in the piane,^and 
let their respective images under a simiiarity be the points U' > V', , 
and X' Then" 

iw xM - \w X I 

'^here is the magnification of the similarity. Then 



IW X' i k I w X I |w X I 



Thus, while distances are not invariant, the ratio of two segments ±B 
invariant I - 



\ F' I = Vl. |F| 

)Gii " \i: \G\ 



so that: the rat±o of the area of two f±gures ±s ±nvar±ant under s±m±lar±t±es • 

The Af f ±tie Grtftip , ' 

In this section we consider transformations defined by an initial posl— 
tlon of' the acetate In the plane and a final position of the acetate Inclined 
at an angle to the plane rather tiian pa.rallel to It. To complete the descrip- 
tion, we mas^ "Indicate how- to ge^tv^^ p the plane corresponding to a 
point oh the acetate! We do this by first fixing a direction in space not 
parallel to either the plane or the acetate' in its final position. (This can 
be done by choosing a line which intersects^ both the plane and the acetate , in 
its fdLnal position-) If U. is a point in the plane^and U .Its surrogate on the 
acetate, then U covers U in the initial position of the acetate and covers a 
point in ^the final position.- The line through Uo in the fixed direction: 
Cparallel uhc^ chosen line) will meet the plane in the point U'. We say 
that U' is the projection of Uo along, the given direction. The point U' is 
the image of the point U under the traijsf ormation defined in this way <see 
figure 25) . A transformation defined in this way is called an af f Ine \tran3— 
. f omwa-tlon . . " \v 

The acetate, in this final position, intersects the plane in a line 
Csee figure 25) . 



and 



Figure 25 



can turn the leaf to the flat position by turning back or turnlijg torward.^ 
This defines an Intermediate position of the acetate. We define a motion 
where the initial position of the acetate is the initial position for the 
affine transformation or affinity, and the final position is the inter- 
mediate positioti of the acetate described above. We define anp'ther 
affinity by taking as the initial position the intermediate position of 
the Acetate -and as final position, the final position of the acetate for 
the §iven affinity. Ici this way, the affinity is represented as the com- 
position of a motion and one of these special affinities. , 

As with similarities, one can show that the cpmposition of two affin- 
ities is again an affinity and' the inverse of an affinity is an affinity 
so that the affinities form a jgroup ot . However, since we, are concerned 
with the invariants under this group, we direct our attention to the 
special affinity described above. 

/ in rotating the acetate about the line ^ from its initial to its 

final position, points on Z remain fixed. Specifically, if L is a point 
on the acetate covering the point L on the line^ £ in the initial position, 
L also covers L in the final position. A line in the fixed di'rection 
through L intersects the acetate and the plane in the same point . Hetice, 
the affinity fixes every point on Z. Such an affinity is called an axial 
affinity with axis Z . 

Let U be a point in the plane with surrogate on the acetate, point U, 
and let V be another point. with surrogate V on the acetate. _Then, in the 
initial position, the goiTit U covers the point U, the point V covers the 
point V, and the line U V covers the line U_V . In the final position, 
the point U covers the point Uo, the point V covers the point Vo, and the 
line U V covers the line Uo Vo . The line through Uo in the fixed direc- 
tion and the line Uo Vo determine a plane which meets the plane in the 
line U' V where the point U' is the image of U under the affinity and V 
is the image of V. If W is any point on the line U V, then W is on the 
line U V and covers W in the initial position and a point Wo on the line 
Uo Vo in the final position. The line in the fixed direction through Wo 
lies in the plane Uo Vo V , and hence,, pro.lects VJo into a point W on the 
line U' V' . Moreover, if W is between U , and V, then W' is between U and 
V' Csee Figure 26).. - - 

Thus collinearity and betweenness are invariant under an axial affin- 
ity. Hence, lines, line segments, and rays are invariant sothat^an- axial 
affinity maps the lin^ segment U V onto the line segment U V , the ray UV 
onto the ray iT^' , and the line U V onto the line U' V. It follows, there- 
fore* that angles are mapped onto angles . and convex sets onto convex sets; 
that is, angles and convexity are invariant. 



Figure 26 



Let U, V, W, X be i)olTits In the plane, U, V, T^, X ttielr surrogates 
on the" acetate wtilcti. In ttie final position, cover ttie points Uo , Vq, 
X^o, Xq, respectively, and project into ttie points U' , V*, W/ and X* , 
respectively, so that Is the Image of the point U, the point VVls 

the image of the point V, etc._ If the_lines U V and W X are parallel, 
then so are their surrogates, U V and W X, and hence, so are the lines 
covered by them in the final position of the acetate; namely Uo Vo and 
Wo Xo. . The planes Uo Vo V* and Wo Xo XV are parallel since the lines 
Uo U^, Vo V , Wo W' , Xa X* are all in the fixed direction, and hence 
parallel. Thus, the lines VT and W* X' are also parallel- Hence, 

parallelism, is invariant under an axia^^. affinity . . . 

1 ~An:^3rKrSz3.± a f fl.Til t y fixes every point on its axis Suppose a 

point P Tiot on Z is fixed; that is, P is mapped onto- itself. For any 
point U on the axi? £, the affinity fixes U and hence, map's the line 
P U onto the line P U, so that any point on this line is mapped onto 
a polntYon this line, possibly a different point! CSe^ Figure 27.) 




Figure 27 



parallel to P U, But Q V ±s parallel to P U so that Q V and Q» V must 
be the same line- That Is Q* is On the line QV- In exactly the same 
way, the line P X is fixed so that the line Q W, which is parallel to 
P X, must: be mapped into a line' through W and parallel to P X. But 
there is only one such line, namely QW, so that Q* must lie on Q W« 
Thus lies on the line Q V and on the line. Q W and hence must be the 

point of i^.itersect±on. " That i^ Q* — Q and Q is fiisced. We have shown. 

If an axial affinity f£xes a point . in the plane not on the 
axis, then it fixes every point. That is, it is the identity^. 

Henceforth, we assume that the axial affinity is not the identity. 

Now let P be any point not on Z , and Itc P* be its; image uader the 
affinity. .Then P ^ P* and we . consider the line P P* . There are two 
possibilities to, deal with. The first of these is that the aine P P' 
is parallel to Z (see Figure 28). Since P is mapped into P* and paral^ 
lei lines are mapped into parallel lines, the line P P* will be mapped 
into a line through P' (the image of P) parallel to A. But P P* is 
such a line, so P P* is mapped onto itself. On the -.her hand, if P P* 
meets il at U (see Figure 29), then U is fixed under the aff inity , which 
maps the line , P U onto the line P* U. 



P P ' 



Figure 28 



Figure 29 



However, since the points P, XJ, and P* are colllnear, these lines are 
the same, and In this case also, the line P P' Is fixed ,under the affin- 
ity. Thus, for any point P In the plane, P not on ati affinity (not 
the identity) fixes the line P P' . If Q is another point in the plane 
not on JZ, then the line Q Q' is also fixed under the affinity. If the 
point Q Is on the line P P' , then, since this line is fixed, Q' is/also ^ 
on this Xine and the lines P P V and Q Q' are identical. Therefore, _ 
consider the point Q npt on H and not on P P* . . 

If the line P P ' is parallel to th^n so is Q Q' for any point "Q; 

for if the lines P P' and. Q Q' ifieet in a point X, then the imase of the 
point X under the aficinity must lie both on the line P J?' 

line Q Q' since both are fixed. Hence, the image of X must be X itself. 
But that would give a fixed point not on Z (since the line P P' is 
parallel to Jtl), which is impossible since the affinity is not the 
Identity. Hence, the line Q Q' is parallel to the line P P' for any 
point Q not on 9,^ 

" On the opher hand, if the line P PV is not parallel to then it 

meets in a point X. The line through Q iparallel tjo P P' . meets 9, at 
a point Y (see Figure 30) • 




Figure 30 
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^ Hn other words, an ax±al aff±n±ty fixes all the lines ±n _ a given dlrec- 
t4.on, Cthe , direction of the line P P' for any point P not on A> . Only 
the identity fixes every line in two different directions! 

If this line-wise fixed direction (a direction in which every 
line is fixed) is parallel to the axis , then the axial affixiity is a 
shear. Otherwise, it is a compression . 

■ -3 ■ ' ^ ' ■ . ^ . .... 

Consider a parallelogram U V W X where, the point W and X are on 
' the axis A.. The adPfinlty maps the line U V onto the line U' V* paral- 
lel tt> 'K.. Moreover, the parallel lines U X "and V W are mapped into 
the parallel lines U* X and Y* W; - Thus^- the parallel^ogram U V W X is 
mapped- into the parallelogram U' V' W X (see Figure 31). Xf the 
affinity is a shear, then the points U» and V» are on the line U V so 
that; the parallelograms U V. W X and U » V' W X have the same base and 
lie between the same parallels; hence, they have equal areas. On f^e 
other hand, if the affinity is a compression then the line XJ' V', 
although parallel to the line tJ ."V, is nevertheless distinct from it, , 
and hence, in this ca:se the area is changed. 

Thus, area is invariant under a shear, but not under a compression 
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Notice in Figure 31 that the angle ^U X W is mapped into the angle 
^U* X W which is certainly not congruent. Thus, the measure of an angle 
is not invariant under an affinity. ^ 



to' it, then, as we have seen, the length of U V ±s Invarlar t . Other- 
wise, V V meets Si at a point W. Let the point U on the acetate be the 
surrogate, for the point U, the point V for the p.oi'^t the point 

5 fpr the point W. _In the Initial position, the_point U <iovers * the 
point U, the point V the point V, and the_point "W the- point W. In the 
final gosition of tlie acetate, the point U covers -the point Uo, -the 
point V the point Vo , and the point .W the same point W» Then the 
point Uo projects into the ppint UV the image of U under -the affinity 
.and similarly, the point Vo -proj ects into the point V' . Moreover, the' 
•lines Uo U' and Vo V' are in the fixed direction and' hence, parallel 
Csee Figure 32) so that the triangles 'AW Uo U' and A W Vo V' are 
similar i 
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and the magnification of the length' of a segment is constant for two 
segments on the same line. Moreover, if the two s egm ents are parallel, 
the magnific ati on is again the same; for if, say, X Y is a segment 
parallel to U V, then the line X Y meets Si in a point Z. ^ We choose the 
points XJ and V so that U X and V.Y sire parallel to ^. Then the -parallel- 
ogram U V Y X is mapped into the parallelogram U' V' Y' X' (see Figure 33). 



' Figure 33 

Xf iTiV and .X Y aire parallel, segments, tlien 



so £lia.t: 



Titus, the ratio of the lengths of two segments In the same direction 
Is ^Invariant under an affinity. . * 

If tf V W X Is a rectangle with the line V rW parallel to *the axls ^ 
then the Image of this rectangle under the affinity is a parallelogram 
U* V' W* Z' such that 

^ |v wl = Iv I 

• axid 

k|u V| - |U' V I 

with tliis' magnification factor k depending only on the direction U V. 
A simple trigonometric computation yields that the area of the parallel- 
ogram U' V W - X' is k' X the area of the rectangle U V W X, where k 
also depend:s onl> on the direction U V. It follows from this that any 
triangle is ?napped bv the affinity into^ a triangle with ar_ea multiplied 



knd'the axial affinities. Xt can be shown that the group of similari- 
ties is a subgroup 6f the affine group. Xn additi^on to the properties 
listed above which are invariant under the affine group, it can be shown 
that: ellipses map into 'ellipses (but not necessarily circles into 
clr<rlesj, hyperbolae into hyperbolae, and parabolae into parabolae. 

.> Orientation is not an af f Ine"" Invariant since it is not an invariant 
of the.gr-oup of motions. However, the subgroup generated by the direct 
motions and the axial affinities does leave orientation- invariant . 

Since motions and shears preserve area, the subgroup of the affine 
group generat;.ed by the motions and the sliears leaves area invariant. 
This is the eauiaffine group . Similarities in general do not leave 
area invariant so that the group of similarities is not a subgroup. ot 
the equiaf fine group. 

The Prol ective Group 

The various classes of transformations disciissed up to now have all 
-en defined in terms of an initial position of the acetate on the paper 
aI^d a final position of the acetate which determined the class of trans- 
forations. Thus, for motions, this final position was again in the 
plank of th6 paper; for si.milarities , the acetate was parallel to the 
paper Wd was projf^cted from a point onto the paper; for affine trans- 
formations, the acetate intersected the plane an4. the projection w^ 
oaralleli- We how study a class of tran^f ormations where the acetate 
again intersects the paper but we proj ect ^rom a point ! As we shall s^^ 
this creatW certaiA difficulties which will. have to be overcome,^ but we 
will ighoreXthese for the mbment. As before, we focus our attention^on ■ 
the special Vse where the final position of the acetate results from ^ 
rotating the Scetate about a line Z in the plane. This line is then the 
Intersection ok the acetate, in the final position, with the P^^^^J^^^ 
Figure 34). WeViH refer to the plane in space "covered by the ace- 
tate in the finaixposition, as the final plane, ttq . to distinguish it 
from the plane of the paper, namely ir. 

- • ' \ . ■ ■- - '■■ ■ ■ ■ • ■ ■ 
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. papeir oz^ cne rxnaj. pxane* a point a oh i-iie ^L:ei-cii.e . ^wci-o a • pcra.icu vu. 
the pllane of the paper in. the initial position, and a point^Ap iti:'the 
ftLnal plane when the adfetate is in the finstl position • "^T^ . ^ 

Now consider points Bo the final plane (cortespohdi^g to 

points A, B in the plane) • The plane. OAoBq meets "the finarl pialie tTq 
in the line AoBc and the plane tt in the line A'B*. The line A'B' is ' 
then the itnage x>f the litie AB *u^p-<der this trans format ioz^*' .If C<iis , * 
another . poipt on the' line AB, then Gq is a point on the . line AqBo'' sp 
that the line OCq Jies in -^he plane OAqBq. The line OC5 then meets 
.the, plane tt in a point C' . which iy d?i' fehfe/dine of tnter^ection. qf^ the 
^ piane OAqSo and the plane Tro"^^^^ is , the '\lhe* A* B * . ^ Thus , whenT the 
points A, B and.C ai^e collin^ar, their images* A* -B' and'C' are 
collinear dp thaw collinearily is invariant under thi^;'^ transformation, 

•; /' / • • ■ ^. . . .'.''^'v . ■ 

^ The line ApBo meets the line where tt and tTq Intersect) at the 

point L. Thi^ point is on the intersection of the plane OAoBq with the 
final plane ^tTq and the plane % so t;hat L is also on the. line A*B* (see 
Pigure 35)- . 

' '■ , ' • • • ■ ' '■■ . ■ B' 
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Figure 35 



/Examining this situation more carefully, in Figure 35, we nptice that 
while^.the point Bq is between the points Ao and L (corresppmfiing to the 
point B\bef.ween the points A and L in the plane) is projected into a 
point B* not between L and A'- Thus, betweenne^s is not invariant undeif 
this transformation. Indeed, no point between Ao and L is projected in- 
to .a point between A* and L, ■ Some poirns in the interval, AqI-, 'such as 
the point B©, are pro j ected in points , such the point B' on the other 
side of A* from On the other hand, .the point Cq also in the interval ' 

. AoL is projected, into the* point C on the other s ide of L from A* • Th^ 
interval A^o is not projected into the interval A' B' byt rather into two 
pieces, one on the opposite side of the point L 'from the- point A* ^nd one 



the ray.BoCj> since every point of this -ray beyond the point Aq, for 
e^xample -the- point Dq, is projected in to g point between L and A* • 
Moreover,, the paint L ndt on the ray BqA^ is p'rojected into the point h 
'on 'the ray B'A', Rays a iye. a lso' not inyaria^it under " this transf6nnation. 
#ittiiily>- felie^efriVett A^^ is projected into a non- convex sdft so that 

^convexity aliso fails to b^ invariant under this transformation I ^ 

Once again, let L be aXpoirit on A the line of intersection of the 
plane tt and the final plane Vq and let A^ be a point of the plane ttq 
not. on S..'^ Consider the line\LA in the plane tTq. Let H be another point 
of the line Z and Bq a point in , the plane tTq such that the line MBq is 
parallel to the 'line LAq. ThA plane OLA^ and OMBq meet in a line.\n 

• through 0 (see Figure 36) . This line >pv* lies in the plane , OX-Aq and 1^ 
it meets thie line LAq in - the point K say, then this point is on the \ 
plane OLAq, and on the plane •Tro,\ sin ce th e line LAq is in tTq. But K 
is. also in QKBo, since the line ^ lies iiT the plane^ OMBq. Thus, in, 
this cas6 the three planes^ tTq, QLAo, OMBq all meet in the point Kl 
However, this means that K is also on the line ofi iri%ef sect ion of the _ 

^planes tTq and OMBq , namely the line, MBoT It of oil owa. from this' that the 
lines LAo and MBq -meet in the point K. Hience, if' thfe lines LAq and MBq 
are parallel, they are parallel to the line>r» which^s thus ^parallel to 
the plMie TTq. That is the line >r» ot intersection/of the planes OLAq 
and OMBo is parallel to the plajie tTq an^l^en^^-tfieets the paane tt in 
some point S*. * 

, " ' V - ■ - 

The line LA', the projection into the plane ir ^of the line-LB^ is ^ 
the intet-section of. tt and the plane OLAq and hence contains the point 
S*. Similarly the poitit S' on the line of , intersect ion of OMBq and 
^ namely the projection of the liiie..MBe>, the line MB! It follows from 
this that the parallel lines LA^ and MBq project into lines which inter- 
sect (at S')! Hence, parallelism is' npt ^ preserved -under this transfor- 
mation and hence is not an invariant I 
i • , -' - ' - . ■ ■* 

Now consider, a.poitit Co in the final jTlane such that the line OCo 
is parallel to the plane tt. The plane OLCq meets the final plane in* 
the line LCo and the plane OMCo meets the final plane^ in the . line MCq 
(see Figure 37) . The planes OLCq and OMC^ meet in the line OCq. 

The line LCd 'projects into the line of intersection of the plane 
QLCq and the plane ir. Let D'-.be some point on this line. Similarly, 
the^lineMCo projects into the line df intersection of the plane OMCq * 
and the plane ir. Let E' be a point on this line. Thus the line X-Cq 
projects into the line LDl and the line MCq inco' the line ME'. Since 
the line OCq is parallel to the plane tt, the lines OGq and LD* , both in 
the plane OCoL, are parallel as are the line OCq and ME' both in the. 
plarie OCoM. Thus, the lines LD' and ME''' are parallel! However these 
lines are the projections of the intersecting lines LCq and MCq. It 
follows therefore that not only do parallel linfes project into inter- 
secting lines but intrersectlng lines pi^pject ijito parallel lines!! 
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We have here a rather unusual situation. It is one thing when 
parallel lines project into intersecting lines, for then one might 
expect that two points, one on each of the lines, have the same image, 
namely the point of intersectioti of the projection of the line. While 
this would mean that what we have defined" is not a transformation 
since condition (ii) for a transformation (see p. 109), is violated that 
is nbt the problem here, for it is in fact conditio^ (i) for a ^trans- 
formation which is violated, since the point of intersection S' of the 
projections of the parallel lines LAq and MBq is not the image of two 
■points under the projection, but the image of no point of the plane, 
since the line OS' is parallel to the final plane! 

Disconcerting as this situation *may be, a mora serious problem is 
created by the projection of intersecting lines into parallel lines, 
for this means that the poitit of intersection Co (see Figure 37) pro- 
jects into no point of the tilane so that the point Cq has no image. 
This violates the definition of a function (see p. 109)1 Not only does 
this "projection" not yield a transformation, it does not even define 
a function I / 

The line OCo is parallel to the plane ir and hence, under projection 
from the centre 0, the point Cq has no image. Indeed, the plane through 
the centre 0 parallel to/ the plane tt meets the final plane tt^ in a line^ 
through *C and parallel /to I and no point on this line has an image unde 
the'pFojectibn from the/ centre 01 The image of every point on this line 
is "missing"'— the whole line is "Ipst" under the projection from the 
centre 0. ' 

r . ■ ^ 

On the othei hand, the line OS' is parallel to the final plane tTq 
so that the point S' in the plane tt is the image of no point of tTq under 
the projection from the centre 9 (see Figure 36). Similarly, the plane 
through 0 parallel to the final plane tTq meets the plane in a line 
through S' and parallel to £.and no point of this line is the image of 
a point of the., fin^l plane Vq under the projection from the centre 0. 
Thus, this whole line consists of "extra" or "superfluous" points which 
ate not images \of apy point of the final plane TTq under the projection 
from the centre 0. / 



In effect, there seem to be points "missing" from the plane, the 
points of the plane ir into whicli the points on t^e line throi;gh Cq 
parallel to I prAj^ct, and the points o^ tTq which project into the point 
on the line throufelji S' parallel to I. The problem is to locate or find 
these "missing" points I 



- Consider a pojlnt P in the plane. This point gives rise to or deter 
mines a line OD thtougii the centre 0. This line can be used to "keep 
track" of the poinlt P/much as a shadow can enable us to locate an object 
we- cannot see'. No'U every point in the plane has such a shadow line, but 
not every shadow 2\±%b is the shadow of a point in the plane. The line 
OCo (see Figure 3p/is such a line, since it is parallel to the plane ir. 



/ 
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Recall that had no image under the projection. from the centre 0 
prejjsisely for this reason — that the line OCq is parallel to the plane 
t|!:,>/-';Th6 "image" of Cq is one of the "missing" points in the plane. 
It is not too large a jump to consider this line as the shadow of one 
of the "missing" points! In other words, we consider each line through 
the centre 0 as the shadow of a point of tt, and those lines parallel to 
TT are shadows of "missing" points . In this way, we can "locate" the 
"missing" points by observing their "shadows"! Thus, the projection 
of the point C^^ is the "point" in the plane tt whose shadow is the line 
OCq. 

Similarly, for the final plane tt^, any line through the centre 0 
and parallel to tTq, as for Example the line OS' is the, shadow of a 
"missing" point of the plane tTq, so that S' where this line or shadow 
meets the plane is then the image of this "missing" point whose shadow 
is the line OS I Thus, the point wliosc shadow is the line OS' projects 
.into the point S*. 

In this way we have solved the problem raised earlier, for every 
point in the plane tt is an image, but only after we adjoin the "m.^ssing" . 
points to the final plane ttq, whose shadows are lines through the centre 
0 parallel to the plane, ttq- Similarly every "point" of ttq has an image 
— after we have adjoined to tt the "missing" points corresponding to sha- 
dow 2 ines parallel to the plane tt so that the image of the point Co.of 

(see Figure 37) under projection from the centre 0, is the "point" 
of 'JT whose shadow is the line OCq. 

A line PQ in the plane determines a plane OPQ through the centre 0 
which intersects the plane in the line PQ. This plane may be regarded 
as a shadow of the linel^ If a point X is on the line PQ then the point 
X lies in the plane OPQ and hence, so does the line OX. Thus, the fact 
that the point X lies on the line PQ is reflected in the fact that the 
shadow of the point X — the line OX lies in the shadow of the line PQ — ' 
the plane OPQI 

. The shadow of every point in the line PQ lies in the shadow of the 
line PQ, but the latter contains a shadow which corresponds to no point 
of the line PQ, the line OZq parallel to the line PQ. Now consider a 
point X on the line PQ, and its sliadow, the line OX. As this line 
rotates about 0 in. the plane OPQ ](.n a clockwise direction, the point 
of intersection of this line with the line PQ moves along the line in 
the direction from the point P to the point Q (see Figure 38). In 
Figure 38 we have designated several positions of this point of inter- 
section by Xi X2, X3. As the line OX . otates closer to the line OZq, 
the point X oi which it is the shadow moves^ further and further out 
along the line PQ. In the limit, as the line rotates into the line OZq, 
the point X "goes to infinity." Thus, in some sense, there is a "point 
at infinity" on. the line PQ. This point, whose shadow is the line OZq, 
is one of the "missing-" points of the plane! In this same way, there ±3 
associrted with every line in the plane a "point at infinity" whose 
shadow lies on the shadow of that line. 
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If RS is another line in the plane, parallel to the line PQ then the 
planes OPQ and ORS intersect in a line through the centre 0. As before, 
this line Is parallel to both the lines PQ and RS and hence must be the 
line OZq. Thus, the same "point at infinity" corresponding to the shadow 
OZo lies on the shadow of the line PQ and of ^h^ line RS, so that the 
same point at infinity "lies" on each of the parallel lines PQ and RS. 
These lines meet therefore "at infinity." 

Any line TtJ in the plane parallel to OZq will have as its shadow, the 
plane OTU which also contains the line OZq and hence the line OZq is the 
shadow for the "point at infinity" for a whole pencil of parallel lines, 
the pencil of lines parallel co OZq which includes the lines PQ, RS, and 
TU. Each line in the plane determines a parallel pencil of lines, the 
set of all linas parallel to the given line in, the plane. In turn, there 
is exactly one line through the centre 0 parallel to any line in this 
parallel pencil and this, line will be the shadox^ of the "point of infin- 
ity" which "lies" on each line in this parallel pencil. Thus, to each 
-^-parallel pencil of Tines in the plane there corresponds a point "missing" 
from the plane, the 'jpoint at infinity" which is on each of the lines in 
the pencil I 
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On the other hand, for any line through the centre 0 and 
parallel to the plane tt, the plane through Tb' and say perpendicular 
to the plane, will meet the plane in a line Hi parallel to m*. This 
plane will be the shadow of >a and will contain . Thus, is tha 
shadow of the "point at infinity" for the line . It follows there- 
fore that each of the "missing" points of the plane tt (located by its 
shadow, a line through the centre 0 and parallel to the plane tt) , is 
tl\e "point at infinity", for some line of the plane, indeed for the 
whole parallel pencil of lines determined by that line'. Moreover, 
each plane through , the centre 0; with one exception, is the shadow 
of a line in the plane tt and contains exactly one "point at infinity;" 
that is, one. shadow of a missing point, one line through the centre 0 ^ 
parallel to the plane tt. The one exception is the plane through /the 
centre 0 and parallel to tt which contains all of thesjB "points at 
infinity*" It is not too surprising that we think of this as a "line 
at infinity."' This is in fact, the missing line of the planel 

Summarizing, we can correct the difficulty in defining a trans- 
formation by' projecting from the centre 0, points in the final position 
into points in the plane, by adjoining to each plane, the corresponding 
"line at 'infin-.ty," as discussed above. In this way, every point in 
the final plane, regular and adjoined infinite points, has an image 
under projection from the centre 0, a point in the plane tt regular or 
an adjoined infinite point and every point" in the plane regular or 
adjoined infinite point is the image unJer the projection from the 
centre 0 of a point of the final plane, a regular or an adjoined infin- 
ite point. In this way, projection from the centre 0 defines a trans- 
tormation from the final plane tt^ to the plane tt. This in turn yields 
a transformation from the extended plane tt to the extended plane. 
Henceforth, unless explicitly stated to the contrary, we shall consider 
the extended plane!? This extended plane is the projective plane, and 
the transformation defined in tKis yay is a projective transformation. 

Adjoining the point at infinity, the ideal poirt as It is sometimes 
called has a rather interesting consequence. Consider once again the 
situation :.n Figure 38, where the point 3^ moves along the line in "rhe 
direction from P to Q," that is, the shadow OX of X rotates in a clock-, 
wise direction. We have already observed that as the line OX rotates 
closer to the line OZo the point X moves further out along the line PQ. 
In the limit as X "goes to' infinity" the line OX rotates into the line 
OZo the shadow of the point at , infinity What happens if the line OX 
continues to rotate about the centre 0 in the plane OPQ? The line OX 
now intersects the line PQ at^a point on the other side of P from Q. 
That is, the point X which went '^bff to infinity" at "one end" of the, 
line suddenly reappears at tKe "other end" of the line and as the line 
OX continues to rotate, the point X moves towards P but still in the ^ 
"direction from P to Q"! Thus, corresponding to the point X moving 
along the line PQ from P to Q 'We have"^the shadow, the lin^ OX rotating 
in the pl^ne OPQ about the centre 0 in a clockwise direction. If the 
point X starts at the point P.Cthat is the line OX coincides with the 
line OP), and the point X moves out from P along the line PQ in the. 
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direction towards Q (tkat is, the shadow. rotates in the plane 3PQ 
about the centre 0 in a clockwise direction) , then after the shadow 
has made a half-turn (a rotation through I8OO) , the line OX will 
again coincide with the line OP (that/is, the point X will have trans- 
versed the entire line,, including the point. 'at infinity and returned 
;to the point F; • The effect then of adjoining the point at infinity 
is to close up the line so that one can go from P to Q in two ways; 
one in the direction from P to Q and the other, through the point at 
infinity by moving in the opposite direction. 

This situation is^ represented more clearly in Figure 39 below . 
where the line OX^ is parallel to the line PQ and the circle is 
tangent to OX^ at the centre 0 and to PQ at the point R. . 




For any point X on the line PQ, the shadow OX intersect;s the circle 
at a point other than the centre, the point we designate by X' . Simi- 
larly for any point Y' on the Circle different from the centre 0, the 
line OY* meets the line PQ at a point Y. This establishes a 1-1 corres- 
pondence between points on the line and points on the circle other than " 
0. As X moves from the point P to the point Q, the shadow line rotates 
about the centre 0 in the clockwise direjction towards the line OX^ and 
the point X'moves along the circle towards the point 0. The "further , 
out" the point X moves along the line, the smaller the angle between the 
lines OX and 0)^30 the closer the point X* moves to the point 0. In the 
limit, as X "goes to infinity" the secant OX moves to coincidence with 
the tangent OXoo and tne point X' on the circle moves to coincidence 
with the point 0 on the circle. Thus, the shadow OXoo point at 

infinity on the line PQ corresponds to the point 0 on the circle. In 
this way there is established a 1-1 correspondence between points^on the 
extended line and points on the circle. ,.r 
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Corresponding to poitits P and Q on the line there are points P' 
and Q.' on the circle. We can go from, the, pojnt P' ^to the point Q' in 
two ways; via the point R or via the point 0. In ther same way, we can 
go from' the point P on the line, to the point Q on the line in two ways 
— via the point R or via the point at infinity. Thus, the point ft 
does not separate the points P and Q on the line because there is an 
alternate routC' from the point P to the point Q which does not pass 
through the po\nt R. 

We coutd define Ch'-^ line segment PQ to correspond to the arc P'Q' 
on the circle w:ii«'?> ^<^^i: .*ot contain the point 0 and this would corres- 
pond to the usuaX 'V.I on rf ^ine segment, but, as we have already seen, 
ti;iis is not Lnva-^ri^'.r. i>^:i'it projective transformations. 

' \- 

Ratios ai*' aXiijf-^ iCil* nresierved in any form. Indeed, if A, B and C 
are threp defin**(? c /lH\:i^&z points, and A', B'i C are a!nother three 
distinct collinei^;.- ^^•ji:;ts,^ then there is a projective transformation 
which maps A onto A' ^ S^nto B' and C onto C. To see this, place the 
acetate on the^ plane lor ?bG initial position and let the point A, on, 
the acetate by the &%iyrr\:^ for the point A, the point B for the point 
B and the point C f^*:' t^ti point C. In the final position, the point A 
covers the point A' dnd t! e acetate is rotated about some line through 
A' different from tte lli:e A'BV through, say, an angle ofi 45o. Then 
the point B covers the point Bq and the point C covers the point Cq ii? 
the final plane and the points A*, Bq and Co are collinear. The lines 
BqB' and CqC meet in a point .0 in the plane ACqC (which mky be an 
ideal point— that is the lines B^B' and CqC ar^ parallel) . The projec- 
tion from* 0 (or j)arallel projection if 0 is an ideal point) maps the 
point Bo to the point B' and the point Co to the point C so that the 
transformation defined in this way maps the point A onto the point A', 
the point B onto the point B' and the point C onto th^ poinf C (see 
Figure 40) • , • . 

One may well begin to wonder ac this point if there ar^ any pro- 
jective invariants! Clearly lines are invariant as is ' the intersect;ion 
of two lines bearing in mind, that a finite point of inters^cfipn may-be— 
mapped into an infinite point of intersection and parallel lines meet 
at an infinite point. This leads to an invariant relation among^ four 
points of a line, which in some sense replaces the notion of a polnt-^ 
separating two points. , \ f 

',''..■< 

Consider Figure 41 where PQRS is a quadrilateral, the point A is 
the point of Intersection bf the opposite sides PQ and. RS and the point, 
B is the point of intersection of the other pair of opposite sides, QR 
and PS. The diagonals of this quadrilateral, PR and QS meet the Ifne AB. 
in the points C and D, respectively. We describe this situation by say- 
ing that points C, D separate the points A, B harmonically. Any 
projective transformation leaves this configuration invariant so that 
the images C', D' of the points C, D harmonically separate A', B' the 
images of the points A, B. Thus, the property of the points C, of 
separating the points A and B harmonically, Is a projective invariant. 




^ Notice in Figure 41. that if the point D is the point of infinity, 
"then this means that the point C is between the points A and B in the 
usual sense. 

Another projective inva,.iant is the cross ratio of four collinear 
points, namely 

| a c I ' b d I 

IB C| |A DI 



ERIC 



Weinzvelg 



151 



R 



Figure 41 . 



where the points A, B, and C are collinear. Specifically, if the points 
A', JJ', C, D' are the projection of the points A, B, C, D (see Figure A2) 
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Figure 42 



(*) 



lA C l IB Dl I a' C'I b' dM 
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We may assume that th^ point 0 is finite for otherwise the rela- 
tion (*) would follow from similar triangles. In ±his case, consider 
(see Figure 42)^ " ~ ' . 
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The relation (*) now follows. ^/ ^ 

Consider now a circle in the plane. /This is covered by a circle 
on the acetate in the initial position. This circle on the acetate 

\covers, in the final position, a circle on the final plane. The 
"shadoW' of this circle J 'the set of shadows of points on the circle, 
is a cone with vertex at the centre 0 (see Figure 43) . The projection 
of tii±s circle, will be the intersection of this cone with the plane tt, 

' a- conic section — a circie (or ellipse) or a parabola or an hyperbola. 
Which of these it is will depend on the position of the circle rela- 
tive to the line of intersection of f.he final plane and the plane 
through the centre 0 parallel to the plane tt — the vanishing line 
(which projects into the; line at infinity for the plane tt) . 

If the* circle in the final plane is disjoint from tl>e vanishing 
line then thCi plane m will cut th^ cone in a circlfe:' or an ellipse. If 
the circle in the final plane tTo/Is tangent to. the vanishing line then 
the cone will intersect • the plane tt in a parabola; finally, if- the 
circle in the final plane interse'cts'the vanishing line— ^n two points 
— then the plane if will intersect the cone in an hyperbola, llius, the 
projection of a circle is a conic section.' More generally, it is not 
too hard, to see 'that the project^^on of any conic is again ^a cpnic sec-, 
tion. It-follows, therefore, that conies are projective inyariants. 

Since the vanishing line, projects iiito the line at infinity, a 
parabola is a closed curve in the extended plane tangent to the- line 
at infinity. Similarly, the hyperbola which breaks up into two dis- , 
joint branches in tha.-Euclidean plane is also a siufple closed curve 
in the projective plane which meets the line it infinity, in two points. 
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Figure 43 



Consider again a circle in the final~plane which intersects the 
vanishing line. The tangents to this circle at the points of inter- 
section meet at a' finite poinv". or an infinite point (that is, they 
are parallel) (see Figure 44). ' 
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Figure 44. 

■ • . - '. - ^ ■ ^ 

However, the projection of this cohf fguratlon .onto the plane sends 
the vanishing line into the line at infinity, the circle into an hyper-, 
bola, ' and^he two tangents into the a'S3nnptotjes to the hyperbola (see 
Figure 45). If a point movfes along the hyperbola from A' past B and C . 
and out* to infinity tohen since the as3nnpjtote XY is tangent to the 
hyperbola at a point at infinity, the point at infinity on the hyper- 
bola is the point ^at infinity on the . line XY. Thiis, if the point moves 
past C and past the line at> infinity, it^ appears on t}ie other branch of 
the hyperbola moving past D through E to F, etc. Thjiis, going along ^ 
with hyperbola from F to C arid out to infinity or from E past D and out 
to infinity both. result in preaching the same point at infinity, the 
one oil the line XY. 




Figure 45 



This fact has some very interesting consequences. Consider a^^line 
XZ and the hyperbola PQRS (see Figure 46), For a point on the line 
moving from.X to Z, the point P is on the right. Suppose that the 
point P moves along the hyperbola from P in the direction from P to Q 
while the point pn the line moves along the line in the direction from 
X to Z. The point on the hyperbola after passing the point at infinity 
reappears on the other branch moving towards S in the direction from R 
to S. The point moving on the line, on the other hand, after passing 
the point at infinity, reappears on the line cn the other side of X from 
Z moving towards X. As the point on the line moves towards X, the point 
on the hyperbola moves towards S. Thus, the point which started out cn , 
the hyperbola at the point P on one side of the line ends up at S on 
the other side of _the line» withoiit crossing the lines . For a person 
staiiding at X facing Z, the point Ion thia hyperbola starts out at P — on 
the right— and ends up at X — on tne left without crossing over the line 
XZI It follows from this that a line does not separate the plane s 
that is, the projective plane cannot be oriented (see p. 116) • The 
projective plane is said to be non-orientable . In order to get a- 
better understanding of this situation, cut the plane along the hyper- 
bola. Since the hyperbola is projectively equivalent to the circle, 
this has the same effect as cutting out\ a ' dip ^ from the projective 
plane. What remains — the portion between the two "brdncher^" of the 
hyperbola containing the line XZ is a Moebius bandl Thus, if we take 
a long strip of paper ABCD (see Figure 47) and join the edges AB and 
C first giving the strip of paper a twist so that-^^e point C coincides 
with the point B and the point D with the point -'i, the point E will 
.coincide with the point F. As most people are now aware, cutting the 
band along the "line" EF does not result in the band separating into 
two pieces but it temains in one piecel Thus, in the projective plane 
not every simple closed curve separates the plane. 
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In order to define projective tr^^.risf ormations we had to epctend the 
Euclidean plane tD the projective pl'-.:xe and the proj ective transforma- 
tions were transformations of this projective plane. On the other hand, 
affine transformations, similarities , /motions , etc . were all ^'defined as 
transformations c^f the Euclidean plane. However, each of these traus- 
formatij?ns of the Euclideav "lane can be extended to a trafi^f ormation 
of the projective pl:^r- '* ii.'Ilows: / Si^^ire an^* ^ae of the se^ trans forma- 

line , we define tha image ,of the point 
line .der Q to be /the point at infinity dn the image 
Q. Since paraile/1 lines are mapped into/ parallel 

The projective group^ is now gene- 
as a group of transformations of the 
and the projective transformations). / 



tions, say Q, map 
at infinity on a 
of the line undei 
lines under Q, thiis is well dr-tinec 
rated by the affine group (regarde^ 
projeccive plane 



The Group of Homomorphisms 



The" next class o'f transf ormatilons we wish to consider are the homeo- 
morphisms of the [projective plane tLnto itself. There are many other 
classes of transformations "betweeh" the projective transformations and 
homeomorphisms , such as dif f eomorpAisms or "smooth" homeomorphisms but 
these are not usually mentioned in yiiscussions of the prlanger Program 
and so we too wiljl omit them. 

A hcmeomorph^lism is a transf ormaiLion which does nit spread points 
tpo wildly. Specifically, if Q is a \iomeomorphism, p/ a point, Q(P)»P' 
ithen Wfe can assure that Q' = Q(Q) is As close to P ' as we require by , 
Uhoosing Q sufficiently close to P. That is, v/e can/ "ad j us n" Q to any 
desired tolerance^ we can adjust the "Apread" of the/ image by choosing 
points close enough together. More precisely all pofints which lie 
&/ithin a certain distance of P' lie within a circle /of radius that dis- 
tance (usually called <: , the Greek Epsilon) . The ic^ndition we are 
describing states that for any such circle C about/ P' we can find a 
small enough circl^ C about P such that a^l points /within C are mapped 
by Q into points within C' (see Figure 48) 
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Figure 48 



It is in this sense that the spread of points near P is limited. The 
circle C about P' determines the acceptable degree of tolerance while 
the circle C represents the lattitude permitted in ordei: to ensure 
that degree of tolerance. 

What we have actually described is the condition for continuity at 
P, The transformation Q is continuous if it is continuous at every 
point in the plane, and a homeomorphism if moreover, Q-^ is also con- 
tinuous. However, due to the special property of the projective plane 
(it is compact — the Euclidean plane is not I) the continuity of Q^l 
follows from that of Q. 

While our concern here is with bomeomorphisms of a particular 
space — -the projective plane — in general, a topological space is a set 
with the weakest structure which will enable us to discuss continuity. 
It turns out that for this it is sufficient to requii^e that we be able 
to specify, about each point, a family of S€its of points within various 
degrees of closeness to the given point. These sets of points are 
called neighborhoods of the given point ar ^ the family of neighbor- 
hoods of each point must satisfy certain conditions. Different 
neighborhoods of a point represent different "degrees of closeness." - 
One way of defining these neighborhoods is by means^ of a distance 
fun^^nion or metric; that is, a neighborhood must contain all points 
within a certain distance of the given point. This is, in fact, what 
'we ha-'-e done since it is possible to define such a distance function 
in the projective plane. Alternatively, the set of points within a- 
given distance of a given 'point, lie within a circle of radius, that 
distance. A "circle" about a point at infinity is a hyperbola whose 
axis passes through the point at infinity. 

* 

Topology has often been described as "rubber sheet" geometry since, 
"in. . •^topology, figures are not to be considered to be rigid in shape. 
^ They may be stretched or squeezed so jthat they assume different shape." 
" (Schminke, et al. , 1973, p. 185) (Cppeland, 1974, p. 210). 

This is r^eally not a very adequate description. A better descrip- 
tion (although still not completely adequate) might be given, again in. 
terms of our acetate sheet where now, be^ .re placing the acetate in the 



final positionythe acetiate may be softened, stretched and compressed 
in different placee and then hardened into its new shape. The impor- 
tant distinctiou is that stretching a rubber sheet involves a smooth " 
deformation from the unstretched sheet to the stretched sheet, whereas 
for .a transformatipn it is only the final state which is relevant. 
Tims, i^f a movie w^ re taken of this stretching, the transformation 
would relate only^ the final frame to the initial frame — all the inter- 
vening frames being irrelevant! 

Homeomorphisms do not preserve distance or length. Indeed they 
can' distort distances even more than projective transformations. Thus, 
if the points A, B, C (see Figure 49) are such that the points A and B 
are close together while B and C are relatively far apart, a homeomor- 
phism can map the point A into a point at infinity^ and the points B 
and C' very, close together. Moreover, even a projective transformation 
which is a homeomorphism can map tfie points A, B, G into the points, A', 
B'., C below (see Figure 50). 
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Figure 50 

A homeomorphism can distort figures quite drastically so that a 
homeomorphism of the projective plane can map Figure 51 into Figure 52 
and Figure 53 into Figure 54. 




Figure 51 



Figure 54 



fi hdmtfomorphism need not map a line into a line so that collin- 
earily is certainly not. a topological invariant. However, the inter- 
section of two line^* is mapped pnto the intersection of the images of 
the two lines,^ which need not be liT:es, 

Ijines^ and conic sections are simple closed curves in t'.ie projective 
plane (see the sectl*on on the Projective Group) — that is, they are con- 
tinuous Images of a circle. Indeed any line and any conic section is 
homeomorphic to a circle. There is still the question of whether it is 
possible to define a hdujeomoi^phism of the projective plane which maps a 
conic onto a line or conversely. However, a line does not divide the 
plane whereas a circle, or a conic separates ~the plane into two disjoint 
sets eacfi of which it is the boundary (see Figure 55). That, is, any- 
neighborhood of any point on the circle contains points from each of 
these sets. This property of the circle of separating the plane is a 
toi^plbgical invariant so that no homeomorphism of the plane will map a 
circle onto a linel ^ 



Figure 55 



What about the interior of the circle? In Figure 55 it is not • 
too difficult to decide which of the two sets into which the plane is^ 
separated by the circle, is the interior. It is clearl^r the one with 
no infinite points I But what about the parabola or the hyperbola? 
Whiph of the two sets int;o which the plane is divided should we take , 
as the interior? This question is not so easily answered I 



A Cons idexat ion of Some Research 

We- turn next to a brief consideration o£i the research on the 
child's conception of space and. geometry in the light of our analysis 
of the Klein Erlanger Program. Ampng^ the best known and most widely 
quoted investigators, is Jean Piaget . the most f requently cited result 
attributed to Piaget is that the child becomes* conscious of topologi- 
cal relations before he becomes conscious of Euclidean relations 
(Gopeland, 1974, p. 212). ^ = 

In The Child's Conception of Space , Piaget supplies evidence to 
support the belief that the. child's first concepts of space are topo- 
logical (."rhminke, et al., 1973, p. 185)* Thus, Piaget. himself has ' 
said topological relatibns are grasped prior to Euclidean shapes 
(Piaget and Inhelder, 1967, p. 45). 



.This, assertion of Piaget hais been subjected to many and differing 
Interpretations. -The fact that it is open to so many interpretations 
^serves to indicate a lack of clear understanding of the meaning of 
this st4tement. What precisely did Piaget intend by this? What does 
it mean to say that a child's first concepts of space are topological? 
One reasonable interpretation might be the following: The child first 
be^.omes aware of topological properties of figures and objects before 
becoinlng aj<^are of projective and Euclidean properties. That is, the 
child will .distinguish objects which are topologically different — 
different with respect to certain topological properties, but. fail to - 
disting uish between objects or fi gures w hich are topologically equiv- 
alent but different with respect to projective or Euclidean properties. 
This seems to accord with what Piaget describes 

...however, one can begin to speak- of real drawings, though 
curiously enough it is only topological relationships which 
are indicated with any degree of accuracy, Euclidean rela- 
tionships being completely ignored. Thus, the circle is 
drawn as an irregular closed curve, while squares and tri- 
angles are not distinguished from circle3. (Piaget and 
Inhelder, 1967, p. 55). ' 

From this it seems reasonable to conclude that when Piaget here 
speaks of "topological relationships," he is referring to topological 
properties! Difficulties arise if^ one tries to follow through with 
this in a consistent manner. Thus", for example, a child at this 
stage^ (3:6-4 years) should not be able to distinguish between, say, 
a sheet of paper, a plate, or a glass, nor between a bead, a washer, 
a doughnut, and a coffee cup. Similarly, the child should be able to 
distinguish between a spherical bead (with a hole along a diameter) 
and a sphere of the same material, size and colour but not be- able to 
distinguish between this bead and a doughnut or coffee cup or between 
the sphere and a glass or a ^aucer. Experience with young cliildren at 
this age shows that they . .can distinguish between a piate and a, glass 
or between a doughnut and a -cup I . " | 

At another point , Piaget says: 

our study of drawing and haptic perception showed thaf^the . 
simple>5t tofpological relationships such as proximity and 
separation are also the first*" to emerge in the course of 
psychological development (Piaget and Inhelder, 1967, p. 80). 

Piaget lists the "most elementary spatial .'elationship(s) " as: 
proximity, separation, order, enclosure, and continuity. He goes on 
to add: 

. .. these equally elementary spatial relationships • . .are none 
other than those relations . which geometricians tell us are 
of a primitive character forming that part of geometry 
called topology (Piaget and Inhelder, 1967, p. 80). ' 



So it is clear that he regards these as topological properties. More- 
over, it is also clear from various statements that Piaget is thinking 
in terms of the Erlanger Program, For example,. 

this order of appearance (in the course of psychological 
development) is also mentioned when space is treated axio- 
matically by . geometricians (Piaget and Inhelder, 1967, 

(that is, topology emergea firstly, then projective geometry and then 
Euclidean^gfiLomet^ case, as we have seen, in order for pro- 

jective geometry to emerge "frrSHtopo^^ and Euclidean geometry from 
projective geometry', we must consider as che ambient space, the space 
in which the objects and figures occur, the extended Euclidean space, 
the project! J^e space, and it is in the light of this that, we must 
consider the primitive topological -relations listed. by Piaget. 

Proximity is regarded by Piaget as some. kind of "nearbyness." How 
do you specify such proximity? ^Can it be specified in absolute terms 
or only in relative terms? How can you compare the proximity of C co B 
to that. of A to B (see Figure 56)? 




Figure 56 



It seems reasonably clear that Piaget would regard C as proximate to B 
but not A. Yet, under a homeomorphism of the plane, the point A may 
be mapped on the point A* , the point B on the point B' , and the point 
C onto the point C* of Figure 57, where A' i ; proximate to B' but C' 
is noti The point is that ho matter how. close to the point B we choose 
the^pbiiit-G nor how far from the point B we choose the point A, under a 
homeomorphism of the plane we way map A to a point as close as we wish 
to the image of B and the ^oint C tol a point as close to the image of 
B as we wish. Thus, proximity, as Piaget seems to employ the term, is. 
not a topological invariant. 




Figure 57 



A second elementary spatial relationship is that of separa- 
tion * Two neighboring elements may be partly blended and 
confused. To introduce between them the relationship of 
separation has the effect of dissociating or at least pro- 
viding the means ofi dissociating them JjPiaget and Inhelder, 
1967, p. 7). 



The tiature of the ability to separate points is a property of topo- 
logical, spaces • These are usually given in terms, of separation axioms • 
Thus, in a Hausdorff space ^ given two distinct points, one can always 
•'separate them;" that is, there are two neighborhoods — one for each of 
^th^points which are disjoint. In the space^ of our experience, if the 
two poiirEs^ir(e~i±tstrl^tet-^t^en^ a positive distance between them. 

Balls about each of "the points of radius one-tHird Che— d±&taiiee- -between 
them (see Figure 58), are disjoint neighjjorhoods of each of the points. 





Figure 58 



However, it is not exactly clear that this> is exactly what Piaget 
had in mi-nd. Indeed, it seems that what he meani is something more com- 
plex and more dynamic, as in the following: 

•..^as a hah^ when it sees some object leaning against the 
wail, appearing as a patch scarcely distinct from its 
•surroundings, there is proximity without clear separation. 
The more analytic perception becomes, the more marked is 
the relationship of separation (Piaget and Inhelder, 1967, 

p- .... ' . ■ .- % ■ 

What seems to come through here Is that "separation"^ as used by- 
plage t seems to mean the recognition by the child of the possibility 
of separating two objects in contact. Two balls in contact can ise 
separated (see Figure 59). Yet ^ when they are in contact their point 




Figure 59 



of contact is a single point which would be the intersection of 
two sets of points. The physical separation of these balls can 
b^ describ€id in terms of two paths emanating from this common 
point of contact. This is not, in the usual meaning, a topological 
property of this configuration since any homeomorphismi of the space 
will preserve the cbt^tact^ between th^e ballsl 

A third ^isisential relationship is established 
when two t^eighboring though, separate elements 
are ran^ged one before another. This is the 
■ . . relation; df order (Piaget and Intfelder, 19^7, 

' Pv " ■ . . 

Later, Piaget amplTf"ires~ on-^tl 



In the case o^ a linear series, the r^ationsl 
of proximity subsisting between separate elements 
A, B, ,G, etc., is sufficient to. provide a 

basis for the relation of order. And this may. 
be perceived intuitively at an equally early 
stage p£ development. The notion of order or 
secftjence' is thus a third, basic topological 
relationship, and it is perhaps better to study 
its psychological deVe lopment' before that of 
enclosure. Since ^tlj^e relation of between « 
linking an enclosure with a* dimension is itself 
a relationship "of order. For example, in the ^ 
series ABC, B xs ''between" 'A and C. (Piaget and 
Inhelder, 1967, p. 80). ' , ^ ' , 



What does "one before the other" mean? If A and B are two points 
in the plane, which is before which? (iSee Figure 60.) 



^^^^An- -example might clarify th^ situation. If two men are on a ladder 

leaning against a building, then if the men are ascending we would say 
that the man higher up the ladder is ahead of or before thq other. How-' 
f^5ver,* if they are descending the ladder, the one lower down is before 
the btheirl Thus, in order .t:o talk a!bout one point being before the other 
we usually need a line (or some path) through the two points and a direc- 
tion along the line — an orientation of the line. Then we say^ A is before 
B- if the direction from B to A along the line is the given direction; 
that is, iPoving along the line in the given direction from B we must pass 
throiigh A. ' . ' 

similarly,- the point B is "between" the points A and C if they are. 
cWlineax^and- In gCLing f rom C to A along 4:he-J.ine in the given directioifV 
we must pass through B^'s:o~that if A is before B and B is before C, then 
B \is between A and C. '^It seeirts clear ■ from_t he bead task and the clothes- 
line task that Piaget is considering linear ordering in terms of an 
oriented line as we have indicated. [Moreover, circular order is defined 
in ^relation to' linear order as follows: If th^e circle is "cut"^^t some 
poiirit X and "straightened" out to a line segment (see Figure 61) , then a 
direction along the line containing the segment induces direction 
aro^Qd the circle. If we choose points A and* B on the circle distinct. 
fro7i X, then these determine points A' and B* on ^he segment. The . 
direi:tion indicated, induced by th.e direction from A' to B' on the seg- 
ment can be described directly as. the direction from A to B without 
passing through Xl . . , 

(We encounters further difficulties when one ^recalls >:hat in . terms 
.^f the hierarchy determined by the Erlanger Program, when considering 
topology, the space in que&tion is the projective 'space. In order to 
define direction along a :j.ine or an' orientation of a line, one usually 
makes jiise of the fact that a point 'separates a line into two opposite 
rays. However this is not true for projective lines! 

It is beyond the intended scope of this paper to continue this 
analysis of Piaget 's remaining "topological relations/' enclosure and 
continuity, which present special problems. (Thus, foi. example, a 
glass encloses no space topologically yet children at an Nearly age have 
little difficulty distinguishing the "inside" from the "outside"!) It 



is clear even from this limited analysis that in. building up his 'thepry 
of the child*js conception of space, he leans quite heavily on the . 
Erlanger Program and his understanding of the ^math'fematical concppts 
related thereto. Xhe conception "of his experiments, Jhe focus /in the 
interpretation of his observations, what "ha piuphasizes to suojJprt the 
conclusions he draws — these all depend very/heavily on his perception 
of the mathematics involved. It is equ^^ly clear from the analysis 
that .Piaget 's understanding of this mathematics is very )iazy and unclear 
and his use of t-ermindlogy is ve.^ ^different f rom standard usage. This 
means that readers of Pla%et must be extremely cautious in' how they 
understand or interpret his 'writings I This caution is not often present^ 
with regard to miich of the Piaget--inspired res^^ch. What is sorely 7 
needed is a much more careful analysis of the mathematical concepts and / 
a thorough study of the work of Piaget. in- the light of the mathematics / 
involved ♦ A first step towards this objective has been undertaken by / 
, the author. j " * - 
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Figure 61 



. We turn now to /a brief consideration of av.other aspect of research 
inspired by the Erlanger Prograp. There has been a great interest in 

^ recent years in transformation geometry on every 53chool level — in par- 
ticular, on motion geometry. As we have already observed,, a Euclidean 
motion other than the' identity ^'must 'be either a reflection, a rotation, 
a translation, or^a glide re^l^tion. This* has led to- a great focus 
on 'reflections, rotations and translations. This has spawned m^ny 

. studies to try to determine at what age a child can grasp the concept 
of, say, a reflection or whether a child can grasp reflections more ^ 
easily (or less -easily) than say rotations or translations. 

A careful examination reveals that they rarely, if ever, deal with 
transformations. Recall that a transformation of the plane, say, has 
as its domain, the whale plane ; that. is, it. map the whole plane onto 
itself. As such, since distances are preserved, it maintains the rela- 
tive positions of all pointy. Thus, a translation other than the 
identity moves every point? in the -space so that ' the image of every- 
point is different from the point itself . This means that sliding an 
object along the table does not r^gjpsent a translation for the table 
itself and the ambient space is stationary I A pencil oh the* table-, or 
a mark on the, table, remain fixed whMe the object is moved. Moreover, 

a translation there are no "intermediate positions" of the object., 
However, when we physically move an oljfject, we are in, fact presented' 
with a continuum of such intermediate/ positions. ' 




Figure 62 
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If we start 'with a card on which has been drawn a triangle A ABC, 
rotate the card through 90° about B, the vertex A traces out the arc 
of the circle AA*. The card is t^hen rotated about the vertex. A (now 
at thp point A*) through' 180° sol that the vertex B traces out the . ; 
semicircle 'indicated ' in Figure 6'2 to the new position at B Finally, 
rotate the card about vertex B ^at the point B") through 90° so that I 
the vertex A traces out the arc^A'A". Wculd A A"B"C" be considered I 
as a translation of A. ABC? In tact, A A"B"C" is thi image of A ABC ; 
under a translation. , Nevertheless, from reading the literature, this ; 
action would not normally be regarded as representing a translation-* 
as indeed it does not for the reasons mentirned above (the whole space 
must be shifted or translated), but sliding the card so t^at the 
vertices C and B remain on the line CB" until C coincides with C" , 
B with B" , A with A" ^yould be regarded as representing a translation 
which it does no maT'=' :/>an the previous action. What we are dealing 
with here is not a traps irprraation of the space into itself but rather 
a continuous, oue-parainoter family of mappings of a piece of space, 
the card, into the space which is quite different. This will be dis- 
cussed more fully in the final part of the paper. The important point 
that must be corifrdnted is that many studies that purport Jto deal with 
transformations do not. They deal with a different concept, a move- 
ment. or a displacement. It will be necesisary to examine much of this 
work and reinterpret th^ results in the light of what is actually ^ ' 
rakiag place. 

One final point which se^ems^to have been largely overlooked. The 
fact that any motion can be .represented as the product of at most three 
reflections leads to che classification of motions already mentioned. 
However, in actual lact, this is an asse^rtion about the structure group , 
the group of motions rather than about figures in space, or the proper- 
t±es of. these figures. As such, studying reflection.^, translations and 
rotations is/really studying the ^roup of motions rather f han the 
properties of 'figures. In essence, this might more appropriately be 
described as group theory — studying the group of transformations — 
rather than geometry!' 

A Different View of Geometry 

We have already observed that Klein viev/ed geometry as the study of 
thoftr rrr.:>erties 'variant under a group of transformations. The proper 
ties in question ; v p^r.operties of figures — subsets of space. Hence, 
evfcn in Klein's view, the primary focus of geometry is on tlit properties 

of figures • 

_. . . _ 

What then is rV.e role of the transformation group? This serves to 
delineate the properties of figures. Thus, two figures are essentially 
the ;same, or equivalent , if ''they have the same properties; that is, if 
one is the image of the other under a transformation of the group. If 
the group of transformations is the group of motions, then congruent 
figures are equivalent; under the group of similarities, similar figures 



Welnzwelg j \ 171 

are equivalents The function of the group of traniif oimations is to 
pick out which figures equivalent. In fact, the group of trans- 
formations partitions th^ se . ^'f figures into equi\^aleAce classes. 
In the case of the group | of utotions, these are the congruence classes. 
From the perspective of geometry we are more interested in these 
equivalence classes than In the group of trans format ions \which - 
effect the partitions of figures into equivalent c:jasses,\ This leads 
us to a moite general view^ of geometry. 

A g/eometry is a set to«»ether with a partition of \the 
set of figures (i.e., subsets) into equivalence classes. 

^ r \ 

A geometry in the sense of Klein is a geometry (or give? rise to 
a geometry) in this sense where the equivalence classes are ^et^r- 
mined by the transf ormationi groupl This more gene'rai definition leads, 
to a hotioh of geometry more in tune with c^ur expejrience and p^rovides 
a more suitable theoretical foundation for the waj^ in which children 
build up their concepts of space, i \ < 

/ ' ■ • : • .■ \ \ 

/ However, before expanding on this last pointy, we c 11 atter^tion \ 
to /the fact — usually overlooked — that in the Klein view of geometry, 
it/ is not so much the group of transformations which determines the 
geometry, but the geometry which determines the appropriate groun of 
transformations. Thus, we usually start out, ncjt simply with a spt 
and a group of transformations on the set, but a space — a set with 
structure — aiid define groups of transformations to be 'appropriately 
consistent with this structure. In the case of the plane, we stat^t 
with lines and a metric orl distance function, among other things, 

■ How then do we use this more general view of geometry to select 
or; determine one more in tune with pur experiences? We inJ'eract with 
snace and objects in space in a dynamic way. Rarely if ev:r do \:Ci , 
e^tperience a transformation of space. ■ The closest thing xn our 1 
experience to a transformation is to look in a large mirror, for th^n 
eVftry point in our side has a reflection' in* the mirrorl Almost invar- 
iably, our experience is with a piece of space;, a subset of space, a 
figure or body or object in space which is subjected to dispTacementls 
or movements in space. Under such a displacement, each point of the^ 
figure traces out a path, and. we usually observe i.he figure as it i 
moves from its^ initial position to its final position. A child handp 
1 ins: an object, picking it up an,d turning it around, is subjecting 
the object to various displacements. If a movi.i^ icture were made , 
of an' object under a displacement, for a transformation only the 
first and last frames would be relevant. However, all the intermed- 
iate frames are relevant for th^ displacement. 

' 1 

The displacements of interest to us here are those which are I 

reversible, (Note that an egg falling to the floor and shattering \ 

is not reversible!) Moreover, if a displacement takes a Figure A \ 

into a Fir.u?re B, and another displacement takes the Figure B into j 

■the Figure C, then following the first displacement by the second j 
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displacement will take the Figure A into Figure C. We could describe 
this more precisely in terms of certain . function spaces, where an 
object is a point and a displacement of that object is a path start- 
ing at that pol,nt. However,, it is questionable as to whether this 
extra precision would add clarity I As an example, consider Figure 63, 
The pentagon A is slid into Bso that each point traces, out a line 
segmient. In particular, the vertices Ai and A2 trace out segments 
AiBi and A2B2 which aie parallel and congruent. The second displace- 
ment slides the pentar^oa B Into C wi th ver tices B^, B2 tracing out 
congruent and par:illel segments BiC^, B2C2. The combined movement 
takes the pentagon A into C by first sliding to B and th en con tinuing 
on to C, the vertex A, moving along the polygonal path AiBiCi. 




Figure 63 



Notice thai: what we have done in effect is to define a composition 
of displacemt.its. It we define the pentagon B to be the final figure 
or image of the displacement and A to be the initial figure then unlike 
transformations of a space, the composition of two displacements is. not 
always defined. It is only defined when the initial figure of the 
second displacement is the final figure of the firsti In this way we 
may regard the displacements as morphisms in a category where the fig- 
ures in the space are the objectsi More importantly, we can define an 
equivalence relation^ in the set of figures where two figures are 
equivalent if one is the image of the other undev" a displacement-. 
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The resulting equivalence classes then define a geometry in our sense. 
What are, the geometric propel ies of figures in this case? They are 
properties left invariant by all displacements I As we have already 
obi G.cved, many of the studies purportedly on transformations deal 
With displacements rather than transformations I 

Why are we interested in geometry? What is the relation between 
geometry and space? We have already remarked that our interaction 
with space is dynamic. We view, objects not from a, single perspective 
but from many perspectives continuously changing. In other wgrds, 
objects in space are subjected to various displacements! Under the 
action of a displacement, objects sometimes appear differently and 
sometimes appear unchanged. Thus, the edge of a glass (see Figure 
64) on the table presents the shape of an ellipse. Rotating the 
gls }s does not change this appearance. However, tilting the glass, 
moving it closer (or moving closer to it) or further away does affect 
the appearance. When the glass is closer, or tilted ax>ray from the ^ 
observer, then the ellipse appears "flatter." 



How can we account for the regularities in what we perceive? How. 
can we predict what we will perceive when an object is subjected to a 
displacement? From our kiiowledge of geometry and our experience we 
would say that the edge of the glass is circular in shape and could 
account for or explain the different appearance, of the glass. On the 
other hand, if the edge of the glass were elliptic in shape, then 
rotating the glass would change its appearancel (The reader can exper- 
iment with a card on which has bean drawn a circle and an ellipse.) 

Geometry is the structure w6 impose on space as a framework about 
which to organize our experiences so that we may account for them, 
explain them and predict what will happen if.... 





Figure 64 



1' 
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. Th constructing geometry we begin with certain primitives. . These 
are usually based on experience but modified in the interests of tech- 
nical convenience. Points and lines aie among the most common primi- 
tives in developing geometry but these are the primitives of the 
mathematician chosen to make his task more manageable. What is a 
line? How do lines arise? In our experience we never encounter 
lines which are "infinite'* but rather line segments which are finite 
in length. Technically, it is ealsier to work with lines than with 
line segments in developing a geometry. Nevertheless, lines are quite 
foreign to the experience of children. 

A child *s first experiences in space are with solid objects, that 
is three-dimensional figures. Two-dimensional figures are first exper- 
ienced as surfaces of three dimensional figures. Curves are exper- 
ienced as edges of soWd ''igures, and points as vertices , or corners. 

• . *■ . 

What are the primitives for the child? xn subjecting objects to 
displacements, .certain things change; ot^ier things remain unchanged or 
invariant. What is the most invariant figure a child (or adult) exper- 
iences? A sphere is certainly one of the mosc invariant objects for the 
only thing about a sphere that seems to change under a displacement is 
its sizel A ;;oint as the vertex of a solid object is even more invar- 
iant! A straight edge, say the edge of a cube, is also extremely 
invariant under displacements, as is a flat face. It would seem that 
from the perspective of the child, more natural primitive^ might be 
points, line segments* and planar regions or even spheres.' Wliile i^l 
is possible to develop geometry axiomatically (that is a geometry which 
reflects otfr experience and models space)' with che sphere as a primi- 
tivej it is rather awkward, technically as it is, to work with line 
segments and plane regions. Rather we , make use of the property of a 
segment that it can alwa> j be extended to introduce the notion of a line 
ae a maximally extended segment. Alternatively, collinearity could be 
taken as a primitive concept, wh^*re a set of points is colliiear if any 
three of them lie on son.s segment, and then terce a line to be a maximal 
collinear set. These are, however, technical devices of- interest to the 
ma t hema t i c i an I • . 

Hore interesting and mor^ important is tTie question cf how the child 
structures space. How does the child begin to organize "the myriad of 
experiences into some order? How can we, as educators, facilitate his 
construction of geometry? Clearly then, if the purpose of geometry is 
to help the^child account for -the invariances and lack of invariances 
under displacements, then he must first become aware of these invar- 
iances. How is this to be achieved? This is to^be achieved by providing 
him with many opportunities to displace objects; by presenting . him with 
appropriate' expt iences which direct or focus his attention on these 
Invariants. .Fpr example, the child cijuld be given the task of sorting 
or* classifying in various ways a suitably chosen collection of solid 

" ~? ' ' 

*It iP interesting to note the Euclid in his E lements took line 
segments (which he called lines I) as his primitives. 
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models. In this way, the child's attention is focused oh similarities 
and differences among the solids based on what remains invariant under 
displacements. He recognizes the special property, of the table top 
which we call "flat"^ and learns to use it to pick out other flat sur- 
faces. He discovers that a sV>here rolls on the table but a cube does 
not; On the other hand, a cone or cylinder will roll "on its side" but 
not when resting on one of the flat faces. In this way he begins to 
develop a notion of "flatness." He begins to acquire a notion bf 
"straightness" in terms ^f the edge formed by two faces. -"Straight- 
ness" is thus a common invariant property of various figures. Similarly , 
"flatness" is another property of faces of some solids. When a right 
cylinder is standing on one of its faces, the other face is "flat." Here 
the term begins to take on a more special meaning of level or parallel 
\o the table top or to the other face. Further experiences will lead to 
the refinement of these notions. 

Figures in the plane often result from drawings or attempts to repre 
sent or picture three-dimensional figures. A child must learn to "read" 
these pictures or diagrams in order to relate these to the appropriate 
three-dimensional figures or objects. . This too requires appropriate 
f ocrised experiences . . 

A more detailed and complete elaboration of the ideas briefly dis- 
cussed above is beyond the iiitended scope of this paper. One thing, 
however, should be clear.' Through his interactions with objects in 
space the child gradually becomes aware of certain invariants under 
movements. . He then begins to formulatti certain primitive notions x^ith 
which to build up hxs geometry, These formulations and notions are 
hot the neat ones of the mathematician but rather messy ones not so 
easily organized into a tight deductive system, f 

In ordar to aid the child in this overwhelming task of structuring 
his experier:ces in space, we must understand the problem confronting 
the child. We must study and analyze very carefully the displacements 
in the child's experiences in order to ascertain as well as possible 
those primitives based on which the chil^, begins to structure his 
experience. Studying these in relation to his experience— in relation 
to the displacements of his experiences should provide us with insights 
which will assist us in determining appropriate focused experience?^ to 
facilitate the child's understanding of spacel 
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Students' Understanding of Selected Transformation Geometry Concepts 

,» * 

Diane Thomas 

Ohio State University 

Traditionally , transformation geometry has not been included in the 
geometry courses at the high school le^^el, much less in the junior high 
or the elementary grades. However, i recent years there have been a 
number of groups and individuals suggesting that transformation geometry 
topics be taught in our schools, both at the -elementary and at the secon- 
dary levels. The Cambridge Conference Committee was bne such group, 
recommending in Goals for School Mathematics (1963) the following topics 
for grades K-2; 

Symmetry^ and other transformations leaving, geometric figures 
invariant. The Idct that a line or circle can be slid into 
itself. The symmetries of squares and rectangles .possibly 
the explicit recognition of the group property in the pre- 
ceding . (pp . 33-34) 

for the 7-12 level: 

...the motions of Euclidean space are to be treated, leading 
to the introduction of linear transformations and matrices 
and the eventual study of linear algebra. . .the study of geom- 
etry could be based on transformations of the pl^^ne or of 
3'pace.... Further study [should take place] to see if an 
approach could be written up and... [be] appropriate at this 
level. (p . , 47) 

and, specif icfally proposing for tTie formal geLmetry course in grade nine: 

Motions in Euclidean space are interpreted as linear nohhomo- 
geneous transformations of the coordinates. . .treatment of 
motions in space relative to fixed coordinate axes ... .Intro- 
duce matrices to describe homogeneous 1 .3ar transformations.... 
The motions are shown to form a grouf> which is generated by 
special motions: rotations', translations, and reflections.... 
. (pp. 55-56). ^ 

The K-13 Geomet^ Committee of the Ontario Institute for Studies in Educa 
tion, in its 1967 report, also listed transformation geometry topics for. 
inclusion^ in both elemehtary aind secondary grades, and gave a series of 
reasons for stressing the transformation approach to geometry: 

(1) The main value of motion geometry is in achieving the objective 
of an informal, intuitive appreciation of geometry. (p. 24) 

(2> The study of reflections and rotations provides simple examples 
of noncommutative systems and may help to remove the anomaly of 
exposing students only to. commutative systems 'in their study of 
mathema*::^'CS . (pp. 21-^22) j 

(3) Motion geometry leads to the iaeas of vectors and matrices. (p. 
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^ (4) Motion geometry helps to bring out the significance of the Euclidean 
concept of congruence, and thus contributes both to new topl-cs (vectors 
and matrices)' and to tradicional ones. (p. 25) 

(5) Introduction of' matrices by means of geometry helps to strengthen 
the ties which exist between geometry and algebra. (p. 86) 

In his a3c,ticle "The Dilemma in Geometry Carl Allendoerfer (1969) 
stated that oxt^U)f the major objectives of geometry in our schools is "an 
understanding' of the basic facts about geometric transformations such as 
reflections, rotations, and translations" (p. 165). His suggestions for 
revising ourl present mathematics curriculum include the teaching of simple 
geometric transformations to children in the elementary school, and then, 
at the secondary level, teaching transformation geometry through the use 
o.^ coorcflnates and pairs, of linear equations (p. 168). 

Beyond; these recommendations that transformation geometry topics be ♦ 
includes riviroughout the mathematics curriculum, . there .recently have been 
s^eral attempts to incorporate transformation geometry into mathematics 
pVajects arid programs for all grade levels". For example, the University 
of Wisconsin's Patterns in Arithmetic program included elements of trans- 
formation/geometry in its television programs for elementary school chil- 
dren. The Developing Mathematical Processes curriculum, produced through 
the Univei-sity of Wisconsin's Research and Development Center for , Cognitive 
Learning,i included units on i gid motions (flips, spl^s, and slides), com- 
position/of rigid motigns, and syiiime tries in the learning materials for 
levels five and six (Harvey et aL, 1969) . Also working at the elementary _ 
school iWel, Marion Walter (1966) designed a unit. Informal Geometry , which 
-used motion geometry to develop the concepts of congruence, symmetry, rigid 
motion,/ j:rpup, commutativity , ind noncommutativity through direct classroom 
experiences. At the junior high level, a fourrboqk series. Motion Geometry , 
produced by the University of Illinois CoiPTnittee, on School Mathematics - r 
(1967) j leads students through a concrete study of slides^ flips, turns, 
congruences, symmetry., similarity, and area. At^ thR seni->r 'high level, 
Coxford and Usiskin (1971) have written a textbook. G eometry ; A Transforma- 
tion Approach , that covers the concepts stressed in the traditional tenth 
grade geometry course through transformational geometry methods. 

wiile nhere^liave b^n "feasibility studies" that haye accompanied .many 
pf the^e cuViiculuTii dev/iopment ef forts (Williford, 1972) , there is still ' 
'-a need |for a more basic type of research concerned with assessing the undef^ 
standings children have of transformation geometry concepts before they are 
exposed\to any formal instruction in that are;i. In a paper presented at 
the National Council of Teacherr. of Mathematics meeting held at Columbus, 
Ohio, Steffe (1971) underlined this need:.. 

Before fo^pnal instruction in space and geometry is done^ it - ^ • ^ 

r would be of value to ki;<":w how children conceive of space and 
'geometry, for such conceptions may drastically affect what 
children learn about thoc>e subjects. 
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Some sort of base line needs to be established* 

The:l'e are several ca, . s of student understandings of transformation 
.geometry concepts that slu Ad be assessed. A logical place to begin a. 
study of transformation geometry is with three of the basic isometries — 
rotation, translation, and reflection/flip. Students at all educational 
levels certainly have had informal experiences with these threa transfor- 
mations. Children look in mirrors and see images reflected there; they 
watch a. record rotate on a turntable or are themselves rotated as ^they 
"^ide on a merry-go-round; they use the concept of translation whenever 
they slide along a slippery floor or push a toy car in a straight IJne 
path. Yet, do students recognize certain properties of these three trans- 
formations through their exposure to them on an informal basis? What mis- 
conceptions result? 

^Specifically, do students recognize properties which remain invariant 
* under the transformations oi rotation, translation, and reflection/flip? 
Do they understand the eff4ct of these three transformations on the "sense" 
and position of figures in a plane? And, what is the relationship between • 
these student understandings and student characteristics such as IQ, age, 
sex, and Piagetian stage (specifically, conservation of length)? The 
goals of the present study are to provide some of the base line data on 
student. understanding's, to look for patterns and relationships that should 
be taken into account when transformation geometry curriculum materials 
are developed', and to identify variables which might be investigated 
further dhder more rigorous experimental conditions in. future studies. 

The investigation reported below is part^of a larger study in which 
a series of nine Piagetian-type tasks were-constructed by the investigator 
and used to assess elementary and secondary school students' understanding 
of six properties of the basic transformations rotation, translation, and 
reflection/flip • In the present paper, selected results of student perfor- 
vmance on three of these tasks will be discussed. For further details of the 
complete study, see 'Thomas (1976). ■ ^ . - 

Research Design 

Thr^ee sets of invesjf igator-constructed tasks were uses in assessing 
the following properties of rotations, translations, and ref lection/f lips : 

(1) Invariance of length — rotations, translations, and reflection/flips 
each preserve the length of the sides of a gecraetric figure. 

Task set: Shorter-Same-Longer Tasks . ^ 

Population tested: Students in grades 1,3, and 6 _ 



Here, "property" is defined as an effect of a transformation upon a plane 
figure in Lerms of the ^relationship between the original figure and its image. 
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(2) Invariance of incidence — rotations, translations, and rei lecl.ion/f lips 

each, preserve the incidence of points and lines. 



Tafsk set: Before-After Points Tasks 



Population tested: Students in grades 1, 3, and 6 



(3) Orientation in the plane — rotations, translations, and reflection/ 
flips will each affect the up-down and left-right characteristics of 
a figure' in a unique manner^ 

Task set: Alphabet Tasks 

Pppulation tested: Students in grades 3, 6, 9, and 11 

The tasks were given to students in an iodividual interview setting; each 
interview was -conducted by the investigator. 

Students who participated in the fttidy all came froA one middle-class 
socio-economic area of Columbus, Ohio. A total of three schools\were used 
in the etudy: a senior high school, one of its feeder junior highX^chools , 
and an elementary school which fed into that junior high. Ten students 
(five girls and five boys) wer-e'-chosen at each of the grades 1, 3, 6, 9, and 
Hi A stratified sampling technique was used in selecting five average stu- 
dent^Sj two or three above-average students, and two or three below-average 
students at each grade level . . , 

At each of the three schools a special isolated interviewing room was 
provided. Students came'one at a time to te interviewed by the investigator*. 
Each student sat ,at .a table, and the -investigator^ sat on the same -«i4e of the 
table at the stfiident's tight.' Paper, pencil, and a clear ruler were provided 
-for the student's use when necessary. Instructions for: each task were given 
orally by the investigator. If a student did not seeun- to 'understand the, 
directions or the questions^ the. investigator rephrased them^ (or illustrated 
them, when appropriate) until the investigaJ:or_.was certain, that common com- , 
munication had tieen established. .y 

.Task Descriptions. .Testing Procedures, and. Results 

Shorter-Same-Longer Tasks 

When a geometric figure is-rat-ated, Jiranslated , or flipped, the length 
of each of its sides remains invariant. The S>orter-Same-Longer tasks were 
designed to measure student awareness of this fact. The task set was divided 
into two series. The first series consisted of showing students one geo- 
metric figure (a triangle), ,fchert ^©oving that figure under a specified trans- 
formation and' asking. the student to compare the length of a given side to . 
that same side before iL had been moved.' The second series of tasks -ifsed 
two tr-iangles Which the student had chosen and confirmed as matching as to 
size and shape. Each of these tasks then began with the two congruent I 
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triaagles superimposed • The top tr±;angle was mc^ '-.d according to a speci- 
fied/tranaformatior and students were asked to compare* the length of a- 
given side of the second triangle in its new position (the "ijage") to 
the corresponding side of nhe iirst triangle in its original position - ' 
(the "pre-image") . - 

Since the phrases "shorter than," "longer than," and "the same length 
as," were going to be used in testing the students, the investigator ^ 
checked first to determine if the children understood this vocabulary.. 
A series of drawing and selection items was' used. All of the students 
tested got all of the items correct. 

Because it seemed as, if "a ^tudent's stage on the, standard Piagetiah 
conservation of length tasks- might be related ' to hisy answers on the 
Shorter-Same -Longer tasks, Piagetian staggered line tasks were ^iven 
first to students to dp.fprmine whether they were conservers or nQn-adn- 
servers in the standard sena^. (These tasks are described in detail on 
pages 95-103 of The Child* s Conception of Geometiry by Piaget, Inhelder, 
and Szemin'ska, 1969.) Results showed that eight first graders (outAof 
the ten that participated in the study) were non^conservers , seven' third 
graders (out of ten) wers non-conserver^, and no sixth graders werenon- 
conservers. ^ . , 

A total of 30 students took the i-Shorter-Same-Longer -tasks . The KR-20 
reliability estimate for this total population was .91. 



Table 1 shows mean^ and standard deviations of student scores on w 
five groupings of Shorter-Sa-ffie-Longer tasks: (1) tasks invplvdng- rotation, 
(2) tasks involving slides, (3) tasks involving flips (4) tasks which . 
us^d ,just»one figure (-studen'ts were to compare ,the figure in its new pos- 
ition* with the same figure before it had been rotated, slid, or flipped), 
and (5) tasks involving two congruent figures (the .two figures were 'r- 
imposed, then the top figure was rotated or slid);, ^ince not all o 
first gVaders were* rented on all of the tasks,, the s,cores recorded in / 
table 1 are the percent, of itenft answered correctly in the specified cate 
gories. , , 

Hypothesis 1: Students who are not conservers of length (in the standard 
Piagetian sens^) do not perform differently on the- Shorter- 
Same-Longer tasks than student i:, who are conservers*.. - 

• • .. . . -f 

'k chi square^ test was run on each of the five groupings of Shorter- 
Same-Longer tasks : In each case, the. chi square contingency table was : 
set up with conservers vs. non-cprise'rvers along one dimension, and, "number ^\ 
who ^>»^«^wered all items correctly" vs. "number who missed at least one it?em" 
along uiie other dimension. -Results of th*^^ chi square analysis are given V 
in table 2. . ' t. . . . ■ / ' 
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Table 1 . 
Shorter-Same-Loiger Tasks 
Means and Standard Deviations of Scores* 





"Gr^de I 


Grade. 3 


Gtjade' 6 


8 Slide Tasks . . * - 
(Hoyt Reliability =» .82) 

Mean 
S-D. 


• -» 
78.37. 


86.57. 


'91.37. 

.19 


4 Rotation Tasks 

(Hoyt Reliability » .90) 

Mean ' 

S.D. ' ■ ■ 


J 

. 87.5% ' 
.30 


. 9 

87.5% 
.30 


92.57. 
.33 


1 Flipping Task 

Mean ■ ^ 
S.D. ' 


^ 90.07. 
.30 


90.0% . 

.3p ; 


88. 9% 
.31 


T—^ ^ 

6 One-Figure 1 Tasks 

(Hoyt Reliability = .87) 

Mean ' 
S.D. 


f- 

86.6%' 
-.30 


86.7% . 
.28 


93.37. 
.15 


7 'Two-Eigulce Tasks • . 

(^oyt Rel?L6bility = .85) . 

Mean. ^ ^ . - ' , 

r A ' 


78.67. 
.32 


85.4% 
,14 


~ 88.97. 
- >.26 



i 



Table 2 • V 

Summary of Chi Square Results for the Shorte^-Same-Longer Tasks 



Tasted 



pqt^te Tasjlcs ' 
Sird^ ' asks ■' . 
Flipping Task 
One-rigure.rrasks 
Two-KiEure ^Tasks 



df 


x2 


*p 3.ess than 


1 


2,16 


pl5 


1 


• 10.995 


.001 


1 


.2^9 


,70 


1 


1.677 


. .20 


-I 


8.191 


.005 
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The results show that the hypothesis may be rejected for two of the sets of 
tasks. Conservers performed bc».tter than non-conservers on the slxde tasks 
(p < .001) and on the two-figure tasks (p <.005). Both of these task sets 
are extensions of the standard Piagetian test for conservation of length 
in that geometric figures (triangles) are used in place of the usual line 
segments. Thus, the results indicate that students seem to respond consis- ' 
tently on the Shorter-Same-Longer tasks with regard to their performance 
on the Piagetian length taskv.^. When a one-way MANOV A* was run with student 
scores; on the five different groupings of tasks as the five dependent- vari- 
ables, no significant differences v-:^Te found between .first , third, and sixth 
gradars' performances.. Together, tni chi square and the MANOVA results 
seem to indicate that a-studerili:'s conservation stage (rather than just his 
grade level) should be taken into consideration when transformation 'geometr^ 
concepts involving invariance (^f length on slides or involving comparison 
of twa congruent figures are pr^esented. 

Before-After Points Tasks , ^ ' 

' wJeii a triangle is moved by flipping, sliding, or rotating, all of the 
points oi the triangle's image remain in the same relative position to each * 
other a^^in the original triangle. That is, if point A is on side XY of 
trianglfe^XYZ, then the image of A will be on the image of side XY; also, the 
distance between^ point A and vertex X will equal the distancd between the 
images of point A and vertex X. The series of Before-After Points tasks, 
was designed to determine whether students r--^.:' ized that the thyee given 
transformations preserved incidence and -disLci-ice. 

The materials used for this task set included a right triangle drawn 
on a transparent plastic square, a second right triangl/e (congruent to the 
first and in the same^ position) drawn on a second trans^parent square, and 
two pennies. The tasks began with the trianglfes superimposed. The top . 
'triangle then was^ moved according to a specified transformation. The inves- 
tigator used a penny to represent one point on the stationary triangle^ (the 
"pre-image") • The second penny Was given to the. student for him to place on 
the second triangle (the ^'image") in the spot to which the point would have 
moved under the- givep trahsformatiop: A totral of eight motions were tested: 
a quarter-turn clockwise, a quartef^turn counterclockwise, a Ji'alf-turn clock- 
wise, ^a half-turn counterclockwise, a vertical slide, a horizontal slidey 
a flip over a ver^t^al axis, and a flip over a horizontal axis. ' 

Ten students in each of grades one, three, aud six took the nine- item^ 
series O'f Before-After Points tasks. The KR'^20 reliability estimate^ for this 
total population was .89. Table 3 gives the percent of students at each grad 
who answered each item 'of the Before-After Points tasks correctly. 
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Table 3 



Percent of Students Answering Each Item Correctly ^r- 



Item 



Quarter* turn clockwise 

Quarter- turn counterclockwise 

Half-turn clockwise 

Half- turn counterclockwise \ 

Horizohtal slide 

Vertical slide 

Flip— vertical axis li| " 

Flip--horizontal cxis 

Flip--horizr>r tal axis 

KR-20 reH-tflttlity estimate ' 



Grade 1 


Grade 3 


Grade 6 


A07. 


50% 


100% 


60% 


60% 


100% 


. 50% 


60% 


100% , 


AOZ 


60% 


100% 


80% 


80% 


90% 


90% 


60% 


100% 


80% 


70% 


100% 


75%* 


60% 


100% 


80% 


60% 


100% 


.70 


.92 . 





*Only eight students tried this item. 

Question 1: What types of errors would students make on these tasks? 

There were a number of errors a student could make. However, since tl* 
investigator was interested in seeing whether students seemed to focus on 
proximity to a vertex and/or on incidence properties in working through the 
tasks, the following criteria were used for classifying student errors: 



Tfie* student placed the point's image 

(1) completely off the triangle's image; 

(2) on the correct side of the triangle 
. (excluding the endpoints) , but in 

the wrong location; 

(3) on the image of the closest vertex; 

(4) near the correct vertex, but on the 
wrong side; 

(5) in some location other than described 
in (1) through (4) . 



In both grades three and six, 10 students took nine Before-After Poi^ 
tasks, so there was a possibility for a total of 90 errors that could 
•Two. of the 10 students in grade 1 did not take one of the horizontal fHP 
tasks, so there was a possibility of 88 errors for the first graders, R*"** 
showed that in grade 1, a total of 30 errors were made (34% of the pos^l^* 
number); in grade 3, a total of 34 errors (38%); and in grade 6, only 
error (1%) . Table 4 shows the cla'ssif ication of the errors made at each % 
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Table 4 



Classification of Errors on Before-After Points Tasks 







(1) 

Completely 
Off 


(2) 
Correct 
Side , 


(3) 
On The 
Vertex 


(4) 
Near The 
Vertex 


(5) 

Other 


Grade 


1 


' 0 


18 


0 


4 


8 


Grade 


3 


0 


10 


10 


3 


11 


Grade 


6 


0 


0 


0 


0 


I 



An. analysis of theses errors shows, a changing pattern of incorrict re- 
sponses- for students at different grade levels. Students in grade 1 most 
often placed a point's image on the correct side of the triangle, but in 
the wrong location on that side. Thus, they seem to be fbcusing on the 
triangle's sides, rather than on its vertices. ^Students in grade 3, how- 
ever, made about the same number of errors with regard to placing a point's 
image on the correct side but in the wrong location, in comparison to plac- 
ing the image on or near the correct vertex. Thus, third graders seem to 
be more awa^e of bo th the sides and the vertices of the triangle. And, 
finally,' sixth graders seem to have mastered the task of locating points 
'with respect to both line segment and vertex criteria. 

Hjrpo thesis 1: There is no difference between performance of older students 
compared to pei^'f ormance of younger students on the Before- 
After Points tasks. 

A one-way MANOVA was run on the students' scores in each of the othree 
grades; total scores on rotation tasks (four items), slide tasks (two items), 
and flip casks (three items) were used as the three dependent variables 
being ..analyzed. The means and standard deviations for each set ot sub-tasks 
at each grade are given in table 5. ' 

Table 5 ^ ^ , 

Means and Standard Deviations on Rotation, Slide, and Flip ^ 
Before-After Points Tasks for Students'in Grades 1, 3, and 6 







Grade I 


Grade 3 


Grade 6 


4 Rotation Tasks 

(Hoyt Reliability = 


.89) 








Mean 
S.D. 




1.90 
1.60 


2.30 
1.83 ' 


A. 00 
0.00 


2 Slide Tasks 

(Hoyt Reliability « 


.44) 








Mean 
S.D. 




1.70 
.48 


1^*0 ^ 
.^4 


1.90 
.32 


3 Flip Tasks 

(Hoyt Reliability « 


.73) 








Mean 
S.D. 




2.20 
.79 


1.90 
1.37 


3.00 
0.00 
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On the results of the MANOVA, the stJ\:i<\- lized discriminant function 
showed the rotation tasks score to be the *jngest variable (with a coeffi- 
cient of 1.260), with the flip tasks score next at -.421 and the slide tasks 
score having a coefficient of .162. The multivariate test of significance 
using Wilks lambda criterion gave an F of 2.641, which was significant at 
the .027 level. The univariate F tests gave the following results: 



Variable 

Rotation 

Slide 

Flip 



th. 


til 




F 


p Less 
Than 


2 


27 


12.433 


6.334 


.006 


2 , 


27 


.633 


1.819 


'.181 


^ 2 


27 


3.233 


3.880 


.033 



Tukey*s tescs, run to determine the nature pf the differences, showed that: 

■) 

CD On the rotation tasks, grade one students scored lower than 
grade six students (p < .01), and grade three students 
scored lower than grade six students, (p <.05). 

(2) On the flip tasks, grade three students scored lower than ^ 
grade six students (p <.01). 

Hypothesis 2: There are no differences between performance on the rotation 
tasks ,^ the slide tasks, and the flip tasks. 

Student errors were grouped according to the transformation being 
tested. Four tasks involved rotations (so a total of 40 errors was possible 
for each grade), two tasks involved slides (20 possible errors), and three 
taskr. Involving flips (30 possible errors at grades three and six, 28 at. 
grade one). Table 6 shows the mean error rate for each grade, classified 

according to type of transformation. 

~. . . .... ^ ^ p" ' 

* ■ Table 6 ' 



Before-After Points Tasks Transformation Mean Error Rate 







Rotation 


'Slide 


Flip 


Grade 


1 


.53 


. 15 


.21 


Grade 


3 


.43 


.30 


.37 


Gijade 


6 


. .00 


.05 


.00 



Although it appeared that students performed better on slides and flips than 
on rotations, a Friedman Two-~Way Layout Test run on the data showed that the 
equal-performance hypothesis could not be rejected. (The same result occurred 
when the Friedman test was run on the data with grade six omitted.) 
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The Alphabet tasks were designed to measure student understanding of the 
effects of reflections and rotations upon the orientation of a plane figure. 
Students were shown a letter of the ali^habet', printed on a cardboard square, 
and asked to imagirxfi. what that letter would look like after it had been re- 
flected or rotated. The investigator illustrated the specified motion with 
a blank cardboard' square, using the lower right vertex as the center of 

rotation I 1 and turning the square through 180^, or placing a mirror 

along' the^right vertical edge of the card- | J or the top horizontal 

edge 1 I and permitting the student to look at the reflection of the 

blank card. 

For each letter of the alphabet used, a series of four possible images 
was shown to the student, and the student was to select the correct answer • 
(or, if he thought the correct image was not ainong^ the four shown', he drew 
a picture of the image). Four motions were tested: a reflection oyer a ver- 
tical axis, a reflection over a horizontal axis, a half-turn clockwise, and 
a half -turn counterclockwise. For each motion, four letters were used: 
a letter having a vertical axis of symmetry C/A" or "T'^') , a letter having 
a horizontal axis of symmetry ("B" or "C") , a letter having rotational sym- 
metry C'N" or "S"), and a letter having no' symmetry ("F"'or "J"). A total 
of 40 students (10 students at each of the grades 3, 6, 9, and 11) took 
the Alphabet tasks. The. KRt20 reliability estimate for this totdl popula- 
tion was .80. * 

fi - ■ Cm 

Question 1: What is the effect of a figure's symmetry (or non-symmetry) on 
the difficulty level when that figure is reflected or rotated? 

In the "Iteto" column of table 7, zhe set of letters used with each of 
the transformations is specified. Entries in table 7 show the number of 
students (out of 10) at each grade who answered each item correctly. 

As a further analysis of this data, a two-way ANOVA (grade by letter 
of the alphabet) was run separately on each of the- four motions. For each 
of the analyses, the unit of analysis was grade (i.e,, n=4) rather than ^ 
student. Tables 8, 9, 10, and il show the results. When differences occur- 
red on the "Letter" dimension, .Tukey ' s tc*?ts "(using the conservative degrees 
of freedom) were run to determine the nature of the differences,. Results 
showed that: 

(1) On Refleot-Horizontal, where letters T, C, J, and'S were used, 
student^rSCore4. lower on J than on S (p < .05) and lower on J * . 
than onlT (p < .05). 
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Table 7 



iCfp^iabet Tasks - Number of. Students Answering Each Item Corr€|ctly, 



(I 




Grade 


' Grade 


Grade 


Grade 


Total 




Item 


3 


..''6 


9 


11 ^ 


. Grades 












3, 6.-9. 11 




KR-20 Reli- 
ability on all 
16 items 



4 
7 
6 

6, 

5 
2 
1 
3 

7 
2 
0 
7 

6 
2 

i 

6 



.51 



9 
10 

9 
10 

7 
8 
0 
10 

10 
7 
6 
9 

9 
9 
2 
10 



.53 



10 
8 
7 
7 

10 
9 
2 
9 

9 
8 

3 
7 

9 
6 
2 
9 



.4(3 



9 
8 

10 
10 

9 
10 

9 

8 
6 
5 

8 

9 
8 
3 
9 



.79 



32 
33 
32 
33 

31 
29 
4 
31 

34 
23 
14 
31 

33 
25 
8 
34 



.80 



Table 8 

^- - - vk 

Alphabet Tasks - ANOVA on Ref lect-Vertical 



Scjurce 


df 


SS 


MS 


F p less than 


Grade 


3 


35.250 


11.750 


7.437 .01 


Letter 


3 


.250 


.083 


.053 . 


Residual 


9 ' 


14.250 


1.583 




Total 


15 


49. 750 \. 







(Hoyt Reliability of the four Reflect-Vertlcal- items was .59) 
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Alphabet Tasks - ANOVA on Reflect-Horizontal 
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Source 


df 


SS 


MS 


F J) less than 


Grade 

Letter 

Residual 


3 

3 ^ 
' 9^ 


34.250 
60.250 . 
15.250 


11.417 
20.083 
1-.694 


6.740 .025 
11.855* .005* 


Total 


If 

15 


109.750 







*Geisser-Greenhouse conservative F test, jif -j^^l and df2='3, give* ^^^^v 



1 



/Able 10 

Alphabet Tasks' - AN6vA on Half-Turn Clockwise 



Source • 


df 


SS 


MS 


F p less than 


Grade 

Letter 

Residual 


3 
3 
9 


57.688, 
130.688 
28.563 ■ 


19.229 " 
43.563 
3.174 


6u058 .-025 
13.725* .005* 


Total 


15 


216.938 







(Hoyt ReXiaDiiicy oi cne tuur ^<x^^ ^^^^^^^^^ ^ 

*Geisser-Greerihouse conservative F t^est, dfj^=l and df 2=3, gl^tt i 



Table 11 ' 



Alphabet Tasks - ANOVA on Half -Turn Counterclockwise 



Source 


df 


SS 


MS . 


- . F p 


less than 


Grade 

Letter 

Residual^ 


3 
3 
9 


35.50Qr 
108.500 
11.000 


11.833 
36.167 
1.222 


'9.683 • 
29.597* 


.005 
.001*" 


Total , 


15 


155.000 









(Hoyt Reliability of the four Half -Turn Counterclockwise 
ifcGeisser -Greenhouse conservative F test, df^^ - 1 and dfj 
p < .025. 
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(2) On Half-Turn Clockwise, wh^re letters T, C, F, and S were 
used, students scored lower on S than on F (p < .05) lower 
on S than on C (p < .05), and lower on S than on T (p < .05). 

(3) On Harf-Turn Counterclockwise, where, letters A, B, J, and N 
were used , students scored lower on N than on J (p< ^05), 
lower on N than on B -(p < .01), and lower on N than on A 

(p < .01) . ^ 

Th> results indicate that the action of rotating a figure which already 
possesses rotational symmetry (the "S" and the "fJ^)^s very difficult 
for students of all age levels' to visualize. Student^ al.so found the hori- 
vzontal reflection of the non-syininetric figure "J" to be a difficult task> 

Hjrpothesis 1: There is no difference between perfdrmance on tasks involving- 

a reflection over a vertical line of reflection and performance 
, , * on tasks involving a reflection over a horizontal line of 

. . ^ reflection. ' 

Each student 'r^ rotal score on the four reflect-vertical ^tems and oh. 
the fc-r r^flecr-.rrizontal items was used as the dependent variables. 
" A one^betwe^n, one-Within ANOVA showed a grade level difference in perfor- 



mance on all of the tasks, but also showed no significant difference between 
student perfopance when the line of reflection was vertical and when it was 
horizontal . - - 

Hypothesis 2: There is no difference between performance on clockwise half- 
turn items an'd performance on counterclockwise half-turn items. 

Each student's total score ori the ^pur clockwise half-turn items antV on 
the fov- -c - ir- lockwise half-turn items was. used as the dependent variable. 
A one-between, or.e-within ANOVA again showed a difference in performance 
related 'to grade level. However, results also showed that the direction of 
the rotation did not seem to affect student performance. - , 

Hypothesis 3: There is no difference between performance of older students 

compared to performance of younger students on th^ Alphabet tasRs 

A one-way MANOVA was run on student's scores in each of the four grades; 
total scores on Ref lect-Vertical , Ref lect-Horizontal , ftalf-Turn Clockwise, 
and Half-Turn Counterclockwise were used as the four dependent variables 
being analyzed. The multivariate test af significance using Wilks lambda 
criterion gave an F of 3.981, which was significant at the .001 level. The 
univariate F tests gave the following results: ^ 



Variable 




■df2 


MS 


F 


p Less 
Than 


Reflect-Vertiaal - 
Ref lect-Horizontal 
Half-Turn Clockwise 


3 
3 
3 


« 

36 . 
36 

36 , 


-4.700 
° 4.. 567 
7.692 


■5.755 
5.830 
12.417 


.003 
.002 
-.001 


Half -Turn Counter- 
Clockwise 


3 


36 

s 


4,733 


4.760 


. .007 
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Tukey's tests were run to determine the nature of . the dif f ereilctfs, with .the 
following results: ^ • . , ^ 

(1) Ref lect-Vertical — grade 3 students scored lower than students 
in grade $ (p <r .05) and in grade 11 <p <.05). 

• (2) Ref lect-Horizontal — grade 3 -student's scored lower than students 

in grade 6 (p < .01), in grade 9 (p -^.OS), and in grade 11 (p ^.05) 

(3) Half-Turn Clockwise — grade 3^students scored lower than students 
in grade 6 (p <.bl), grade 9 (p -<:.01), and grade 11 (p ^.01). ^ 

(4) Half-Turn Counterclockwise--grade s' students scored lower than ^ 
' students in grade 6 (p <.01), grad^ 9 (p <-.05) , and grade 11 

(p <.05). 

Discussion and Conclusions . ' x 

The purpose of this study was to provide some base line data on student 
understanding of some of the basic transf ormaticift geometry concepts and to 
search for patterns that might characterize the development- of these under- 
standings. The intent was to be descriptive so that the beginnings of a 
profile of student understanding could be made, which, when supplemented 
by further research, might be useful to people engaged in: curriculum devel- 
opment efforts. ^ ' * . 

Results on the Shorter-Same-Longer tasks showed that Piagetian stage 
(rather than the aj;^ of the students) seemed to make an important difference 
when elementary students considered the question of invariance of length, of 
geometric figures under given • transformations . For rotations and flips, 
most students seemed to believe that length remained invariant, but for 
slides, the non-conservers saw. the length of a^ geometric figure as changing. 
Similarly, for tasks involving' a before-after comparison of only one figure, 
most students said that length would stay; the same; however, when there was 

congruent copy close by with which the student could make a visual compar- 
ison, non-conserv^rs were significantly more apt to. believe that a transfor- 
mation changed the length of a figure. When student performance was ana- 
lyzed according to grade level, no differences among performances were 
found. These results seem to indicate that curriculum developers might con- 
sider tailoring transformation geometry content' for elementary students 
according to P: agetian stage, rather than grade level. 

Results on the Bef^e-After Points tasks showed a pattern to* student 
errors. First graders most often located a point *s ±mage\ oja the correct 
side of a triangle but in the wrong location on that side. Third graders . 
made about as manv errors as the first graders did on these tasks, but the 
nature of their errors differed from the first graders. While about one-third 
of the errors came when the third- graders placed the image of a given point 
on the correct side of the triangle but in the wrong location on that side, 
anotfier one-third of the errors came from placing the image on or near the 
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correct veftex. The third graders seemed to be much more aware of both the • 
sides and the vertices of a tridngle than. the first graders, who concentrated 
mainly on the triangles ' sides. And sixth graders, with only "one error on 
all of the tasks, seemed to have mastered the problem of using both the 
vertices an-d the sides of- a triangle a^cues in locating the image of a 
poirit. Altogether, these results appear to support the conjecture that 
the first features to be discriminiated may be roughly clasaied as topological^ 
(such as edgedries^, prokimity^ and configuration) as opposed to Euclidean 
(such as earners) (Olson, 1970; Piaget ^ Inhelder, 1967; Martin, 1976). 

* 

^ Results on the Alphabet tasks fit in with Schultz^s work (1976) show- 
ing that tire difficulty level of a transformation task is affected by the 
attributes of the configuration used and that the difficulty will vary 
from isometry to isometry and from age group to age group. In the case of 
the Alphabet tasks, half-turns on figures possessing rotational sjnnmetry 
were consistently very difficult for students in all of the grade levels 
tested. (By far, the mo^t popular incorrect responses 'were the image "2 " 
for the half-turn on "S" and the image " H " 'for the half-turn on "N.") 
The horizontal reflection of the non-sjnnaetric figure "J" also was a problem 
for many of the sttidents. A difference was found in. overall performance 
on the Alplxabet tasks related to age, with thiF* graders scoring signifi- 
cantly low^T on all of the four motions tested than students in grades 6,9,' 
and 11. Tlie analyses, however, did not show any differences between student 
.performances on reflections over a vertical line of reflection compared to 
a hori'iont^l line of reflection, nor any differences between performances 
on clockwise half-turns compared to counterclockwise half-turns. j 

*«equeacing and structuring transformation geometry topics with regard 
to what is known about' student understandings are long-range goals. The ' 
'findings reported here (which, of course, need to be confirmed or modified 
by further Research using larger populations of students and using students 
at intervening grade levels) suggest beginnings of pa^tterns of student under- 
standings v/hich need to be explored and expanded. » • 



* For a sunniiary, see the article by Schultz in this monograph. 
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Vfilf'ia'bles Influencing the Difficulty of Rigid Transformations 

■ * •* 

" ' During the Transition Between the Concrete and Formal* / 

' ^ , , ... •. ■■ . 

• . Operational stages of Cognitive Development. 

' • • « *" 

. *^ ^* ' . ' ^ kdren A. Schultz 

. ^ t Georgia State University 

, ' . ;■ " " ■ / ' ■ - . 

'This paper is about the relationship "between the mathematical, and cqg- 
/Dtitlve structures as evidenced by performance on rigid ^transformation tasks 
by children who^eire in the transition between the concre:te and formal opera- 
•tioncLL 3tages (in the Piagetian s^nse) of cognitive development. .SeveraJ.* 
factors contribute^ to the conception' of this investigation.^ Pia^et^s - 
^interest in logico-matheiiatical thinking in children has been expressed 
pi;edoininantly throughout his work" with childrer\^who are at the end-points 
of the concrete operational* stages (Flav^ll, 1$63) , thus avoiding the age 
groups that 6u:e in .between... Furthermore,,. Pi aget has not dealt i^ith mathe- 
matical topic^s that 6u:e usually taught, in eleWntary school.' Therefore, 
this ^study was designed to investigate thetrans^.tional phases that children 
go tliroifgh between .the begirihing of the concrete operational period and 
the ■bSginning of the 'formal operational 'period; and it .was^designed to in- 
vestigate, a cojicept area that is being incorporated into the eleme'ntary 
school curriculum — transformation geometry. ' ^ ^ 

\ Little is yet kno^v^n .about or a^eed upon regarding children's cognitive 
abililries concerning transformation geometry." 'Consequently, isolation of 
such. .Abilities" is an important a^ea of . investigation, from th^g^point of view 
of; frhleory building as. well as- instructional application. Piaget reminds us 
that. cognitive growth is a-, graduar mastery of invariance properties un'der 
systems .of 'transformations. (Piaget & Inhelder, 19T1). Thus, it may be pos- 
sible to find techniques to anticipate the relative' diff7.cuity of transfor- 
md:tion£> geometry concepts. 'Simileir techniques could then be used to organize 
• aeq^uejitial presentation ofl arithAietic ideas — or instructional models lea:t^ing 

•to arithmetic ideas. Lesh. (19T6) makes the following statement about an 
1^. • ■ • 

existing technique. . 

t? " ^ ■ , 

"One of the cornerstones, of Piagetian' theory rests .on the^ psychological 
viability of analyzing and equating tasks (and concepts) on the basis 
of their underlying operational structures. Yet," transformation tasks 
which are operationally i'somorphic often vary widely.. *in degree of' 
' dif ficulty. ,Consequent'ly, if operationally isomorphic tasks differ 

'too mu6h,' it may be meaningless to equate tasks on* th'e basis of ^ 
operational' structure." (p. 228) 

One of the major purposes of this study was to isolate criteria for . 
anticipating the r.elative difficulty pf various transformation geometry 
•ftasks. it was hypot'hesized that the complexity of configuration and the 
complexity , of transformation displacement, in addition to operational struc- 
tures, affects fhe difficulty of transformation tasks for children.^ 

^ , - ' * , • 

■J ' Piaget (Laurendeau & Pinard, "19T0) has described several factors that 
accoun/i for^de'calages involving operationally isomorphic tasks -that-differ 
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only in fig\^rative contenlv^ However, Piaget has generally tended to de- 
emphasize the importance of decalages, preferring to focus on the analysis 
of ideas ratWei* than on the analysis of concrete materials and figurative 
models that embody those ideas.' 

^ In the introduction to Laurendeau and Pinard's "Space" book, (Lauren- 
deau & Pinard, 1970), Piaget stated: . 

^ ' • ' * • . ^ • - ■ 

"Decaiages derive from the 9bj.ect*s resistances, and-tTie authors 
^ (Laurendeau an<J Pinard) ask that we constrtt^t a theory of these ^ 
' resistances, as though this were an undertaking directly parallel 
CO the one concerning the subject ' s/act ions and operations. It is. 
, ' an. exciting project and it should certainly be considered. But we. 
must remark at once that if the subject 's. actions always reflect 
^intelligence (a condition which greatly facilitatles the analysis), 
the object's resistances do not do. so,' and involve a much greater' 
number of factors." (p- 4) .. . * 

However, even if psychologists believe they can Ignore variations due 
fo figurative content, the issue is" highly important ',to educators -who dust 
use concrete materials and figurative ^models tOy teach mathematical concepts. 
The pr^ent study wks an attempt to identify the resistances offered by the 
complexity of the trknsf otsnetion dlsplaceme^nt as well as those offered by , 
Sle complexity of the configuration tpansfolteined. - 

\ . - 

Review of the Literature t. 

Piaget and Inhelder (1971) did several studies relating to this, inves- 
tigation^ The first focused on the operative aspect of transformation tapks. 
It was found" that the ability to anticipate the result of ..a transformation 
varied ^oEubstantially ambng, rotations', circumductions, and ■ overturnings , - 
which were three types of rotations. Another study, tliough not on transfor- 
mations but rather representations, looked at the effect of the subject's 

"involvement = in. the construction of the configuration. It was found that a 
configuration a child constructed was more easily and more correctly repro^ 
duced than" one with whose construction she/he had less involvement. This , 

-suggests that a certain familiarity with the ^configuration was afforded . 
through' the constriction of it. In another study Piaget and Inhelder also 

'concluded that. Qomplexity of the operative aspect of a transformation task, 
had more of, an effect on difficulty than, newness of a configuration did. 
5'inallyi in a study, regarding length of translation displacement, subjects, 
were unable to anticipate the image of an overlapping translation; 'or, if 

- they were:abl^,' . they repeatedly distorted th§ images represented^ - 

Although a' '^timel lag" in the ability to perfortn operationally equiva- 
lent .tasks is evident in these "studies , the results :are usually interpreted 
ks providing supporting evidence that the operative aspect Of a transforma- 
tion task is dominant over/the, figurative aspfeat . ' Ihe one exception, the 
study coveririi- involvement in constructing the configuration, demonstrates 
■thVWortant influence of familiarity of configuration: This is siBnificant 
and. suggestb'a posgijiilit^r of" other causes of familiarity besides assistance 
in construction.- ' • ; , • ' . " 
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Thotfias (in present monograph) investigated ^the relative difficulties 
within one transformation^ between two; and among moi?e than two trarfsfor- 
"nations. For example, sh^^^tudied the differences in difficulty between 
clockwise and counterclockwise rotations, Thomas also compared the effect 
on difficulty of reflecting a plane figure versus appoint. This study 
dealt primiarily, though, with the. variations of the operative aspect of a 
transformation. The comparison between plane figures and points is essen- 
tially a comparison of dimensionality and could be more 'telling if an addl- 
tionaJ comparison were made with three-dimensional figures. At any rate, 
this still suggests other common influencing factors which haven't heejk 
considered, such as size or me^ningfulness. 

Meyer (1974) found that explicit Imowledge of the physical motion 
associated with a tranfonnation didn't necessarily help the child's aJbility 
to perform a transformation task. Yet, Perham (in present monograph) ^Eoxmd' 
that, horizontal displacements in translation and i^otation tasks were signifi 
cantly easier for first grades than the -^ame tasks 'vinvolving diagonal dis- 
placements. Perham's and Thomas' studies are interesting in the light of 
Moyer's ^findings If knowledge of motion is not necessary, why did differ- 
encAp in translation direction affect performance? Anc^ why .should it 
master 'to , look at clockwise and counterclockwise rotations? If the end 
points are the same, should it matter which direction a rotation takes? 
Motion to an adiilt mind implies directionality and dimensionality. Does 
it to a child's mind? . 

Kidder (1976) dealt more or less directly with the issue at hand.. 
He observed 9, 11, and 13 year .old subjects who had not yet reached the ' 
formal operational stage demonstrate the inability to sort out influencing 
factors while performing transformation tasks. ; He looked at individual 
motion, composition, and inverse motions at the representational level 
and found that the ability to perform transformations at this level seems 
to develop from formal operational thought. 

The question remained =as to whether task attributes could be modified 
enough so even younger -subjects would be successful with performance. A 
closer look could be made at the logical formalization of assimilating, and 
accommodating the complexity factors of - displacement and configuration. 
Kidder did not concentrate on specific features of either. 

^ In summary, these studies focused on (a) the operative attributes of 
tran^jfonnation tasks rather than on both the operative and the figurative 
attributes.. Further, (b) variations of an attribute were generally not 
considered, and \,c) a given attribute was generally not considered under 
each of the three isome tries. The later trend was probably due to assuming 
that operational Isomorphism is a basis of considering all translations 
similar to p**ch other in difficulty, and so on for reflections and rotations, 

For t.ie present., study , three pilot studies (See Schultz, 1976) deter-- 
mined which attributes of the displacement .and the configuration were most 
influential. Variations of these attributes were determined and then built 
into each isometry to determine effect on task performance. 
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Complexity of transformation tasks was varied in direction and size of 
displacement, and in familiarity and size of configiirations. Figure 1 re- 
presents the over-all design for determing tasks, 

Figiare 1. Design for determining tasks. 
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The directions of displacement were horizontal and diagonal as illus- 
trated in Figure 2. 



Horizontal or — -> j versus vertical J and diagonal ^ versus ^ 

diagonal comparisons were made but are riot presented 'in this paper. 
the comparison results,. see Schultz (1976). / 
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Figure 2. Directions of configm*ation displacement. 
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This distinction was determined "by the tendency to organize the real yorld 
on a horizontal-vertical coordinate system (Hubel, 1972) .' Size of transfer* 
mation displacement referred to the distance "between the initi^al and final"^ 
locations of. the configuration. The long-, distance was. 300 cm, the shgrt v 
distance was 20 cm, and the last was an overlap of hailf the configuration, 
as illustrated in Figure 3. ' * 

F:.gure 3. Size of transformation displacement. 
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Familiarity of configuration. .referred to the meaningfulriess of a- picture 
designed "by the way three shapes* were arranged. One arrangement produced 



a meaningful configuration ( 
other nonmeaningf\il ( ^^j^^ ) 




, illustrated in Figures 2 and 3) and the 
In general , a meaningful configuration 



represented something real and commonplace, whereas a nonmeaningf\il config- 
tiration did not. This distinction was form\ilated on the "basis of pilot" 
study results and confirmed in the present study's pre-interview questions. 

Each subject, was asked what ^^4r^^ 



looked' like. Responses were always "sail- 



boat, boat, or ship," whereas there was no response when shovn the other 
configuration. Size of configuration referred to the measure in centimeters 
of the length and width of the configuration. The large configuration was 
80 cm by 80 cm, and the small configuration was 3 cm by 8 cm. Figiire U 
shows that length equaled width for each configuration. 



Figure U. Length was equal to width in both configurations- 





Population . There were UO six year olds 80 seven year olds, 70 eight 
year olds, TO nine year olds, and 10 ten year olds from Martin Lnither King, 
•Jr. Laboratory School in Evanston, Illinois. This school maintains the same 
socio-econom.ic and racial prroortions as Evanston by selective acceptance 
of Children. In this respect the subjects of this study were unique, since 
they' had to have .parents with the initiative to apply for their children's 
admittance. Nevertheless., subjects were r^.domly> chosen froin each age group 
regardless of learning dis^.bilities , intelligence quotients j achievement 
scores, or grade in, school. 

Subject 'si role . Subjects -were interviewed individually by the experi- 
menter. Each interview began with a brief verbal exchange and pre-task 
activities to assure the experimenter that th^ subject understood the basic 
rules of the "game"' which was about to be played. Then each subject did a 



* Eacli configuration consisted of three contiguous, though nonoverlapping, 
distinct wooden shapes ( v | \ , ^ ) having length, vidth, and thick- 
ness — the 3.ast being at most five millimeters. The shapes were also dis- 
tinct in .color: was red, j\, yellow, and' ^ blue. 
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task set consisting of a sampling of from 8 to 10 tasks. 

Since this study was concerned with the representational level of 
operational comprehension in the Piagetian sense (Piaget & Inhelder,,, 
1967), the. tasks were designed to elicit a mental operation on a mental ^ 
image of a concrete configuration. That is, subjects had to imagine the 
configuration's transformed position, and then. to represent this correctly 
with a physical model. (This procedure, however, was different from Kidder "a 
as reported in this monograph, since in thiis case tasks were modified accord- 
ing to attributia variations anticipating successful perf6rmance by younger 
subjects). To do this, the subject first observed thd transformation of ^ 
a large square. sheet of plexiglass which originated from the top of the 
experimenter's configuration (mounted on another sheet of plexiglass so that 
the arrangement was fixed for convenience). Then the subject took his/her 
configuration shapes and placed them in the exact piosition on the trans^ 
formed plexiglass to show how the experimenter's configuration' would look 
if it moved exactly the same way as the plexiglass. A subject could vary 
the shape of a configuration, but not the Fize. That is, "distractor" pieces.^ 
were not made available to the subject as they were in Kidder's investi- 
gation, which is recorded in this monograph. 

Six year olds were each given a samplihg of tasks from the pool of 
translation iasks only. A major assumption made at this point, was that if 
a task were do-able by a particular age group, it would also be do-able by 
the next older age group. Therefore, seven year olds were each given a 
3ampling from the pools of reflection tasks, rotation tasks, and translation 
tasks tHat the six year olds were unable to do; and so on. The ten year 
olds were given only nine hand-picked tasks, only one of which is reported. 

Each task set was'done by 10 'different subjects, so each of the 72 
cells (See Figure 1) collected 10 responses. Each set of about 10 tasks 
that a subject did was randomly determined. 

■ ^ Collection of data and analysis . The subject's exact arrangement was 
recorded for each transformation task in the set and the tasks were evaluated 
for correctness by the experimenter immediately . upon completion of tne entitfe 
task^et . - 

A task that was determined do-able for a particular age group had to , 
be performed at least 9 out of 10 times correctly by children in that age 
group. The criteria for correctness wereT invariance of configuration, 
spatial orientation of entire configuration, and the order of the two tri- 
angular shapes. Each riBspon^'e was judged on each criterion independently of 
the other two .criteria. An elaborate procedure was deigned for judging 
each response on each of these criteria. Also,, since a (^response was not V 
just judged right or wrong,: a further judging procedure w-as employed for 
id^entifying minimum and absolute correctness of each response. For complete 
descriptions of these procedures and for additional data not shown here, 
see Schultz (1976). 
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Results and Discussion 

" Two kinds of data are described: (l) correctness of task res^tenses, 
and (2) do-ability of tasks. Recall that correctness can be minimiam or 
absolute; and do-ability of a task means that it was minimally cgrrect no ^ 
fewer than 9 out -of. 10 times- it was performed.. Figure 5,. which reports 
do-ability of all tasks in each isometry classification, shows that trans- 
lation tasks were exceedingly more do-able than the reflection and rotation 
tasks. In fact, there 'is no comparison between the difficulty of transla- 
tions and the other ' two isometries, whereas the other isometries are com- 
parable. Hence, correctness and do-ability data are presented for (a) 
translations (Table'^1 and Figure 6) followed by discussions of the most 
significant error patterns that emerged. The same is then presented for 
(b) reflections and rotations together (Table 2 and Figure 7). Each dis- 
cussion is determined by the attributes of the transformation tasks. 



Figure 5. Comparison of do-ability of transformations across &.11 attributes 
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Attributes of Translation fasks 

Directioit of Translation . There is a noticeable indirect proportion 
between do-ability (Figure ,6) of diagonal translations and minimum correct- 

"ness (Table 1) of these tasks. Perhaps what occurred is an even distribu-- 
tipn of difficulty across attributes for horizontal tasks fov the six year 
olds, so that more tasks^were nondo-able. This can be observed more 
closely by the raw data (See Schultz 1976) . ^S.ix year old correctness re- 

-iesults correlate with Perham's findings (in present monograph) for first 
graders. She found that (diagonal translations were significantly more 
dif f icuit f or^ first graders to master than horizorital translations even 
after instruction. In fact, in the present stu^y it was found that the v 
kinds of errors made by six year olds with diagonal displacements in trans- \ 
lation tasks were different in nature than those involving horizontal dis'p 
placements. Subjects centered on the direction of the displacement to th^ 
extent that they ignored an invariance propoerty of the translation, which i^^^^^^^ 
spatial orientation of configuration. It was of teV the^case that the con- ' 
figuration appeared . to be "headed in the direction of the^displ:^|ement . For 

. example,^ if ^f^ were translated , the response might 

Size of Translation . It is quite clear that the short translations 
were far easier than the long or overlapping translations. The spatial a 
orientation errors made^ with long translations were centering On the 4irecti6n. 
of the displacement, regardless of whether it was in a diagonal or a 
horizontal direction. The configuration image was rotated to head in the 
direction of the movement.. There was apparent inability, to view both the 
experimenter's configuration and the representational mental image in one 
glance-- thus the misrepresenting of the configuration. 

Errors due to overlapping displacements were mostly accountable to the 
confounding of the image by the experimen^^ir's configuration. Very often ' 
the subject took the liberty to push the overlapping transformed plexiglass 
off the experimenter's configuration before representing the image. In the 
• cases where the plexiglass .was not pushed off the experimenter's configu- 
ration,, the image was frequently positioned partially off the sheet of 
plexiglass, horizontally away from the experimenter's configuration. This 
way there was no overlapping of the configurations. There was definitely ^ 
a struggle to represent the image when it overlapped with the experimenter s 
configuration, which agrees with Piaget and Inhelder's study on overlapping 
translations. , ' 

Familiarity of Translation Configuration . As occurred, with hori^ 
zontal and 'diagonal translation results for six year olds, there is an in- 
direct proportion between the six year olds^ performance with meaningful . 
and^nonieaningful configurations. Again, perhaps the difficulty across 
attributes for meaningful configuration tasks was uniformly, difficult for 
. six year olds,, causing more tasks to be. "slightly" r. 1o-able," iristead of 
fewer tasks being "very" nondo-able.- Common was constructing a meaningful 
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5 a ■ 

ItercentagES of Translation Tasks Whose Responses Met the Absolute Criteria 
for Correctness and the Miniinum Crltaria fo r Correctness 
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Pigiire 6. Do-ability of translation tasks for six throiagh ten year olds. 
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Attributes 



config\aration for a nonmeaningfjil one. The subjects seeme^ to more spontanea 
ously" recall the meaningful picture. Meariingfulness of a configuration appar- 
ently facilitated the operational comprehension of a task* There ya,? an 
obvious enthusiasm among subjects toward the lai-ge, meaningful configuration.' 
The meaningful and riomneaningf ul> configurations elicited comparable spatial 
^ orientation errors, in translation tasks j except by the eight year olds.* / 
i^y made more* spatial -orientation ^rrors with the nonineaningful configurations 
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Size of .Tranglation Confifguration . Large configurations were far easier 
t6 trans'* ate than small configurations for every age group except 'age eight. 
It is not ilnmediately obvious to the experimenter why more errors occxirrfed 
with small configurations. Perhaps an investigation of imitation construc- 
tion would be. appropriate. >It is not unreasonable to suspect that ah opera- 
tional disequilibrium occurs vith configurations too small. It might be 
important though, .to find out what ^'s "too" small. The ^^rrors that did 
emerge yere possibly due to the fact that the smaller the configuration, the 
greater tlie^' distance between the edges of the configxiration and the walls of 
the testing room. This possibly caused "losing toilch" with points of refer- 
ence for determining spatial orientation. ^ . 

Attributes of Reflection and Rotation Tasks 

Percentages' of tasKs thaf were minimally and absolutely correct are 
again listed. Each percentage is based on the same nmber of tasks across 
ages and isometrics, since each age- group did all the tasks. Since no rota-, 
tion tasks vere do-able at any age, a do-ability graph for rotation^ is not 
shown. ^ ^ _ 

Direction of Reflection a!nd Rotation Displacement. ' The,; percentages 
represented in Table 2 show the most dramatic effect of an attribute on the 
difficulty of any isometry. The most significant error pattern that emerged 
with diagonal reflections concerned spatial orientation. The diagonal re- 




flection tasks, for which the correct response was I — ^ ♦ or 1 ^fP^ j 
were sometimes responded to with /J^J/ ^ which indicates a fixa- 

tion, on the vertical displacement exclusively and., not the. combination of 
the vertical T and horizontal < resulting in a diagonal /V . 



Also, 




and ^ » y were the resppnses for the same tasks, repre- 



senting a fixation on the horizontal <^-; — (displacement exculsively . ' * 
However, it could be "that the fixation was just on the "flipness" of this 
ispmetry. * Similar errors with rotatfons occurr.ed, but there w.ere slightly , 
fewer spatial orientation errors vitik diagonal displacements than with hpri-^ 
**zontal ones. ' : '\ . / 

/ ^Size of Reflection and-Rotation DisplkcemenW A . glance at the absolute 
^ ahd^'ininimum criteria percentage's for both reflections and rotations .^involving 
this attribute ,( Table 2) ^gives the impression of very similar results! 
-Figure -7 shows that do-ability of reflections does exceed all the do-ability 
of/ rot at ionS,asks .within'' these attributes. (Recall -that .no rotation tasks 
were do-ablefS There' were 'no construction errors by seven yeair <plds with 
short reflections. The reason f<^t^^rs"' seems obvious — the^ subject had no- 

. •:• t-lr ■ '-^^ .... ' • 



: ^ Schtiltz 



207 



Table 2 



Pexc^entages of , Reflection and Rotation Tasks Whose Responses ^ 
Met *tli^ Absolute Criteria and the Minimum Criteria for Correctness 
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Rotatioias . 


% A. Grit % A. Grit % A. Grit 
% M.Crit % M.Crit % M.Crit 
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15.0 17.5 32.5 
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15.0 10.0 34.2 
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Figure '7, Do-ability of reflection* tasks for six through ten year old 
' ' ' subjects. 




difficulty , viewing in a single glance the experimenter's configuration and 
. a mental ..represent at ion qf the, image in its new location. 

The eight year olds fomd the overlapping reflections most difficiilt. 
The problem seemed to be mostly with identifying correct -spatial orienta- 
tion. In general, it' cQuld be said that the overlapping reflectionis tended 
to be harder than the long and short reflections across the ^ages , though 
'not by much for the seven and nine year olds. • " * 

..„..■ . • - • . . ^ ' . ■ ■■ ■ 

. Rotations did not elicit any significant error .pattern. . In fact,. for / 
some reason the eight ye^ olds were- markedly successful-. with ordering the . 
triangular shapes for %)rig rotations. < 

Familiarity of Reflection and Rotation Configuration , Figure 7 shows 
that 11% of the reflections, involving nonmeaningful configurations were 
do-abie by the nine: year olds compared to only 6^ for the 'reflections 
involving 'meaningful configurations for the nine year olds. Seven and eight 
year olds were not able to* "do" the refledtion tasks. at all. Rotation task 
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responses were uniformly more corrisct across ages when meaningful con figur a- 
^tions were involved. As one subject put it when commenting on a meaningful 
^configtiration, ^'It's a hard design; -that's what made if Sard (to do)." 

f ■ 

The most striking error pattern with reflections, and rotations' concerned 
spatial orientation. The subjects wfere certainly* able to comprehend tl;i.e 
"turnness" of the rotation, but they tended' to turn the configuration image 
so that it faced the direction of the turn. .Errors of this kind .made^vith^ 
rotation tasks involving nomneaningful^ configurations were alw^s slightly 
more frequent , than with meaningful configurations. " / 

. Size of Reflection and Rotation Configuration . Table 2 detaonstrates - 
that seven and nine year olds, found reflecting large configurations ieasiei'. 
The nine year olds* responses to ^rotation tasks were minjimally correct 
fewer times with large eonfigurations than vith" small configxiratlonB. Ironi- 
callx, however, these nine year olds responded with absolute -correctness 
using the' large configurations more often than with the small. / 

• /• * ' 

The*^ difficulty incurred with small configurations in_ rfeflection and 
rotation ^;asks seemed to be of the same nature as that wi\^h transBiation 
tasks. The size of the Small configurat.^.ons^ wash'^t even asr small / as' most 
configurations that* appear in- elemen£^ry mathematics textbooks, oji which 
children are expect ^to operate. 

Behavioral Observations .- (l) The desigxi and position of the/red ( V l ) 
piece had an<2influence on the approach taken to a response.. It was^ usually 
positioned first.. This is to say 'that , there are influencing, intiernai 'attri-. 
butes of. meaniiigfulness and si^.e. (2) Yoianger subjects did notfjreadily 
take interest in turning over individual shapes' even when they '|ej.t a need 
•Sot a' "better fit'^^ in thei^ construction. ' This, behavior might be a function 
of experience with puzzle pieces whrch are gen er ally "good" only^:on one side. 
( 3) There v^s a frequent .disregard' for the motion involved in a task. One 
subject, explained, "It dcesnH matter how you moved it, but how you landed ^ 
it." , There was a considerable lack 'of spontanepus verbalization while 
performing 'tasks. In general, this might be said to typify b eh javi or when ^ 
there is' no language available to verbali'ze an activity.^ 

Conclusions . ' . * • 

. ' ■ I— .J 

The 'term "difficult" has*^ been used throughout this, study, aiid it appears 
that an operational definitioji of it has efoerged. Certain intei'nal (cojifig- 
uration construction) and external (spatial- orientation) structures of a / 
response that vera preserved under a transformation were not alT|ays preserved 
\inder the same transformation involving an attribute variation.,. So it can 
be said^xthat a transformation performed in which certain topological or pro- 
jective-Euclidfean prope'rties are preserved becomes difficult when those ' 
properties are no longeSr preserved due to a variation in the figurative vOr • 
operative* aspect of the transformation involved. . . - « 
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♦ Second, task attribute variables of displacfemSnt directions and tJizes 
aa wrei/l as configuration familidrifcy and- sizes wcie indeed separate causal 
contiributions. to disequilibrium throughaut the growth of operational com- 
preliens-ion . This is to e4y that operatioaal st rue turci is not the^ oiily deter 
mining factor 'in predicting difficulty, 

V * ■ . . ' ^\ . . ; ' • ' / 

, Third, this atudy showed that at$:ributes of fixed states (familiarity 
and size) can b$ influent iLal" enough ^tjo' intet^|;,e ; with' comprehension. How- 
ever | the features^ of the operation ''itself teitded to 'be most influential 
and* contributed cLe greatest threat of interference, » ' 

Generally, speaking, . these results apply across all rur-riculum, devfel^p- 
mant, A structure shoulci.not fee imposjed upon an activity without,, first 
considering which features of action and materials can -cause disequilibrium. 
When a "teacher sequences tlie .presentation of two ^concepts', th^f^ tjiild 's 
variability in performance due' to influencing attributes ^m^st .be taken into 
consideration. Imposed .structures, i.e., cpnteht or ped'agogical , might not 
necessarily be concurrent with cognitive structures- 
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Conservation of Length: A Function of the 

Mental Operation Involved 

F. Richard Kidder 
^ * Longwood College 

In analyzing measuring capabilities of children, Piarget (Piaget, 
Inhelder, & Szeminska, 1960) posits: "Underlying^ all measurement is the 
notion that an object remains constant in size throughout any change in 
ppsition'V (p; 90). That is, the length of an ob'ject wMch is moved (either 
physically or tnentally) mU^St remain invariant^r Piaget calls this cognitive 
phenomenon "length conservation." Piaget's experimental technique in exam-, 
ining ti4 child's conservation of length capabilities (hereinafter referred 
to as {he "classical" definition of length conservation) consisted of showing^ 
the child two little sticks of the same length (approximately 5 cm long) 
'arranged Side by side, a few millimeters apart , with ^their enjipoints in exact 
alignment; asking him if they were equal in length; sliding one of the little 
sticks forward approximately 1 cm; and again asking the child to say wHich 
of the two sticks we.:^ longer, or if they were still the same leftgth (Piaget, 
Inhelder, & Szeminska, 1960). According to Piagetian literature, conservation 
develops in three stages: an initial stage in which perceptual factors deter- 
mine the judgement of length, an intermediate stage where both perceptual 
and conceptual considerations influence the child's judgement, and tlie 
stage of consistent conservation.'. To Piaget, the stages reflect the trans- 
ition from perceptual intuition to operationality which characterizes the 
child 'is cognitive development. In his experiments, Piaget does not give the 
ages of the children tha^t he found in each stage; hiwever, the protocol^ 
indicate that six' to eight years of age was the range ot consistent conser- 
vation. 

Piaget's results concerning stages of development "and age range for 
consistent conservation of an attribute have been verified through replica- 
tions. Other investigators have gone beyond mere replications which used 
identical or similar tasks and have exatained factors which mig'ht effect 
length conservation and related concepts. In investigating interrelation- 
ships among various properties of length relations, Steffe and Carey (1972) 
define conservation of length iit terms of the relations "longer than," 
"shorter than," and "the same length as." After assuming that a curve Can 
be straightened, they state: "A length relation between two curves A and B 
is conserved by a child if, and only if, the relation is (a) established by 
the child, and (b) retained, regardless of any length preserving transforma- 
tion on one or both of the curves" (p. 81). In examining logical operations 
and the concept of conservation in children, Shantk and' Siegel (1967) suggest 
.that' conservation jnay be viewed as the child's increasing ability to differT 
entiate between reality and appearance, or between relevant and irrelevant 
attributes. 'Together these strongly suggest that the coritaon usage^of the 
"word "conservation" may be suspect. That is, that the statement, "once a 
child conserves, length (in the classical sense), he always conserves Jerigth, 
may be open to question. ' Steffe and Carey's definition admits length preser- 
ving transformations which differ from the simple slide of the classical test, 
and Shantz and Siegel introduce the possibility of a child's failing to con- 
serve length because he concentrated on another attribute or factor of the 
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task. In discussing the "dScalages" between-iconservation of mass, weight, 
and volume, Lesh (1975) notes that "...many psychologists have made the error 
of attempting to describe the acquisition of "conservation" — as though con- 
servation of what (i.el, mass, weight, or volume) were unijnportant" (p. 67). 
JX appears that a* similar type error is being made in assuming that once a 
child conserves an attribute (as evidenced by Piagetian tasks) , he will coix- 
tinye to conserve this attribute in other situations. Hence, the present 
study was devised to examine the experimental hypothesis: "Children who con- 
serve length in thfe classical sense may lose (or igilore) this length conser- 
vation capability while performing a more complex task." 

Review of Literature 

Conservation experiments (number, area, mass, etc.) abound in the liter- 
ature. In the monograph arising from the "Measurement" workshop sponsored 
by the Georgia Center for the Study of Learning and. Teaching Mathematics, 
Carpenter (1976) summarizes experiments relating to conservation and notes: 
"Piaget 's description of the development of conservation has generally been 
confirmed using a great variety of experimental procedures, materials, and 
types of transformations" (p. 52). Even though relatively fewof the experi- 
ments were specifically directed to conservation of length per se, some do 
imply that young children, ages six to eight, conserve length in the classical 
sense. Sawada and Nelson (1967) found the threshold. for the emergence of 
length conservation to be between five and six, years of age. Divert (1970) 
and Steffe and Carey's (1972) studies infer that since children attain transi- 
tivity of length at about age seven, they are therefore able to conserve ^ 
length by this age. 'Shantz and Smock's (1966) findings concerning the child s 
development of distance conservation and spitial coordinate system also infer 
that young children /conserve length in the classical sense. 

In striking contrast to the results of replications and to related 
studies which infer that children, ages six to eight, do conserve length, 
Kidder' (1976) found that the majority of 9, 11, and 13 year old adolescents 
do not conserve length while performing Euclidean transformations at the 
representational level. After operationally defining the three basic Eucli- 
dean transformations, Kidder used Piagetian-like tasks to test his' hypothesis 

* Throughout this paper,' the word "representational" is used in a strict 
Piagetian context. To Piaget, the child's spatial development proceeds at^^ 
two distinct levels, the perceptual and the representational. Perception 
in this sense is the knowledge of objects resulting ,from direct contact with 
the-m. whereas "representational" space requires imagination or thought 
(Piaget and Inhelder, 1967). Two types of activities exemplify performing 
Euclidean transformations at the perceptual-level: (1) the child physically 
performs the transformation with cutout patterns or tracings of the original 
figure: and (2) the child is given a static figure F, an indicated motion, 
and the static image figure F' congruent to F. In sharp contrast to t^e per- 
".ceptual activities, comprehension of transformations at the representational , 
level consists of forming a mental image of the original- figure, performing 
a mental operation (Euclidean transformation) on ^his representation and 
then being able to imagine the figure at rest in its final fixed position. 
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; that adolescents could perform Euclidean transformations, inverse transfor- 
' nations, and compositions of transformations at the representational level. 
\Exemplifying the testing procedure is the individual motion task wherein 
each subject was given an original figure (a triangle), an indicated motion, 
and seven little sticks (three for construction of a congruent image and 
four Of differing lengths as distractors) . Each subject was then asked to 
construct the image of the original figure as it would look to him after 
performing the indicated motion. A prototypical task is given in figure 1., 




4 



Figure I. Prototypical flip. 
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The data did not isupport; Kidder's hypothesis. The majority of subjects 
In each age group were unable to perform transformations, inverse transfor- 
mations, and compositions of transformations at the representational level. 
Failure to conserve length (i.e., the subject did not construct a triangle 
congruent to the original) was the most prevalent cause for, non-performance 
of the transformational tasks. Sixty-seven percent ot all errors Committed 
were failures to conserve length; 71%, 53%, and 67% of the individual motion, 
inverse motion, and composition errors were failures to conserve length* 
Furthermore, only four of the 72 subjects attempting th6 tasks i^ere able to 
perform all 12 individual motion tasks with no conservation of length errors- 

• ■ Y "... , . . . " ■ 

Research .supports the proposition th^t children, ^ges six to eight, do 
conserve length in the classical sense. Why, then, was this capability 
tionevidencied by 9,11, and 13 year old adolescents while performing Euclidean 
tra:nsformations at the represeatacional level? Other studies, some of which 
are not , specifically concemeid with conservation of length per se, shed light 
on factors \viiich may very well effect the child's conservation of length capa- 
bilities- Baker and Sullivan (1970) question that there is a well-delineated 
dichotomy between non-conservation and conservation. Their examination of 
childr-^n's ability to conserve uumerousness^ suggests that such task variables . 
as interest in task object (candy versus checkers) and size of aggregate 
(4-9) may be factors in a child's response to conservation questions. Musick 
(1976) reported an investigation of the effects of applying energy (work) 
and differing speed on the conservation of distance by young children. She 
found that young children think that the distance across a room is further 
-if they have to carry a sack of groceries as opposed to walking across -the 
room empty-handed, and .the distance was thought to vary depending upon whether 
they walked or ran across the room. During the same workshop, Schultz (1976) 
reported her study on the effects of task variability upon the child's 
ability to perform Euclidean transformations. She found that when the gross 
distance between the original and the image figure was increased to such an 
extent, f distance across the room), that the image figure could not be seen 
and compared .in close juxtaposition with the original, the children's ability 
to place th-- image figure in correct position was usually markedly decreased. 
To test her hypothesis that the global configuration of the figure to be 
transformed is a factor in the child's ability to perform transformations^ 
Schultz used a simple sailing ship composed of three different colored parts. , 
In general, she found that children could transform the sailing ship and place 
its image in correct position, one part to the other (1 , c;. looking like the 
original sailing ship), much more easily than they coLdj t^ransform the same ^ 
three colored parts of the sailing ship when arranged in aoasensical manner. 
Keller and Hunter (1973) also examined task varl^.bility- on conservation and 
transitive problems and found significant differences due to task variability. 
Shantz and Siegel 's (1967) conclusion that" conservation may -be considered as 
the' child's increasing ability, to distinguish between relevant, and irrelevant 
attributes has been referenced previously. Gelman (196.9) also considers 

* Details and specific results are in "Task Variables Influencing the- Diffi- 
culty of Geometric Transformations for 6 through 10 year olds." Dissertation 
by Karen A. Schultz, Northwestern University , 1976. 
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conservation acquisition as ajproblem of learning to" attend to relevant 
attributes. And Pra£oomi;aj and Johnson (1966) established that even the 
"^tj^pe of questions used hy the experimenter can be a factor in the answers 
elicited from children during conservation tasks. 

• ■ ., a 
rln general, the foregoing suggest that a child's l-)igth conservation 
capabilities depend upon many factors including physical, such as arrange- 
ment of configuration or distance between- the original and image figure, 
and cognitive; such " as wlilch attribute of the task the child deems important. 
Lesh (1975) reiterated these factors and added a new dimension— the trans- 
formation. * He suggests that not only the figure to be transformed, but 
also the complexity of the transformation itself effect the child a. ability 
to perform the transfoinnation. Kidder (1976) also noted this when contending' 
■ that there are two most probable reasons why 6-to-8 year old youngsters are 
found to conserve lengthj,_^d yet in his' study, 9, 11, and 13 year old adoles- 
cents did not conserve^ength while attempting Euclidean transformations at 
the representational level (see footnote p'.144) One .is;4ue to the . classical ■ 
definition where the child's k£qGrsTtion-^T"r^gelr:^ is estab- 

lished by a simple comparison between the stick that was moved and the stick 
that was not move^. In coRtraitt," in Kidder's study length had to be con- 
served vd.tjh a more complex point-set planar -figure under more complicated 
transformations! And very " importantly, transformations were at the represen- 
tational level—no comparison; of corresponding sides could be made. A child 
had to be aware of the necessity to hold length invariant at the outset, and 
he had to select the proper length sticks with which to construct the Image 
figure prior to making the transformations. Second, it is possible that the 
ability to perform Eucliaean transformations 'at the representational level 
derives from formal operational thought (in the Piagetian sense) . One general 
property of formal operational ^ thought is 1:he ability to separate out factors 
not given by direct observation and the ability to hold one factor constant 
lllle observing the causal action of another (Flavell. 1963). Performing 
Euclidean transformations at the representational level is one such multi- 
factored mental operation (Kidder, 1976, p. 51). Using Euclidean transfor- 
mations as a vehicle to test the child's conservation of length therefore^ 
increases the possibility that the" child will focus attention; on one attri- 
bute of the task while forgetting br ignoring others. 

■ The preceding theoretical discussion strongly suggests that a child^ 
' ability to conserve length is a function of the mental operation 

Hence, it is hypothesized that conservation of length in the classica^ sense 
is a ^ecessary'^ut not sufficient, condition for conservation of l-g^^jf 1^ 
' performing simple Euclidean tlransformations at the quasi-representational 
iWel. (See p. 150) 



The reader is cautioned that the word transformation is given two different 

meanLgs in this paper.. Here it is used as -"J'^^^f ^^"ir"^!,:^^^,^^^ 
formations being • considered mental operations of. the child. Elsewhere 
tranjfoi^mations are restricted to their mathematical meaning-being either 
Euclidean, similarity, affine, etc. 
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Procedures ' • 

The Sample , ' 

The sample consisted of 60 subjects — 10 each, randomly selected from 
grades 2, 3, and 4 in the Campus Laboratory School, Longwood College, Farm- 
-ville, Virginia, and Dillwyn, Virginia Public School System. Mean ages 
by grade as of April 1, 1976, were 8.2, 9.0, and 9.9 respectively. In 
selecting grade level, due consideration was given to Jean Piaget's theory 
o^ cognitive development. / 

Administration 

The study was patterned after the protocols of Jean Piaget and his 
collaborators (Piaget, Inheidfer," & Szeminska, 1960) in ..that testing con- 
sisted of personal interviews, conducted on a one-to-one basis, with a record 
being kept of both the child's ,yerbal answets and action responses. The 
"classical" conservation of length test was administered first. To be sure, 
that the subjects understood what was to be expected of them during the trans- 
formation,, test, each subject was ttfen given an operational definition of the 
basic Euclidean transformations: translations (slides), reflections (-flips), 
, and rotations (r.ur^s) . Immediately following the operational definition ^ 
activities, subjects were administered the transformation test* ^ 

/ classical Length Conservation Test . The classical conservation test used 
is described on page 143. If a subject conserved length when the right hand 
stick was moved forwatd approximately 1 cm, he was re tested by placing the 
right hand stick in the middle of, and perpendicular to, the left one. If 
he failed to conserve length, the test was repeated, sliding the left-hand, 
stick. If a subject was found to be a nonconserver in the cla^ssifcal §ense, 
and yet he conserved length while performing nine or more of the 12 trans- 
formational tasks, he was retested in the classical sense folloi^ng the 
transformational test. 

Operational Definition . Using wire models of the motion ^indicators — slide- 
arrow, flip-line, and turn-arrow — the three motions were operationally de- 
fined thus: (a) an original figure (a 1/8 inch /square stick approximately 
four inches long) and a motion indicator were placed in front of the 
subject, (b) a copy was placed on top of the original, and (c) the motion \ 
was demonstrated with the 'copy leaving the original fixed. To aid the ' ^.^ 
subject in recognizing that the image was the same length as the original,^ I 
these phrases were used during the verbal instructions: "This is an . 'exact 
copy tff the original. ^.This is how the' figure looks to you before you slide 
(flip/turn) it." After a motion was demonstrated several times with various 
orientations, the subject was asked to use the copy and perform the indi- 
cated motion. A subject Ws considered to use the. copy and perform the 
indicated motion. A subject was considered operational on a given motion 

' if he performed any 3 of 6 predetermined motions. Fifty-three, 51, and 
52 of the 60 subjects performed the slides, flips, and turns shown in 

' figure .2. If a subject "was found to be nonope^rational on all three 
motions, he was deleted from the study and an alternate was used (only 
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two* subject.^ —one from the second and one from the third grade — had to be 
deleted due to lack 'of understanding), 

■ . 

Transformational Test , The transformational test: consisted of 12 tasks, four 
-each of slides, flips, and turns. In each task,' the subject was given an 
original figure (a 1/8 inch square stick approximately 5 inches long) , an 
indicated motion, and five little sticks — one the same length as the original 
and four of dfffering length as distractors. He was then asked to use one^ 
"of the little sticks and show how the original would look to him after per- 
foTTDtting the indicated motion-. The x^otions exemplified in figure 2 are 
typical of the motions used in the transformation test.; 'the major difference 
being the necessity to select the image stick prior to making the transforma- 
tion. Prior to the first task, to insure that subjects were, aware that they 
could compare lengths of sticks,' they were told that they could measure If 
they wanted to. The motion image was judged to be i^n one of three categories: 
(1) correct, (2) image in correct position but failed to conserve length, and 
(3) conserved length but failed to place image in correct position. After 
completion of the test, each subject was asked to explain his actions through 
the questions: "In placing the little stick as it looked to you after being 
slid (flipped/turned), what were you thinking of? Why did you sele'ct the 
little stick that you did? Did it make any difference which stick you used? 

Rationale . Ideally, in devising an instrument to test the hypothesis that 
length conservation in the classical sense does not ensure length conserva- 
tion during a more complex mental operation, the difficulty of only one factor 
would be increased. In practice this ideal was ur-cbtainable. Preliminary ^ 
pilot mini-studies indicated that a modification of the" classical test by 
moving the sticks further apart, and/or at a -dd frerent angle, was not suffi- 
ciehtly more complex to test the hypothesis. The experimenter was still per- 
forming all the action, and he was centering the subject's attention on len'gth 
conservation through his questions. It appears that the • experimental task 
itself has to be one in which the child performs the action and must be ouch f- 
that the subject has to be consciously aware of the need to conse'rve length 
without having it brought to his attention through the experimenter's ques- 
tions. As suggested by, Steffe and Carey (1972), any length preserving trans- , 
f oration will suffice if it is such that young children can reasonably be 
expected to perform it. Hence, slide, flip, aiid turn tasks similar to the 
classical te'st were devised using little sticks.. The 'tasks are considered to 
be quasi-representational due to the necessity of having to imagine the end- 
state of the transformation and recognize the invariance of length prior to 
making the indicated motion. In using these simple Euclidean transformations, 
the purpose was not to determine if young children could perform transforma- 
tions, but to use thfese motions as a vehicle to test their length conserving 
capabilities . ' 

• '■ Previous experience dictated that children in grades 2-4 be used as the 
sample. Due to the simplicity of the tasks, older children could'be expected 
to perform bo tl|i the classical test and the transformational tasks; younger 
children would probably not conserve length, in the classical sense. ^ 
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Results 

Thirtj^-one of. the 60 subjects comprising the sample were found to con- 
serve length in. the classical sense. The number and percent by .grade level 
is given in table 1. The large number of classical nonconservers is somewhat 
surprising in view of the mean age§ by grade of the subjects (see sample). 

. Table 1 ' ; 

Number and Percent by Grade Level of Subjects 
Conserving Length in the Classical Sense 



I 


Grade 2 


Grade 3 


Grade 4 


Total 


Number 


8 ' 


' 11 




31 


Percent 


40Z 


r 55% 

\ ■ 


' 60% 


52Z 



All of the participants (two alternates were included)- demonstrated satisfactory 
understand.ing of slides, flips, and turns on the "Operational Definition" 
activities arid were cohsidered operational on all three motions. 

As part of the experimental design, conservation pf length criteria :of 
nine or more correct length selections was established" as -consisteiDt conser- 
vation on Che 12 tasks comprising the transformational test. A subject was' 
considered to be a consistent nonconserver of length on these tasks if he 
selected the correct length image stick four or fewet times. FroBi 5 to 8 
correct J.ength responses was hot considered indicative of either consistent 
length^ conservation or consistent nonconservation. Table ,2 summarizes the 
performance of the subjects who conserved length in. the classical sense. 

^ Table 2 

T^ransformational Test Performance by Subjects 
Conserving Length in the Classical Sense 



Number and Percent of ^jects Conserving Length on Transformational Tasks 



Number ot Tasks 
^ih Which Length 
Conserved 



No. ^ 4 
5^ No. ^8 
9 -s: No. 



Grade 2 



Grade 3 



Grade 4 



Total 



Ss 


% 


\ Ss 

\ 


.% ' 


Ss 


% 


Ss 




5 


62.5 




63.6 


7 


58.3 


19 


63. 3 


0 


0.0 


\ 

4 


\ 36.4 


1 


8.4 


5 


16.1 


3 . 


37.5 


0 


■ ^^O-. O ,•■ 


4 


33.3 


7 


22.6 
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It is seen j:hat the majority of classical conservers failed to conserve length 
while performing simple Euclidean transformations at the quasi-representational 
level. Only seven (22.6%) of the 3l classical conservers consistently selected 
the correct 'leng^;h image stick while performing the transformations, and 19 
(61.;3%) consistently failed to select the correct length image stick. In 
Itot^Ll, 24 (77.4%) of .the subjects who consei^ved length in the classical sense 
.failed to consistently conserve' length on\.the transformational tksks indicating 
that classical conservation of length is not sufficient to ensurje length conser- 
vation on more complex mental operations. The performance on -the transforma- . 
tional test by those su1)jects who id not conserve length in the classical 
Sense was similar. Table 3 indicates that only six (20.7%) of the 29 classical 
nonconservers consistently selected the correct length image stick while per- 
forming the transformational tasks,' and 18 (62.1%) consistently failed to 
select tjie correct length image- stick. " ' " 

I TaHle 3 

Transformation Test Performance by Subjects Not . 
^ y Conserving Lengtn in the Classical Sense 



Number of Tasks 
in Which Length 
Conserved 



Grade 2 



Grade 3 



Grade 4 



Total' 





.Ss 


Z 


Ss 


X 


Ss . 


. % 


Ss 


Z 


No . < 4 


9 


75.0 


6 


66.7 


3 


37.5 


18 - 


62.1 


5 £ No . ^8 


-.0 


0.0 


1 


11.1 


4 


50.6 


5 


17.2 


9 ^ No'. 


3 


25.0 


2 


22. 


2 

) ■ 


1 


12.5 


6 

< 


20»7 

I 


Total 


12 


100 


9 


IOC 




8 


100 


29 


ICQ 



Df the two groups would differ mote 
this did not occur is given in the 



It is to be expected that the performance 
drastically. The most probable reason why 
"Discussion" section. 

■■ ' ' 

As discussed under "Rationale." the ttransfonnatibna^ tasks were designed 
to be sliRhtly more complex than a simple slide of one r.ick followed by a 
compLisbn of their length' as in the clasLical test. Yet. if the tasks were 
too difficult., the purpose of the experiment would, be defeated in that young 
cMldrin would not be able to understand jthe "Operational Definition" of the. 
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notions invclved; This did not^occur.' fable 4 reveals that 61.3%, 65. OZ , 
and 74.2% of the .240 tasks were satisfactorily performed as to position of 
image by subjects in grades two, three, arid four respectively. ^ A, 

, • Table 4 - 

■'. Ntnnber and Percent of Tt'ansf ormational Tasks 
Satisfa!ctorily Performed (as Far as .Position> by Subjects 

" . ' . No. 





Grade 


s 


F 


T , 


^ Total J 


Tasks 


Percent 


Classical 


2 


12 


18 


28 


- 58 • 


96 


69.0 
64.4 • 


Conservers 


3 


16 


33 


36 




132 




4- 


2C 


34 


44 


104 


1-44 


72.2 


Classical 


2 


20 


28 


41 


' 89 


144 


61.8 


Non-Con- 
servers 


3 


14 


' 23 


34 ' 


71 ' 


108 


65.7 * 




4 


22 


20 


32 


74 




77.1 


Total ' 


2 


32 


46. 


69 




240 


61.3 




3 


30 


56 


70 


156 


240 „ 


e 

65.0 . . 






48, 


54 


76 


17« 

''.0. 


240 


, .74.2 






110 


156 


215 


481 y 


720 


66.8 . 


* . '. . ^ ■■ 1 



Even though the ability to perfdrm transf opnatJons at the quasi-representational 
Svel was^ot at issue, it appears that if the original and ^-^8-/^^"^ 
reasonably close (in t^his study they both could be placed ''"^^..^f^^^J^^ ^^"^ 
of cardboard;, also see Schultz. 1976) that young children /^^^^^^^^ °^ , 
form an anticipatory image of transformations' as far as position is concerned. 
Si^. Lng^h K ^^essential Invariant under Euclidean transfprmations and 
most of the subjects did not conserve length, it cannot be inferred that 
^ung children can perform Euclidean transformations at the quasi-reprelejta- 
Sonf 1 leve" Ass^uredly, if a subject plac^ed tht image stick.in correct posi- 
tiorf but Siied to conserve the lehgth of the stick, he" was not performing 
a -Euclidean transformation. Yet he was performing a transformation whi^h^can 
be described mathematically. It is tempting to say that 

was a "similarity" since the subjects were trying to make .their images ,llke , 



the original. .JHowe'ver, the width of the stick was phyfe:t.cally., held invariant 
while, the length waa permitted to change., making it more appropriate to call 
the transformation "affine!" (see Martin, 1975). Length .was .not conserved 
on 427 of the 720 transformational tasks. -In attempting these 427 tasks, 
subjects placed the' image stick in correct position- 290 (67.9%) times. 
This suggests that young children may acquire the capability to perform 
af fine transformations pribr to the ability to perform Euclidean transfor- 
n^tions. Twenty-four, 31, and 45% of the slides, flips, and turns tasks 

'were performed correctly indicating that for J:hese particular tasks, slides 
were the most difficult to perform, followed by flips and then turns. 

* ' * . . ' ^ 

Discuss ion ^ ' ' ■ 

Most conservation studies have been replications of Jean Piaget's ^ 
experiments. Few have directly^ examined the factors involved in a child s 
ability to conserve, or the suitability of Placet's tasks to measure this 
'cognitive phenomena. In particular, little- attention has been given to 
the possibility that conservation , on Piagetian tasks may not ensure that 
a child will conserve the^ same attribute while attempting other ipental- 
operations. This study is an attempt , to provide answers Regarding this • 
possibility oji conservation of length tasks. * ' 

o The da^a strongly suggests that the ability to conserve length in 
the classical- sense does .-not ensure length conservation more complex 
mental tasks. It could not be definitively determined if the subjects 
"lost" "their ability to conserve length on the more difficult tasks or 
if they simply "ign'ored" length as a factor. Even though most subjects 
were unable to de'scribe their thinking when selecting a stick to place 
ip- the image position, questioning reveale^d 'that , in general, the suljjects 
who did not conserve length on the trfinsf ormational tasks were concentrat- 
ing on where to place the image — ignoring size.' In Shantz and Siegel's 
(1967) terminology, the most relevant attribute of the tasks was the 
position, of the image. In answer to a later, more direct question, 
"Did It make any difference which * stick you used?", 18 6f the 29 class- 
ical nonconbervers and 17 of the. 31 classical conservers said that it 
did not. l!he experimenter can never be completely sure that he is asking 
each subject the exact same question with the same emphasis, or j-ust what 
cues the subject receives from the questions. However, to ensure that the 
child 's ccnservation/nonoonservation of length on the transformational ' 
tasks twas not influenced by the experimenter, the questioning was -conducted 
after completion 'of the testing. The subjecf^s did not retain their capac- 
ity to cotiserve length while performing a^more complex mental operation, 
and it appearSv-that either they were cfentdring on ano^ther attribute 
thereby .ignoring^ uhe need fpr length' conservation,,. or slides, flijps, and 
turns are not Euclidean (length, preserving) for. this age qhild . Atten- . .. 
ding to a particular attribute while Ignoring others is supportive of the 
findings of Shantz and Siegel (1967) and Gelman (1969). ' Making images 
"like" instead of "congruent to" the original sugges.ts that the child • , 
spatial developmetit , as* exemplified in^^ his ability to perform transforma- 
tions^ may indeed^ proceed from. the mqr^/ global or general notions to 'the 
mote specific. Martin (1975) hyppthesiijes that Klein's Erlanger Programm ' 
may^serv^ as a geometfic rfodel of spaces >which a child constructs during 
development. In Klein ' 3. classif iciation, the more general "affine" 
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geometry iiiQludes the "similarity''^ geometry which. In turn, includas the 
more specific "Euclidean" geometry. Since transformations and invariants 
under, these transformations' dfetermine the geometry, selecting a "like" 
image' instead of a "congruent" one during the transf ormational^ tasks sug- 
gests that there may be merit in Martin's hypothesis, and that a child s 
-spatial concepts may very well be "affine" or "similar" prior to becoming 
Euclidean. " , 

It is "noted \that of the 29 subjects who did not conserve letigth N^n • the 
classical sens'e, 18 .(62.1%) also consisteijtly failed to- conserve lengtl^ on 
the transformational jtasks and five (17,2%) were indeterminate. That ±k^, 
a totalvof 23 (79.3%) classical noncoriservei^ failed to consist- itly con- 
serve length during the transformational test. This indicates tiiat conset- 
Vation of length in the classical sehse is a necessary condition for length • 
conservation on more complicated ta'sks. S±k (20.7%) of the 29 classical - 
nonconservers did consistently select the correct length stick during the . 
transformational test. The'se were retested in the' classical sense, and aJ.l 
six again failed to conserve length on tfie Piagetian task. Observation of 
subjects' actions while performing the transformational tasks indicates ^ 
that this apparent inconsistency resulted from the training received during 
the "operational .defifiition" ^activities. During this xnstruction the experi- 
menter -demonstrated by word and action that an "exact'.' copy was to be placed 
on top of the original and that the copy was to be slid (flipped /turned) by. 
the subject, leaving the original fixed. The six classical nonconservers 
who 'consistently selected the correct length image- stick on transforma- 
tional tasks followe4. these instructions to the letter. The^ place^ a stick 
on top of the original and if it didn't- fit, they tried another until it did. 
This technique was also observed with other subjects (both classical conserver 
and nonconserver), and it is the^^^xperimeritet ' s opinion that if the transfor- 
^mations could have been operationally defined in a manner less suggestive 
>han placing a copy-on top of the original, more of the subjects (both class- 
ical conservexs and nonconservers) would not have- selected the correct length 
image stick while performing the transformations... It appears that tha design 
of the experiment errs in this respect; however, this strengthens the con-, 
elusions that conservation of length in the classical sense is a necessary 
but not sufficient condition for .length conservation during more complex 
mental operations in that the majority of . both classical conservers and 
nonconservers'-dld not attend to length conservation on- the- tranSformat^ional 
tasks even though the^txaining activities were strongly suggestive that this 
was' 'important • 

' There is ample evidence that attempts have been, and arc being, made to 
apply Piagetian theory directly in "the classroom. This is jo ejen thoug^ 
P?aget discourages such practice. Notwithstanding, it ds highly desirable . 
that mathematics educators m^ke realistic inferences from both V^g^ , 
and .related research. The ability or lack of ability of young children^o^ 
conserve various attributes is well established. Oiie purpose of this study, 

1., to hiehliftht the care which must be used if inferences are. to be 
5^:S;4roi t^e'e^fessiori, "The child conserves length." Just what does _ ; 
tSrstatement mean? The results of this study appear to-indlcate that it 
has different meanings in different contexts; that is", the child's ability 
to conserve length depends upon the mental operation he xs performing. . 



References 



Baker, .N., & Sullivan, E. The influence of some task^ariables and of> 
. socio-economic class on the manifestation of conservation of number» 
Journal of Genetic Psychology , 1970, 116 , 21-30. 

Carpenter, T. P. Analysis and sjnathesis*' of existing research on measure- 
ment. In R. A. Lesh (Ed.), Number and measurement; Papers from a 
research workshop . Columbus, Ohio: ERIC/SMEAC, 1976. 

Divers, P., Jr. The ability of kindergarten and finst grade children * 
to use the transitive property of three length relations in three 
perceptual situations. (Doctoral dissertation. University of Georgia, 
1970). Dissertation Abstracts International , 1972, 32A , 3814. 
University Microfilms, No. 72-2472. 

Flavell, J. H. The de-^relopmental psychology of Jean Piaget . New York: 
Van Nostrand, 1963. 

Gelman, R. Conservation acquisition: A problem of learning to attend to 
relevant attributes. Journal of Experimental Psychology , 1969, X, 
167-187. 

Keller, H. R. , & Hunter, M. L. Taslc differences oti conservation and 

transitivity problems. Journal of Experimental Psychology , 1973, 
15 , 287-301. 

Kidder, F. R. Elementary and middle school children's comprehension of 
Euclidean transformations. ^ Journal for Research in Mathematics 
Education, 1976, ly 40-52. ' ~ I 



Leshi R. A. Transformation geometry in the elementary school. In J. L. 
Martin (Ed.), Space ^nd geometry: Papers from a resea rch workshop. 
Columbus, Ohio: ERIC/SMEAC,^ 1976. ^ 

Martin, J.jL. The Erlanger Programm as a model of the Id's construction 
of space. In A. R. Osborne' (Ed .) , Models for learn^n p^ mathematics: 
from a ^ research workshop . Columbus, Ohio: ERIC/SMEAC, 1976. 




Mu^ick, J. 

present monograph. „ 

Piaget, J. , & Inhelder, B. The child's concept ion/of space. New York: 
W. W. Norton, 1967. ' / 

Piaget, J., Inhelder, B.., & Szeminska, A. The c^ild'6 conception of 
geometry . New York: 'Harper and Row ^ 1960./ 



References Ccont • } 

Pratoomraj , , & Johnson, R. C. Kinds of questions and types of conser- 
vation tasks as related to children's conservation responses. Child 
Development , 1966, 37^, 343-353. 

Sawada, B. , & Nelson, L. D. Conservation, df length and the teaching of 
linear measurement: A methodological critique. The Arithmetic 
Teacher , 1967, 14, 345-348. 

Schultz, K. A. Variables influencing the difficulty of rigid transfor- 
mations during the transition between the concrete and formal opera- 
tional stages of cognitive development.. In present monograph. 

Shantz, C. U., & Siegel, I. E. Logical operations and concept of conser- 
' vation in children . Final report, OEG 3-6-068463-1,645, U. S. 
Department of Health, Education, and Welfare, Office of Education, 
Bureau of Research, 1967. 

Shantz, C. U. , & Smock, C. D. Development of distance conservation and 

the spatial coordinate system. Child Development , 1966, 37 ,. 943-948 

Steffe, L. P., & Carey, R. L. Equivalence and order relations as inter- 
related by four and five-year-old children. Journal for R^earch in 
Mathematics Education, 1972, 3^, 77-88. 



Subsequent Transfer to General Spatial' Ability 



^ Faustlne Perham 

' . University of^ Illinois 

/■'''•. ■ ■ ' 

According to Jean Plage t, the gradual mastery of Invariant properties 

un4er progressively mare complex systems of ' transformations , Is the essence 

of {cognitive growth (Plaget & Inhelder, 1971). Could this mastery of simple 

spatial transf otixiatlons be the goal of geometry Instruction at the elementary 

levfel? 

/ ■ • • • 

If a child, rldek a tricycle downhill, he Is aware that It changes In 
i>osltlon, but not size oi^ shape; if his tricycle is hit and damaged, he 
observes a change different from the first; if he sees someone riding the 
tricycle in the distance he notices it appears smaller than before- These 
examples 'illustrate respectively three types of spatial transformations 
the child experiences; rigid, topological, and projective. Although the 
child is aware of theSe changes, it is only when he is able to organize 
his experiences , perhaps through instruction , that he d evelop s the necessary 
perceptive and imaginative schema, as well as vocabulary, to understand . the 
spatial concepts involved - 

Currently, there is disagreement among learning theorists and mathe- 
matics educators whether instruction can accelearate cognitive development. 
Unfortunately, there is insufficient research to strongly support either 
side of the controversy- ''Similarly, little research has been done to 
investigate whether knowledge of transformation geometry cbhcepts enhances 
a young child's general' spatial ability- The purpose of this study is two- 
fold: first, to investigate the effect of instruction on the acquisition 
of certain transformation geometry concepts in first grade children, and 
second, to §tudy whether such concepts . contribute to a child's general 
spatial ability- The study was completed as a doctoral dissertation at 
/Northwestern University. 

Review of the Literature . ^ 

Jean Plaget has awakened mathematics educators to the possibs^lity of 
definite stages in the cognitive development of a child's spatial a^bility. 
Throughout his experimentation, Plaget 's primary concern has been t6 study 
the operational structures involved in mathematical ideas- Plaget ' s approach 
is to decide what relations and operations are involved in a mathematical 
idea and then to investigate how the child structure's these cognitively. 
Plaget has not been particularly concerned about devising instructional 
materials to accelerate cognitive growth, but he does believe that instruc- 
tion should be formulated to fit the learner's cognitive structures. 

In spite of the fact that Plaget has made few specific prescriptions 
for instruction, "Piagetian" curriculums and materials have been developed 
based on his theory. However, as Steffe ,(1973) suggests, care must be 



taken In interpreting the theory of Piaget to m^athematics instruction. 



•••extrapolating his (Piaget *s) results to mathematics education 
is fraught with unexpected difficulties. These difficulties are 
of a two— fold nature. The first concerns tht^ relationships be- 
tween the mathematical-like content of Piaget 's theories 'and 
the structure of the mathematical content to which the extrapola- 
tions are made»T and the second concerns the type of data available 
ott-whlch txjybase the extrapolations* . ' 

It was not, of course, Piaget 's intent to use the classroom with all 
of IttS variables as l^is laboratory. Nevertheless, there is a definite 
life ed -for this type of research. Soviet researchers in mathematics educa- 
tion are particularly concerned with the classroom as laboratory. In 
the Introduction to Soviet Studies in the Psychology pf Learning and Teach- 
ing Mathematics , Kilpatrick and Wirszup (1972) comment: 

•••They (Soviet psychologists) contend that spatial concepts and 
spatial abilities are best studied as they develop under the influence 
of school instruction. Shunning, like Piaget, psychometric techniques 
such as factor analysis, Soviet researchers have taken the classroom 
as the laboratory for studying spatial abilities, and the teacher — 
working with materials— as the agent for inducing change. In the 
four selections in the present volume , one sees examples of how 
spatial concepts are treated in Soviet .'classrooms , how students' 
drawings are analyzed to yield evidence about theit* thinking, and 
> hoT7 conclusions from the analysis of behavior are used to guide 
geometry instruction. 

Piaget 's experimentation (1971) has led him to conclude that children 
are unable to comprehend reflections (flips) until age eight and rotations- 
(turns) until age nine. However, many believe that these transformations 
can be understood to some degree earlier . For example, both Shah (1968) 
and Willlfprd (1972) have developed teaching studies in transformation 
geometry for primary school children which indicate that even first graders 
are able to acquire some basic transformation concepts. Nonetheless, more 
research is needed to show whether a knowledge of transformation geometry 
contributes to one's general spatial ability. Shah's study did not address 
this question, and Williford*s study produced negative" results; i.e.,. the 
experimental group did hot score significantly higher than the control group 
on the post-Instructional space -test. The items for the space test were 
taken from several widely used IQ tests for primary school children. 

Sample V " 

The sample consisted of 72 first grade students of average and above 
average ability from two public elementary schools -in northeast Chicago, 
Rogers Elementairy School and Field Elementary School. The two schools drew 



schools were roughly equivalent in ethnic balance of sociQ-economic status^ 
of their children. For instructional purposes , t the experimental group was 
divided into three classes of 12 students each, two classes at Rogers and 
one class at Field. Similarly, there were three control classes, two at 
Rogers. and one at Field. ^ 

Since I.Q. tests are not administered to first graders in Chicago 
public schools, students were ^ranked according* to ability by their indi- 
vidual teachers i Random procedure^ were used to assign "students to the 
three experimental and three control groups so that the groups would be 
equivalent in ability. 



Instructional Unit 

The instructional unit was administered in 11 sessions o£ 3^^ to 35 
minutes each. The first session was given to both the experimental and 
control classes to familiarize both groups, particularly the control groups, 
with the terminology used in the achievement test. Two-dimensional card- 
board figures were used to give an overview of the concepts of slide, flip, 
and turn. Two classes were held with the experimental groups to develop, 
the concept of a slide, four classes on the concept of a flip, and four 
classes on the concept of a turn^ More class time was spent on the latter 
two transformations since studies by Shah (1968) , Willif ord (1972) and 
Moyer (1973) indicate that slides are easiest for first graders to comprehend 
The modes of instruction included both lecture-discussion and small group 
work. The unit activities may be classified in- the following way: 



Transformation 



Clas s if ication 



Activity 



slide, flip 



horizontal 
vertical 
diagonal^ 
internal 



tracing paper 
geoboard 
free drawing 



turn 



45° 
90° 
180^ 



tracing paper 
geoboard 
free drawing 



A complete description of the instructional materials that were used are 
presented in Per ha,m (1976) . 



Instrumentation 

An achievement test of 80 items involving transformations, 28 mul- 
tiple choice items and 52 dichotomous items, and a multiple choice spatial 
ability test of 23 items was ^iven as a pre-unit and post-unit test to all 
classes. A complete copy of this test is given in Perham (1976). The 
multiple choice items in the transformation test evaluated the child s 



\ 



* Internal flips are those for which the line of reflection is internal 
to the given figure, ^ either hbrizontal or vertical. 



ability to .anticipate the final image of a transf oirmation; the, dichotomous 
Items tested the child's representation, (drawings) of various transf orma-' 
tlons. Each drawing was evaluated on the basis of fou^ criteria: size, 
orientation, use of the referent given, and angle conservation. The 23 
spatial . ability items were taken from currently used spatial ability tests 
of three inaj or companies: Educational Testing Service, Psychological Cor- 
poration, and Science Research Associates. These items evaluated five 
areas of spatial ability: completion of shapes, left-right orientation, 
perspective, figure folding, and reasoning. 

Statistical Design v 

An item analysis was performed on all multiple choice and dichotomous 
items of the achievement . test as a whole as well as each subtest. Pearson 
point biserial correlation coefficients were computed fpr dichotomous items 
to show both item-test and test-test correlations. :A homogeneity analysis 
was -performed on both multiple choice and dichotomous items ; a Cronbach-S 
alpha index was computed for the' test as a whole and' for each subtest. 
These reliability indices give an average of all correlations between a 
given subtest and all possible combinations of remaining test items. 

Gain scores of the . treatment, group on the transformation test and all 
subtests as well as the space test were computed. Comparisons of mean gain 
scores of the treatment group with the control group were made using a 
t— statistic. This statistical design was chosen to investigate the follow- 
ing hypotheses: «j 

. (1) There will be no significant difference between the pre-test 
* scores of the experimental group and the pre-test mean scores of 
the control group on any sub-tests of the ' transf ormation test. 

(2) There will be no significaA;: difference between the pre-test 
mean scores of the experimental and control groups on any sub-tests 
of the spatial ability test (multiple choice items). . 

(3) There will be a significant difference between the mean gain 
scores of the expex'lmental arid control groups on all subjects of 
the transformation test. 

(4) There will be a significant difference between mean gain scores 
of the experimental and control groups on the sub-tests of the 
spatial ability test. 

Results 

The item analysis on the transformation test yielded significant 
Pearson point biserial correlatj-on coefficients for most item-test and 



* See Perham (1976) for complete statistical analysis. 



/test-test correlations- The Cronbach-S alpha indices for the test as a 
whole and each, sub-test vere also high. 

Significant t-statistics for the transformation test and spatial 
ability test are given in. tables 1,2, and 3, below. 



Table 1 



.Significant t-Statistics for Transformation Test 

^^ultiple Choice Items 

. . ■ ' \ 



Variable 


Group 


Mean 




Mean 


«. 
■m 


t-statistic 


Pre- test Post- test 


Gain 


Gain 


Pre- test 


Mean gain 


Flips 
















Horizontal 


tC ■ 

C 

C 


1.81 
1 . bu 


2.75 

1 . Ol 


n ciA 
0.25 


. ^ 
•:6.3 




2, 76*.*- 


.Vertical. 


c 
c 

C 


1.64 
1.5S 


,2.56 
1.56 


0.02 


.-0.5 


0.32 


2. 02* 


Diagonal 


p 
c 

C 


1 . i /. 

1 . OS 


1.22 


0 . 64 
0.14 


16.0 
3.3 


0.43 . 


,0.71 • 


Internal 


E 

c 


i .53 
1.53 


2.00 
1.72 


0.67 
0.19 


16.8 
4.8 


1.21 


1.81* 


All flips 


E 
C 


5.94 
S.7S 


8.03 
6.00 


2.09 . 
0.25 


17.4 
.1.6 


0.41 


3.48** 


Turns 
















4r 


e' 
c 


2,19 
2 . OS 


3.17 
1.86 


0.98 
0.22 


24. S 

• - S.S 


0.80 


1.90* 


90- 


E 
C 


2.11 
1.92 


2. 75. 
2.19 


0.64 
0.27 


16.0 
6.8 


0.44 


1.90* 


180* 


E 
C 


2.61 
2.59 


3.00 
2.19 


0.59 
0.27. 


9.8 
-5.0 


0.73 


1.70* 


Al 1 turns ^ 


. E • ■ 
C. 


6.92 
6 . 25 


8.92 
6.25 


2.00 
0.00 

r- . ' r. 


16.7 
0.0 


0.30 


3.15** 



* p < o.os. 

** p < 0.01. 



■ Table 2 ' 

Significant t-Statistics Tor Transformatipii Test 
. Drawiniis 



Variable 


Group 




Mean 




ifean 


- *• 
Gain 




t-statistic 


Pre- 


test 


« ■ ^ ^ ^ Gain 
Post-test 


Prc^ 


test 


Mean 


gain 


Slides 


















• 








Horizontal 


E 
C 


3. 
2. 


08 
92 


2. 


17 
86 


0.09 
0.06. 


2< 
^ 1, 


.0 
.4 


0. 


84 


0* 


11*** , 


Vertical 


c 
C 


2. 
,2. 


70 

65. 


2, 

2! 


74 
69 


0.04 
0.04 


1< 

1. 
« 


.6 

.0 


0. 


13 


0. 


14*** 


Diagonal 


E 
C 


2. 
2. 


V 

31 
28 


2. 
2. 


36 
06 


0.05 
0.22 


1. 

5, 


.3 
.5 


U . 


22 


1. 


30 


Internal 


E 
C 


2. 


OS 
06 


2. 
1. 


23 
94 


0.14 
0.12 


3, 
2, 


.5 

.8 


0. 


11 


0. 


95 


All slides 


E 
C 


10. 
9. 


OS 
64 


10. 
9- 


36 
28 


0.28 
0.36 


1, 

2, 


.4 
.2 


0. 


41 


0. 


70 


Size 


C 

C 


1 . 
0. 


22 
92 


1. 
1. 


67 
22 


0.45 
0.30 


11. 
7, 


. 2 
,6 


1. 


29 


2. 


39* 


Orientation 


E 
C 


3 . 
3 . 


36 
17. 


3. 
3. 


91/ 
03 


0.55 
0.14 


13, 
3, 


.7 
.4 


0. 


36 


1. 


75*** 


Angle 


h 
c 


2. 


75 
SI 


3. 
2 . 


81 
67 


1.06, 
0.14 


26, 
3, 


.5 
.3 


/ 0. 


19 


0. 


19 


Referent 


E 

c 


2. 
2. 


78 
75 


3. 
2. 


00 
78 


0.22 
0.03 . 


5. 
0, 


.5 
.8 


0. 


11 


0. 


74 



Flips - 
Horizontal 

Vertical 

Diagonal 

All flips 

Size 

Orientation 

Angle 

Referent 



E 


2.11 


3.42 


1.3J 


16.4 


C 


1.71 


2.61 


0.90" 


11.2 


E 


1^86 


3.00 


1.14 


14,2 


C 


0.92 


2r33 


1.41 


17.6 


E 


2.0s 


2.56 


- 0.4S \ 


6.0 . 


C * 


1.56 


2. 19 


0.63 


7.9. 


E , 


4.18 


8.98 


4.80 


20.0 


C 


6.05 


7. is 


1.03 


4.5 


E 


1.42 


1.75 


0.33 


5.5 


C 


1,31 


1.31 


^ 0.00 


0.0 


E 


2.17 


2.92 


0.75 


12.5 


C 


2.06 


X.72 


0^34 


5.7 


E 


3.S9 


4.25 


0.36 




C 


3.67 


3. 36 


0.51 


'\ 


E 


2.39 


2.92 . 


0.53 


6.8" 


C 


1.72 


1.86 


- 0.14 


2.3 



1.45 
1.31 
1.06 
-0.26 

0.26 
ra.48 
0.83 
0.07 



2.86** 
2.50** 
1.63 ' 
4.76** 

3.49** 
2.82** 
3.92** 
3.84** 



Variable 



Croup 


Mean 




Mcnn 




Prc-tcst Post-test 


Cain 


Cain 


E 


1.28 


3.17 


1.89. 


47.3 


C 


2.61 


1.86 


0.75 


18.7 


. E 


1.56 


2.75 


1.19 


29.7 


c 


2.00 


.2.19 


0. 19 


4. 7 


E 


1.00 


3.00 


2.00 


50.0 


•C 


1.30- 


2.19 


0.89^ 


^22,2 


E 


3. S3 


8.92 


5.09 


42.4 


, C 


5.97 


6.25 


0.28 


6.9 



t-stat ..nticr 



I'rc-tcst Mean uain 



Turns 
45* 

90* . . 

■f . * 

180^ 

All turns 
Size - 

Orientation 
Angle 
Referent , 



E 


. > 1.17 


" 1.22 


O.OS 


1.3 


C 


^ 0.92 


1.22 


> 0.30 


7.6 


E 


0.97 


1.36 


0.39 


9.7 


C 


1.17 


1.36 


. ,0.19 




E. 


2-06 


2.00 


0.06 


1.3 


C 


1.72 


2.00 


0.28 


7^0 


E 


1.S9 


1.7S 


0.11 


2.7 


C 


.1.83 


1.78 


0-05 


1.5 



* p < 0.05. 
** J> < 0.01. 

*** High pre-tcst and post-test means. 



•1.25. 
0.69 
0.08 

-0.71 

-0.48 

-i.bo 

1.29 
1.20 



0.83 

0. 92 

1. ^o 

1.65 

0.13 
1-6J9_ 
1.05 
-0.63 



Table 3 

Significant t-Statistics for Special Ability Test 
Multiple* Choice Items' 



Variable 



Group 



Mean 



Completion 
^ shapes 

Left-right 
orientation 

Perspective 

Figure' 
folding 

-Reasoning 
All itcms.*^ 



Pre- test Post- test 



Mean 
Cain 



Cain 



E 


. 3.13 


3.69 


0-56 


11.2 


C 


3.61 


. 3.72 


0,11 


^ -2 -2 


E 


2.69 


2.78 


0.09 


3.0 


C 


2-50 


2.53 


0.03 


1.0 


E 


3.69 


4.67 


0-98 


19'. 6 


C 


3.58 


3.67 


0.09 


1.8 


E 


1.84 


l.'S9 


-0-45 


-9.0 


C 


1.53 


1.25 


:-0.28 


-5.6 


E 


2.00. 


2.06 


0.06 


1.2 


C 


1.78 


1.53 


-0.25 


-5.0 


E 


13^55 


15.02, 


1.67 


7.2 


"C 


13.05 


12.69 


-0.36 


1.5 



t-statist3C 

T"^^ 



Pre-test Mean gain 



0.74 
1-01 
0.09 
0.65 
0.38 
0.61 



.0.54*** 
0.71*** 
3.23** 

-0.11 
1,24 .^^ 
0.70 



** p < 0.01 

♦ 114 ftK wT*/*->r»«;i- niid nost-tcst means-. 



These results may be stiinmarlzed as follows: ' f .. 

XI) As expected, the experimental group did not score significantly 
higher on any pre-unit transformation or spatial ability sul^/-test. 

. ' ' ' - ^ •■ \ ' • ' . " . . . ] 

(2) The experimental group scored signif icantly higher than^' the cbn- 
^ trol group; on: horizontal, vertical, and internal flip multiple ^ 

choice post-unit sub-tests and the post-unit flip test as a whole; 
45°, 90°, 180° turn po^t-unit sub-tests and the post-unit turn teat 

as 'a whole; -horizontal and vertical flip post-unit drawing test and 

the post-unit flip drawing test as a whole; perspective (reflection) 
post-unit spatial ability subtest. 

(3) The experimental group did not score significantly higher than 
the' control group on: diagonal slide postr-unit sub-test and diagonal 
flip post-unit .subtest; 45°, 90°, l'80° turn drawing post-unit sub- 
tests or the turrf drawing post-unit test as a whole; any slide post- 
unit sub-test , although mean scores were high for both experimental 
and control groups on the horizontal and vertical subtests; comple— 
tion of shapes, left-right orientation ,. figure folding, or reasoninjg 
post-unit sub-tests. The mean scores of the experimental and control 
groups are high for the completion of shapes and left-right orientation 
sub-tests. 

Conclusions 

The high mean pre-unit test scores for horizontal knd vertical slides 
suggest that prior to instruction the first graders understood translations 
at the anticipatory and representational levels.* There was no significant 
difference between mean gain scores of the two groups for diagonal slides, 
suggesting that children at this level are not able to learn diagonal trans- 
lations. Also, there was no significance for dikgonal flips , although there 
was significance for every other type of flip' — -horizontal, vertical, and 
internal. Although there was significance for mean gain scores for all 
types of turns at the anticipatory level, there was no significance for any 
type of turn at the representational levels 

■ " , : ■ _ • ■ . 

Overall, these results reaffixm both the existence andf the order of 
Piag<2t*s proposed levels of cognitive growth in j^pider standing transformation 
geometry concepts (Piaget & Inhelde?:, 1971). First grade children prior 
to • instruction had some understanding- of both hbfirlzontal and vertical trans-, 
latidns (slides) at both the anticipatory and representational levels, but 



* ALticipatory understanding was evaluated by the multiple choice items;-' 
whereas, represent ional understanding was assessed by the dichotomous items 
reguilcfng the construction of the transformation image. f 




either of the two levels- After instruction, the experimental group of 

- children! under stood not only horizontal and vertical slifles, but horizontal, 
vertical, and internal flips at both the anticipatory and representational 
levels. Instruction was some what effective in increasing ttie understanding 
of 45, 90, arid 180 degree turns but only a f the anticipator/ level- These 
resirlts are consistent with Piaget's conclusions that children learn trans- 
farmations in the order slides, flips, and turns, and that the antipipatory 
level precedes the representational level of understanding. 

An important result of this investigation is/ that after . instruction the 
fi^rst graders scored, significantly higher on all types of flips (except 
diagonal) at both the anticipatory and representational levels. However, 
this' does not necessarily contradict . Piaget ' s findings that children are^ 
not able^^to comprehend flips until approximately age eight or nine sirce 
Piaget's experimentation did not exhaust, all the possibilitie^^or degrees 
of complexities of figures used,; the types of transformations-, and the ways 
in which the transformations were performed,- These^ results do suggest . 
that .although children may not be able to comprehend^^every typ^e of reflection 
they are able to learn some types, namely those involving simple figures 
where the line of reflection is horizontal or vertical. 

What is. even a more significant result of this study is that an under- 

- standing of transformations performed diagonally (including sli^des) w^s 
not achieved after instruction. This contributes a new dimension to the 

. understanding of cognition; i,e., transformations that are not performed 
horizontally or vertically (including rotations) are difficult for first 
grade children to understand. Perh^ps_J:Ms isjbecause such transformations 
require a re-orientation of the horizontal-vertical coordinate system with 
which the child is familiar. Nevertheless, these results dp indicate that 

\ the categorization of rigid transformations into slides ,_fiips, and turns - 
\may not .be as meaningful, for instruction as one by orientTE^, i.e. , 
horizontal, vertical, diagon'al, etc. 

\ A major question was the relationship of transformation geometry con- 
cep!^ to general spatial ability. However, the* spatial ability test did 
not provide conclusive result?,, due to a large difference in performance 
on various subtests. Prior to instruction, the first grade children scored 
relatively high on the recognition of shapes and left -right orientation 
sub-testk, relatively low on perspective, and very low on figure folding 
and reasoning. The only significant change after instruction was that the 
experiment^ group . scored significantly higher on the perspective sub-test. 
Before considering the dramatic change on the perspective sub-test, let 
us first look\at the ceiling effect on the first two sub-tests and the low 
scoring on the\latter two sub-tests. ^ 

The fact.- that the first graders scored extremely well on the pretest 
'of the recognition of shapes and left-right orientation indicates that the 



teQt^ arV. sufflcientlxy discriminating or not. Given , that -children are ek- 
posed to' a. nu^nber of educational television programs prior to entering I 
first grade, pre-schodl. children might have been exposed to recpgriitlon Jof 
circles^ triangles, squares, et.c., to the point of overfill. Oh the other, 
hand, the fact that the children scored so low on the f^ure folding and 
reasoning subtest may indicate that such tests are indeed too'* difficult I 
and need to be ire-examined* . ; ^ / - ; 

.*.: However, the prespective subtest ^did provide a possible, li-nfc betwefen 
trlansfdrmation concepts and spatial ability. The significant difference 
between mean gain scores for this subtest combined with the fact that the 
most significant improvement of rthe experimental group from pre-test to , 
post-test bn the tirans'f ormatfon geometry achievement; test was on the f fLip * 
(reflection) •suhtests'^ suggests that an understanding of reflection is/ 
directly related to their understanding of perspective. This' possible 
relationship certainly merits further in>^estigatiQn. , [ 

Since this stuSy* is the first of its kind at the first grade levjiel, 
it was, by necessity broad in sc6pe. Further research needs to be done 
in a more concentrated* -fashion for each '^sub-category tested. For example, 
a^ entire teaching study devoted to translations and reflections perfoT^^d 
diagonally would be useful. I Similarly, a teaching study solely on reflections 
and subsequent transfer to spatial ability would also be valuable. 

The limitations on the length of the test prohibited a larger number 
of items for each subtest as well as a larg/ir number of subtests. Given 
this restriction and this limitations of any evaluative instrument for 
first grade, the results of this inquiry strongly suggest that first graders 
are able to l^rn many tr;ansf ormation geometry concepts, not only translations 
but reflections' and rotations as well. ^ 

Those developing the elementary . mathematics curriculum would be well 
advised to include simple transformation tasks in tfieir first grade texts. - 
Horizontal and vertical slides and flips at both the anticipatory . and re- * 
presentational levels a^ well as turns (45°, 90°, and iSO^^at the anticipa- 
tory level seem to be. appropriate for f irst . graders. ^^ -^ 

The modes of instruction used in this teaching experiment, namely 
lecture-discussion and: ^all group work, and ^ the unit activities, which 
included tracing paper and^geoboard tasks as well as free drawings worked ^ , 
very effectively. Students at this age enjoy "hands-on" activities, and 
furthermore,. Piaget and his replicators have shown that lea'rning begins • 
at the concrete level and the liess abstract the tasks the better, at least 
at this level." Hence curriculum builders might consider incorporating 
similar tasks in the transformation f;eometry curriculum. ^ 

In the^ introduction it was pointed out that a controversy ^ists as 
to whether instruction can to any significant degree accelerate cognitive 



accxelerate growth to -some degree,/ as demonstrated by the improved ' 
under standing of horizontal and vertical flips following instruction, 
the amount of growth is ^^mited, as indicated by thie lack of improveci 
performance, on tasks involving diagonal transformations- Hence, this^ 
^ stCidy, a;s well as that of the Russian and Dutch psychologists and edu- 
'cators, as well as Shah (1968) and Williford C1972) seem to suggest that 
instruction can to some degree move a child from one level of cognition 
to-ttnother; that we must ' no,t interpret the theory of Piagpt^as a passive- 
one; ^ and that we must expand the research of Piaget to the classroom with 
all its variables. " * 
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An Analysis of Research Needs in Projective, Affine, and 
Similarity Geometries. Including An Evaluation of Piaget's 
Results in These Areas 

Karen C. Fuson 
Northwestern University 

. • Toward the end of th. rh^ld's ConcPptlon of Space. Piaget states: 
we have seen how thJ simple topological notions witJi which 
. "the^Uiid begins - construct the concept °^ ^ll^lT.o.- 
transformed concurrently into P'°J!'''''-';j^^_J;ive, sections, 
cepts. The first c^f ^^"/^^/^f '^e^u^t froTtL ^o^ordina 

TfTi^^int^^^^^^^^ r rond d r -ies from th 

of straight lines/ parallels, angles, and lastly, general 

co-ordinate sy steps. 

. L^ r hnn)- Th° '"h^^f^ 'R Concepti on uf Space and 

Throughout Piaget's space books. The J.niLa ■ ' je^tive a^ d 

n^. r.M1d-s Conce r>-^nW of Geometry. {{-^-^H'^H' ^^f design of the chancers. 
Euclidean concept^ d^^velop ' ^,^°"^^^;nts suggelt that after the 

the research reported withxn them, and f ^"p^^iafconcepts tend to 
.^^velopment of certain ^-^-JXt Un^fprese^ed) to affine (parallels) 
develop from projective (straight lines P'"^^^^ . , of view 

to similarity (arigles) to Euclidean (^^^S^^^'^f^^i'ticles! lor example, 
has be^n analyzed and -^^^J-^f^^f^ J "p^fg« afa model of the child's 
Martin (1976b) discusses the ^^^^"f ' ""^^.^^rch questions arising from. 

construction of s.ace -^^Pj°?°^",p:niso contains a fairly detailed dis- 

the Erlanger Programm. Martxn s P^P^'/!=° Erlanger classification of 

eussion o,f the "ansformat^ns xnvo ve^^^^^^^ 

geometries. Robxnson (^^76) reviews some discusses some of the 

evant to these various geomeWes; f't^^^lf^^^^^^^ 

issues involved in the use °^ '"^"^;°5^^f°\^::"e" concerning the develop- 
transformations, in the elementary ' ^^°333%^ Piaget:' s claims have \ 

.ent of siatia^/geometric concepts most analyses^^^^^^^ g^^^ ^^^^ . 

focused on topological ^"""P*^^ '^'/"''J^^J^" "ost analyses have noglected > 
point of view of an Erlanger- type <i^^^^°P^^"";„^°'3^^riarLy . This paper 
?he "middler geometries: imporSnt pasl research con- 

-.Tso^at^e some pLsible future, re- 

search issu^sj concerning them. 

' ' ' ■ \i ' ' / " ' ■ ' \, • ■ 

\ / > Some Preliminary Comments About the 
^ -/ Erlanger Classification of Geometries , 

Prograam stef^from a paper vritten by Felix Klaln ^ 
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subjects, like "topology", had not yet been developed in anything like 
their present form, Klein's basic proposal was to consider geometry as a 
search for invariants under specified groups of transformations - and to 
classify the various geometries according to the properties that are pre- 
served under progressively more restricted syatems of transformations. 

One jpf the problems with using the ErlangerVrogramra to describe the 
4 



cognitiv 
ization i 



development of spatial concepts is that the mathematical organ- 
8 itself rather complex and not ^terribly clear. For example, 
when one Wttempts to move from topology to projective geometry, the point 
at infinity must be added. Nonetheless, a naive interpretation of the basic 
Erlanger organization remains a helpful intuitive scheme for organizing past 
research results and for generating future research questions. For example, 
in this book, Weinzweig*s article draws upon Erlanger- type organization of 
geometry concepts to describe some of children's early spatial concepts. 



A second problem with using an Erlanger-type scheme to describe child- 
ren's spatial concepts is that psychologists and educators do not always 
use mathematical words in the way mathematicians use them. For example, 
Plaget's double use of the word projective (when referring to the general 
co-ordination of viewpoints and also to more restricted concepts in the pro- 
jective, affine, <^imilarity context) is extraordinarily 'confusing. In this 
paper, projective will be used only for the latter meaning. Piaget*s choice 
of the word projective for the former meaning was particularly unfortunate, 
for it is both too restrictive and too narrow. Co-ordination of viewpoints 
Is related to the growth out of egocentrism in all areas, and thus goes be- 
yond projective concepts. This co-ordination is also more restricted than 
projective concepts, since most of the concepts involved are projections, 
not projective concepts (this is discussed later in the section on projec- 
tive research). 

One classification of properties and relationships resulting from this 
classification of geometries as arising from a nested series of transforma- 
tions is given in table -1. l^ese properties and relationships will be referred 
to throughout the paper. It should be noted that each type of geometry has 
the properties noted for it plus all of tn^e properties of the geometries 
above it. Three dimensional versions of some of the properties are in par- 
entheses. In this country the^^geometry taugtit in schools is largely limited 
to plane geometry. Because plane transf ormatix)ns are easier to imagine and 
because two dimensional algebraic expressions are simpler, this planar em- 
phasis continues in coordinate geometry and in tHe study of vectors. This 
emphasis on two dimensional geometry is a peculiarly American phenomenon, and 
it probably leads to errors in research on the development of children's geo- 
metric concepts and 'on the type of geometric topics that are taught to child- 
ren. Children have a great deal of experience with three-dimensional space 
that can be utilized in learning. So, the impact of this ^experience on the 
development of geometric ideas should be systematically resekrfhed. For this 
reason, this paper will consider relations in three dimensions as well as in 
two. 
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Table 1: Properties and Relationships that Remain 
Invariant Under Certain Transformation 



Topological Properties: 



Projective Properties: 



Affine Properties: 



Similarity Properties: 



Euclidean Properties: 



separation (enclosure) 
neighborhoods 

concurrence and intersection of 

curves (surfaces) 
openness 

linear, cyclic order of points 
continuity 

collinearity (coplanar) 

this also involves straightness or 

rectilinearity 
number of sides of a polygon (polyhedron) 

convexity 

betweeness 

parallelism 

ratios of lengths along the same line 
(in particular, midpoints are mapped 
to midpoints) 
ratios of distances along parallel lines 

angles 

ratios of lengths along nonparallel lines 
length 



Research Needs in Projective, Affine, and Si milarity Geometries 

Many of an infant's and a young child's early experiences involve objects 
which have projective, affine,, or sijii-larity properties. Children must cone • 
to an. intuitive understanding of these ideas in order to function well in 
space. Ratio is used to make judgments about the "real" size of objects. 
Many household objects and toys involve ideas of similarity of shape. Parallel- 
ism exorts an influence in perception; edges of tables, walls, etc. are used 
to organize the visual world.! The development of perspective involves projec- 
tive ideas; perspective is used in the initial organization of the visual world 
and later in .representational drawing. Yot, the influence of all of this ex- 
perience has been neglected by theory and by research. In particular, the fact 
that much of this experience is with three dimensional objects has not been 
systematically considered. . ^ 

This experience begins at birth and extP^nds throughout the school years. 
This perir.d encompasses three different theoretical spaces differentiated by 
Piaget: perceptual space, representational space (which involves images), and 
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conceptual space. "Perception is the knowledge of objects resulting from 
direct contact with them" (Piaget & Inhelder, 1967, p. 17), A mental image 
is ''the evocation of a model without direct perception of it" (Piaget & 
Inhelder, 1971, p. 4). Conceptual space results when static, whole, un- 
analyzed images become subject to operations and become capable of being 
analyzed and coordinated. Perceptual space undergoes an initial construe-, 
tion in the sensory-motor stage (0-18 months); representational space, in 
the preopieratiohal (1%^7); and conceptual— space, in the concrete-operational 
stage (7-12). Amplification and modification of this original construc- 
tion continues throughput life. An analysis of relationships among percep- 
tion, imagery, and conception is given in an article by Lesh in this mono- 
graph. 

Piaget*s research on projective, affine, and similarity ideas has been 
largely in conceptual space. New studies concerning the development of mid- 
dle geometry ideas in perceptual and representational space would be valuable 
in themselves, and they might provide considerable information relevant zo 
the development of conceptual space. For example, the research reviewed in 
Piaget and Inhelder 's Mental Imagery in the Child indicates that the relation- 
ships am')ng these spaces arc not simple. Discovering more about the first 
two might help to explain anomalies in the third, conceptual space. 1 

Inere is a large body of research in psychology on perception and on> 
imagery. Before new studies are begun, this research m"ght be examined tO 
see what is, already known about the development of projective, affine, and\ 
similarity concepts. In particular, the geometry properties and relation- \ 
ships in table 1 might provide foci for such literature searches. Hie study 
of a child's acquisition of mathematical concepts by psychologists is fre- 
quently marred by over-simple views of- the concepts involved. For this reason 
the project of gathering and analyzing what the research literature already 
contains about the development of middle geometry ideas seems to be a par- 
ticularly good one for researchers with a mathematics background. Readers 
who wish to gain initial access -o this psychological literature on the de- 
velopment of spatial concepts in children will tiad the following volumes 
to be helpful entres: Piagetian Research; A Handbook of Recent Studies 
(Sohan Modgil) , Children's Spatial Development (J. Eliot and N. Salkind, 
Eds.), and Infant Perception: From Sensation to Cognition , Volumes 1 & 2 
(L. B. Cohen & P« Salapatek, Eds.). Laurendau and Pinard (1970)" raise in- 
teresting and helpful methodological problems i and Olson (1970) provides a 
stimulating theoretical discussion about spatial development. 

Studies are needed which trace the development of a single geometry 
property through perceptual, representational, and conceptual space. Fiison. 
and Murray's study reported in this Volumev traced the development of simple 
•Euclidean shapes from perception (haptic-vlsual, in this case) to f epfeseri- " 
tation (building shapes with sticks) ^o conception (drawing shapes). The 
order of difficulty of the shapes was invarii^nt in each of the spaces. 
Other studies might trace the development of geometry concepts such as rec- 
tilinearity-curvilinearity (planar-not planar), numl^er of sides of a poly- 
gon (polyhedron), parallelism, or angles through perceptual, representational, 
and conceptual space. , 
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Research which examines the development - of projective, affine; and sim- 
ilarity Ideas within the same children is vitally needed. This is one of 
the. major problems with the research- of Piaget--dif f erent concepts are stud- 
ied with different children, so Qomparisons between the results of differ- 
ent studies can be made only by using the age of the child. In the anal- 
ysis of Piai^fit's results which follows, across- task comparisons will be 
made. But, as will be seen, these comparisons are often so rough that thej^^ 
are not very inf 6rma.tlve. 

A final' area o£ research in which a focus on projective, affine, and 
similarity concepts might prove valuable is in the systematic exploration of 
what Piaget calls decalages — the distribution over a period of time of the 
ability to do operationally isomorphic tasks that differ only in figurative 
* content. This dispersion results from variance . in the "resi'stance" of ob- 
jects to the given task. For example, a child does not become able to draw 
all Euclidean shapes at the same time- -some of them are more difficult and 
occur* later than others. Some of these differences in "resistance** migiht 
well involve prpjective, affine, or similarity relations (e.g., figures 
having parallel sides might be simpler than those without such side«)* Be- 
cause differences in figurative content may creatfe problems in mathematics 
learning, research which determines important characteristics of such dif- 
ferences would contribute to the design of improved mathematics instruc- 
tion. . - 

An Analysis of Piaget's Research on Projective, Affine, and ; 
Similarity Relations with Suggestions for Related Research / 

Piaget 's research in each area will first be outlined and then anal- 
yzed. All ages given are average an& approximate. In some cases, Piaget 
specified the ages in his discussion of the stages. In other cases; ages 
were not given explicitly ^ and were approximated from the theoretical dis- 
cussion and from the protocols. The research summarized here is from The 
Child's Ccnception of Space , pages 153-270 and 303-375. 

Projective v'^oncepts 

Piaget conducted five different experiments concerning projective 
concepts. He approached projective -ideas mainly by examining a child's 
use of perspective. For Piaget, a projective idea requires that the child 
be aware of his viewpoint and be able to relate a particular viewpoint 
with what is seen from that place. 

Experiment 1: The Straight Line 

Matchsticks were set vertically in small globs of placticine,, A child 
could move these about individuairy^'to foni^ a straight row of sticks. Two 
of the sticks were placed 20 cm (or 30 or 40 cm) apart. Children were told 
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that these wfere telegraph poles and that they had to place the other 
poles between these two so they ran along a straight road. Uie results 
were as follows: 

Stage 1 the child cannot form a straight 

« 4) line even when it runs parallel 

to the edge of the table 

Stage IIA can form roads parallel to the 

' (4-6) edge of the tatle but not diag- 

onally across it 

Stage IIB through successive trial and 

(6-7) error, begins to form straight 

lines anywhere on the table 

Stage III a straight line can immediately 

(>7) be constructed anywhere on a 

table and a child either con- 
structs or checks his construe- . 
tion by sighting along the line 

Experiment 2; Objects Seen by a Doll 

The second experiment involved asking children what various objects 
(needle or stick, circle, ellipse, semicircle, etc.) looked like from 
different positions. . A doll was placed at right angles tb the child and 
the object held up in front of the child and the doll. The child was 
asked what the obja.ct looks like to the doll. The object was also moved 
through 90^ or 180°, and the child asked what it looked like at various 
intermediate stages or what it. will look like at the final stage. Child 
ren were also asked about two lines meeting at a distance — railroad 
tracks or two roads. Children were asked to make drawings in response 
to these questions and also to select the correct drawing from a set of 
prepared drawings. The results were as follows: 

no geometrical drawings at all 



the object is shown with shape 
and size unvaried whatever its 
position relative to the obser- 
ver 

begins to distinguish between ./ 
different viewpoints; often 
chQoses correct drawings but 
is unable to make correct 
drawings 



Stage 1 
(< 4) 

Stage IIA 
(4 - 5.5) 



Stage IIB 
(5.5 - 7) 
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Stage IIIA the general, shape of drawings 

(7 - 8) is correct: 3^ though transitions 

are sudden rather than gradus 
railway lines are par^JJ;elror 
most of the wa^and:''^ddenly 
converge..J:o'''apoint, a' stick 
turning towards \ a child gradu- 
ally decreases in length and 
suddenly on^^^the las.t step be- 
comes a dot 

^ \ ■ ■ ' 

Stage. IJIB children accurately portray the 

(8 - i>) gradual intermediate stages as 

well as the correct final stages 
in their .drawings \ 



Experiment 3: Proj^s c SV^^ Shadows 



Tb^' tasks from crper '-^-l ? were repeated (with different child- 
ren) by projecting s?:i:r.w of rhe objects. Various objects were placed 
betw'eeti a lamp and vertical white screen, separated by only a few^- cen- 
timeters. The chiLi wa^^ a^ked to draw or chopse the drawing of Qie 
shape he expects the qhadM; to assume. The objects- presented werer a 
cone, a bobbin (two coxies placed point to point), a circle, a rectanglr,, 
a pencil. Objects were placed at different orientations, JH'e shapes 
having constant c^oss-sections (called simple shapes; below) ; could be done, 
at the same stages as they had been in the previous experiment, except 
that the pfencil seen head-on as a small circle was easier with the shad- 
ows, , 

Stage 1 no geometrical drawings at "all 

« 4) ^ ; 

Stage IIA ' the shadow is predicted"; as the 

(4 - 5.5) child sees from where ^he stands 

Stage IIB. begins to distinguish different 

(5.5 ^ 7) projections, especially the 

vertical and horizontal posi- 
tions; still fails to predict 
oblique or intermediary stages 

Stage IIIA correctly chooses and draws end- 

(7-8) stages for the simple shapes, 

— but still caanot portray all of 

the intermediate stages in turning 
a shape ^ ' 
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Stage IIIB correctly shows all intermediate stages 

(8 • 11) in turning simple shapes; still makeo 

^ errors with the conical shapes— -conical 
shapes may be predicted as that which 
can be seen f roni the viewpoint of the 
light (e.g., a point instead of a circle " 
if the tip of the cone i j oriented toward 
the light) . 

T ■ . ' ■ - 

Stage IV childifen realize thaV a shadow is the prqd- 

(11 - 12). oi something which obscures the light 

and sc» can correctly predict the conical 
shapes ? ' 

Experiment 4; Three -Mountains as SeeA by a Doll " 

The fourth- projective experiment done by Piaget was the now famous three 
mountains experiment. A three dimensional pasteboard model one metier square 
and from IZ-.to 30 centimeters high was used to represent thrc mountains sep- 
arated by valleys. Each mountain was of a different size, a different color, 
and had a different object placed on its ^peak. A doll (2-3 centimeters tall) 
was placed somewhere on the floor of the layout. Three Tnethods of obtaining 
a child's answer were used.' A child was given cardboard replicas of the 
mountains and asked to place them as they would look if the doll took a 
snapshot of the mountains where he was, standing, or'he^wasr aksed to draw such 
a snapshot. Alternatively, the child had to select from a group of pictures 
the view that the doll saw. ' ■ <i : ^ 

Stage 1 children do not understanding the meaning 

(i^ 4) of the questions 

Stage IIA each time -the doll is moved, a new pic- 

(4. - 5.5) ture is drawn but each picture is dra^im 

from the point of view of the child ob- 
serving, not of tb'^ doll. A child may 
select any picture at random, indicating 
that the child thinks all pictures are 
suitable from all views, as long as they 
show three mountains 

Stage IIB . a child attempts to select a picture or 

(5.5 - 7) draw a picture from the doll's point of 

view, but cannot do^this correctly 

Stage IIIA children realize that different viewpoints 

(7 - 8.5) exist but these are not considered as mu- 

tually exclusive; a medley pf viewpoints 
(a juxtaposition of items belonging to dif- 
. ^ f^rent points olE view) may be given; ^ 
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Stage IIIA (cont.) . the whole layout may be rotated 180 to portray 

an opposite view- 
Stage IIIB accurate portrayal of a g^ven viewpoint; occurs 
(8 - 9) earliest when using the three pieces of card- 

board to construct a layout ^ 

Experiment 5: Sections of Geome trical" Solids ' 

* — ' ^ ^ ~ ^ ' " 

A final experiment of Piaget's which involves projective ideas is thAt 
of sections of ^ometfical soK Children 'were ^sked to predict the shape 
of the surface produced 'when various solids made of plasticine were cut 
across various places. The objects included a cylinder, prism, parallel- 
epiped, hollow square, cone, and irtegular shapes such as twists, snail- 
shells, paper cornets, etc. 'The children were asked to draw the surface and 
to select from pictures of the possible surfaces. 

Stake I ] different surfaces are not even distinguished 

(-4) from each other. 

Stage IIA a child cannot separate the internal section 

(4-6)' from the exterrtaljand drawings show a jumble 

r of these features; cannot select the correct 
drawing . 



Stage IIB 



the sectional surface is gradually distin- 



' w— ^ . : «-» 

(5.5 - 7.5> ■ guished from the intact shape. 

Stage lilA success for the cylinder, prism, parallelepiped, 

(7.5 - 8,5) hollow bowl, and conic sections; cannot do the 

spiral shapes 

Stage IIIB progress in the spiral shapes but not complete 

(8.5 - 11) success: 

Stage IV success with spiral shapes- 

. - (2^11) . . 

Summary of the Projective Experiments 

First, Piaget's tasks vjnxe. proje ctions rather than being projec tive . 
His tasks involved the -projection of a three dimensional object onto a plane, 
either by cutting, by a shadow, pr by a picture. Thiis plane projection . 
naturally depends upon the point of projection (or the point of view of the 
viewer). A projection in this sense is a mapping of an n-dimensional space 
'onto an n-l dimensional space. But the projective transformations that leave 
invariant the properties outlined in table 1 are transformations^ of a plane 
into a plane, or ia general, of an n-dimensional space into an n-dimensional 
space. With the possible exception of his first .task (the straight line) , ' ^ 
Piaget did not really examine projective geometry, in the sense of a geom-' 
etiy that forms a hierarchy involving affine, similarity, and Euclidean 
geometries. 



^Fuson 



252 



Even if one accepts Piaget^s meaning of "projective" — a conscious 
awareness of a viewpoint plus the aljility to coordinate a particular view 
with a particular viewpoint, it is obvious that the last part of this defi- 
nition may require many different experiences and skills. Tasks 2, 3, and 5 
involved knowledge afcout geometric solids, task 3 required some experience 
with shadows; and task 4 required the ability to coordinate several different 
objects in two dimensional space. Training studies which equalize the amount 
of experience and skill in these special areas, or new tasks which do not 
require these extra skills would give more insight into the development" of 
projectionis. , 

Projections are a common experience in the life. of a child. Discovering 
the invariance of a three dimensional object as it is seen from differjenJt 
viewpoints is a major accomplishment. Building up images of three dimen- 
sional objects when one can never see them from more*^ than one viewpoint 
(i.e., from one point of projection) at a time is a long and difficult task. 
Piaget and Inhelder- discuss some research on this process of building three 
dimensional i^gery in Mental Imagery in the Child ^nd in chapter X of the 
Space bqok, but much more remains to be done. | 

■ /■ , . ■ . . ■ I ■ ■ \ . 

^Mathematical aspects of the projections also Ti[eed to be examined. In 
the objects seen, by the doll task, the attention of tiie child is focused on 
the point of projection (the doll's eyes) alone, anci\^/the plane of projection 
(what the doll sees) is left quite vague. . In the shadow task^ both the point 
^ of projection (the light source) and the plane of pr^^jection (the\ screen) are 
specified for the child. In the geometric section ^ta^k, only the plane of 
projection (the cut) is mentioned specifically; the i4entity of the viewer, 
the point of projection, is not specified. Studies in which the specificity 
of the point and of the plane of projection are sytematically varied while 
other variables are held constant would indicate the r'elative importance of 
these aspects. 

.( / • . . ' ^ ^ 7 ^ ■ ' ■ ' ■, 

— \Cross^task comparisons within the same children would also be valuable. 
The ages given by Piaget are so rough that one can seel general patterns of 
abilitiN^es emerging at about the same time but cannot detect any subtleties. 
For exaaiple, children are able to make a projective; straight line (experi- 
ment^ 1) before they can' succeed on any of the other task^, and projections- 
of shadows (experiment 3) and sections of geometrical solids (experiment 5)-^ 
take longer for total success than the others^ for they require a stage IV. \ 
Whether this is due to the nature of the tasks or to the greater difficulty \ 
of the objects used (i.e.~, that the objects lised had greater "resistances") 
is not clfear from the data Piaget reported. ^'Sut one cannot tell in much 
detail the relationships among children's perfi(3rmances on experiments 2, 3, 
4, and 5 during stages II and III. And this| ^^s the pl^riod that is most impor- 
tant to the planning of elementary schoel cui^ricula. In-depth case studies 
of a few children in the Soviet style might |be particularly appropriate here. 
\ " ' ■ ■ ■ ■■ ^ 

Finedly, the first experiment of Piaget, the construction of a straight 
line, is closest to being a true projective task. The concept of line^s-a 
projecti^l^e concept; however, it is a very complex concept. InterMngled in 
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the Idea of llne^are notions of continuity/ collinearity, and rectllinearity . 
Continuity, the construction of a line segment from adjricent points, i& a 
very difficult one for children. It may be so because^ litle appears to be * 
an undecomposable whole without any idea of a point involved. This line . , 
may-be seen to be able to be broken up, but always into ^smaller bits of a . 
line — small line segments. This idea ot an undecomposable whole would be 
one counte7:part of I the line most often seen in the world—an edge of some> 
ob'ject. Another aspect of the line—rectirinearity/ciirvilinearity (and 
planar/not planar)! also stems partly from experiences with real object^: 
things are flat or! curved, have a sharp place (an edge), or are smooth-, can 
sit without rocking or cannot". A third source of cpmplexity in the concept 
of line is motion—objects often move in straight paths. Visual observations 
of the motions of other people and of objects and kinaesthetic data about 
one's own "motion all can potentially clarify &r obfuscate the^^eveloping 
notion 6f a line., j . ^ 

Future research needs to dif f erefitiate clearly °among theae varioup y ; 
aspects' of the line. Research which would do this, would contriBu^^^^ 
erably to our undeirstanding of this important projective concelp^t 

Affine Concepts / - ' ^ " ^ > 

Piaget did only one experiment to examine an affine concept -riconservat ion 
of parallel lines. To do this he studied the child's reactions to a series" 
of affine transformations of linearly connected rhombuses: children were 
asked to predict the shape of a tool called "Lazy Tongs" as it wa^ opened. 
This tool is pictured in figure 1. Younger children were given a selection^ 
"'of different sized xods and were asked to construct representation^ of the 
tongs ("Make the little windows.") as they would appear as they were opened \ 
more. Older children were asked to draw what would happen. Some children 
were also given a -collection of rhombuses and non-rhombuses with the corners 
covered (so that the sorting process would depend on the parallelism of the . 
sides and not the equality of the angles). 



Figure 1. Rhombuses in "Lazy Tongs" closed and open . / 
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.'Stage! a child is unable to anticipate any kind of trans- 

(3* 4) formation of windows* 

Stage/ IIA \ can anticipate change only after seeing the begiti- 

(4 - ^) ning of the opening of the tool; thea visualizes'u 

\ an endless enlargement of the "windpws"; drawings 

are often crosses representing the vrhombiises; , , 
Stage IIB ^ ^ ^ from seeing any position erf the* tooi^^jjan anticipate 
(6 - 7) ' . • changes and sees that the windows will get larger 

and. then smaller again; however, the lengths of the 
sides of the rhombuses change as the shape changes, 
^ and th6. opposite sides do not remain parallel; ^ 
thfe transformation is still not a continuous series 
of changes' with changes in height and width inverse 
- to each otl^er. ' ^ 

V' •■ , . • ■ 

Stage IIIA the length of the sides of the rhombilses remains 

{J - 9) invariant and the sides are parallel, but all the 

. ' . stages, of the/transformation are not clear; 

Stage IIIB each stage of the transformation is clearly spelled 

<9 - 11) out 

Stage IV the whole process' of transformation can be dedur.c:d 

(> 11) a priori, including the point at which the height * 

becomes less than the width 

0 ■ 

'This particular task was an ill-chosen one fcjr several reasons. First, 
It confounds physical* knowledge (having seen the tongs work before) and 
logical-mathematical knowledge (conservation of parallelism) . Second, it' 

;involv^s a transformation which .prese;rves parallelism, but also preserves 
the. length of the -sides of the rhombus, and therefore mixes affine and Eucli- 
dean propetties. better af^fine task would preserve only parallelism. The 
task also seems to 'involve causality— concern with why the tool works as it 
dbfes might be distracting. Finally, the task seems to require that the child 

-picture, the intermediary steps in a transformation. This is quite difficult, 
as Piaget and Inhelder report in Mentarl Imagery in the Child . 

Sorting true, and false rhombuses i/ith their comers covered j which Piaget 
described but for which he did 'not report! results, would seem to be. a better 
affine task. Alternatively, a sorting task using rhombuses, trapezoids, and 
irregular quadrilaterals with other features, carefully varied (length of 
sides, area, etc.) might provide interesting results. Such sorting would, 
of course,- be a perceptual task. However , drawing might be used to examine 
. these shapefe on the conceptual level. - : 

■ ^ In addition* to tasks aimed at further Investigating the concept of paral- 
lellffln, table 1 could be Used to suggest productive research tasks involving 
other affine concepts~e.g. , convexity, betweenness, conservation of niidpoints, 
ratios of distances along parallel lines. In. fact. Martinis study in this 
volume examines the last listed affin^ concept—ratios of distances along 
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parallel lines. In particular, it would be interesting tojiave more iafor- 
riation about the parallel development of all the concepts within individual 
children. ' 

' Similarity Concepts 

• Piaget's work on the development of similarity relations was fairly ^ 

thorough. It ' involved five experiments . 

k . ' " 

Experiment 1: Drawing Similar Triangles Using Parallelism and Ratio 

The tasks for this experiment are drawn in figure 2. Solid lines repre- 
sent what the chilS. is given, and dotted lines show what he is asked to do. 
Numbers in parentheses show the size of other triangles presented in each 
task. 

Stage 1 • impossible to carry out useful experiments 

4.5) / , 

Stage IIA / drawings take account of neither parallelism nor 

(4.5 6,. 5). the equality of the angles 

Stage IIB/^-j "' an intuitive idea of parallelism emes^s for some 

/C6^.^5'^' 7. 5) particular triangles (equilateral and Obtuse 

isosceles)-^ and there ifr marked progress in judging 
the slope of sides of tltie triangles 

■ ■ . • - * 

*Stage IIlA " parallelism of the sides' of. inscribed triangles 

(7.5 T 9) ' is used to construct similar triangles — children 

move the ruler very carefully to maintain the, 
; . . same , slope ^ 

Stage IIIB ' begins tt) use simple proportions (1:2) and to 

(9 -/II) ' measure the sides of ^ the triangle instead of using . 

parallelism; still uses addition instead of multl" \ 
\ \ \ \ plication for difficult ratios (adds equal lengths * 

— 1 to all sides) • ^ 

Stage: IV ' can use proportions to construct similar triangles; 

(-:11) in particular can do task 4 for more difficult 

W propor tioijiS " . . 

Experiment 2; Sorting Similar Cardboard Triangles 



Children were asked to sort cardboard triangles into similar and diss iiiilar 
grotips/ Various sizes and shapes Were used. Children -could handle these tri- 
angles fr^eely and superimpose them to check equality of angles if they wished. 

Stage I ^ impossible to carry out useful experiments 

St4ge IlIA judgments are, made globally; sometimes equilateral 

(4.5 - 6.5) triangle's are put together; even when superlmponing 
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Also (3, 1.7, 1.7 ) 

(3, 6, 6), (6.5, 4, 2.5) 




Also (3, 6, 6) , :4-, 2.5, 2.5), 
(6. 4.5, 2.5) 




/ 



\ 



4 



Also (3, 6, 6) , (4, 2.5, 2.5), 
(6, 4.5, 2.5) 

(5) selection from drawings of 
similar and dissimilar triangles 



(4) 



I \ 
I \ 
I \ 



10/ I * 

/ \ 




covering '^heet of paper 



^ase, side, side): other sizes^ of triangles given in that task 
All numbers are in centimeters. 



StagellA (cont. ) is demonstrated children still focus on the length 

- \ of sides as the sorting criterion 

Stage TIB begins to notice the inclinations of the sides 

(6.5 - 7.5) and even sometimes characteristics of the apex 

angle (e.g., refer to the thinness of a triangle); 
when shown how to superimpose triangles, sometimes 
look at the apex angle but not used very accurately 



Stage IIIA 
C7.5 - 9) 



spontaneous superimposing; classification by paral- .. 
lelism of sides is successful; a beginning of focusing 
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Stage IIIA 
(cont •) 

Stage IIIB 
(9 - 11) 



attention on angles 



Piaget remarks^ 



classification by superimposing the angles in a 



triangle 



^w«^^..«_that he obtained similar stages when he had children sort 
similar 2ardbo3rd rhombuses, but he does not report any details of this 
experiment. 

Experiment 3; Choosing and Drawing Similar Rectangles 



Two kinds of tasks were involved.. In the first, childrerl were shown 
^ standard dra^ring. of a rectangle 1.5 cm by 3 cm and comparison drawings of 
rectangles 4 cm in widtffbur with leiigths varying from 6. to Is cm (8 being 
correct). They were asked to choase/ whi 'i drawing was "the/same shape but 
bigger" or the] "daddy of the little/one ' A magnifying gl^ss was sometimes 



used to demonstrate enlargement. In the other task, the cliild was asked to 
diaw on another sheet of paper a bok of the same shape but/. larger than the 
standard drawing. Sometimes a baseline of double or triple length was given. 
To clarify tbei request for a I. r.:^.lc similar figure, children often practiced 
by classifyingissiTnila-^ ctr- . r;liiilar rhor'.uses. / 



\. 



Stage 1 

4.5) 

Stage II 

(4.5 - 7.5) 



. Stage IIIA 

(7.5 - ;9.5^ 



.Stage IItIb 
(9.5 - il) 



Stage IV 
(2^ 11) 



outs|/de the possibilities of/ experimentation 

selected and spontaneous drawings both have the 
ratio of length to height gjreater than it is~ 
almist as if a child think^, "The more rectangular 
(i.L, longer) it is, the /tjetter." 



perheptual comparisons Ibecome fairly accurate, 
butl drawings are not; ceritrations alternate be- 
tween length and width; spontaneous attempts at 
measurement / 

usesi measurement in drawings; adds equal amounts 
to the length and width/ by drawing and then alters 
the drawing to match hi's perceptual estimate; 
drawings correct for slinple ratios (1:2) 

uses multiplication to/ make correct drawings 
involving more difficiilt proportions 



r 



Experiment 4; llrawing a Similar Con^guration of ILi ne Segments 



Piaget tri^d one other experiment involving /proportionality in which 
he tried to eliminate the role of the\ strong configuration in the triangle 
and rectangle experiments. A drawing^like that in figure 3 was nrcsented, 
and children weJe asked to select corrWt enlarg/ements and to draw them. 
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The stages matched those in the rec- 
tangle experiment. By Stage IIIB, 
a and b were drawn correctly, and by 
Stage IV, c was. also correct. 



Experiment 5; Copying Supplementary Angles 

One experiment reported by Piaget in The Child's Conception of Geometry 
is also relevant here.. Children were asked to reproduce on another sheet 

. ^ the drawing. in figure 4. They could 

Figure 4 study the figure as often as they~Wished 

except when they were actually drawing 
(the model was placed behind the subject). 
Thus, direct visual copiparison was elimi- 
nated. Rulers, strips of paper, string, 
cardboard triangles (for angles) , and 
compasses were provided to be used In 
measuring. 




Stage I 
(^4.5) 

Stage IIA 
(4.5 - 6) 

Stage IIB 
(6 - 7) 

stage IIIA 
(7 - 8.5) 

Stage IIIB 
(8.5 - 11) 

Stage IV 
(^ 11) 



drawings made by visual estimate 



visual estimate, no attempt ^t measure- 
ment even when it is suggested 
AB or CD or both were measured, but not 
AD or DB or the angle 

AD and DB are measured, and children 
tried to maintain- the slope of their 
ruler when drawing CD, 

AC and CB were measured to fix point C 



most children dropped a perpendicular 
from C and used it to find the location 
of point C 



Summary of Similarity Concepts 

This set of experiments examines the b'-sic set of ideas in similarities- 
angles and ratios of lengths along non-pai allel lines. The tasks al 60 involved 
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shapes whose equal anj^^les will determine similarity (triangles) and those 
that will not be so determined (rectangles). The tasks involving picture 
selection were perceptual, and the drawing tasks were conceptual. Tasks 
which"^ fall between these two (into representation) might involve the con- 
struction of similar figures using sets of equal sticks (the ratio would 
be determined by the number of sticks used per side) or using sets of un- 
equal sticks \(the ratio would then be determined by the size of the sticks 
used). Alternatively, figures might be constructed on identical or similar 
geoboards. Such research studies would relate directly to the schools, 
for such tasks would be good geometric activities for child^cen. 

Piaget'fj similarity experiments seem more relevant to school mathe- 
matics than the projective or affine experimer^ts . This is because simi- 
larity ideas are included in many parts of the school curriculum. Some 
models for rational number concepts are based on similarity; thus, part of 
students* difficulty with rationals may stem ftom problems with similarity 
ideas. . Ratio and propoi"tion are part of the school curriculum fi^bm at least 
the seventh grade on, and they present many difficulties to the student. 
Standardized tests include man^ proportion word problems. Verbal analogies 
(a:b::c:d) form major parts of many intelligence tesLs. Similar geometric 
shapes would seem to provide a helpful mc ntal image for other types of pro- 
portion and analogy situations. TrainiUi^ studies of teaching experiments 
concerning ways to teach geometric similarities , and ways to generalize the 
solution of geometric proportions to other types of proportion would be 
valuable. 

Experiment 2 is the only one of Piaget's similarity experiments that 
directly addresses the topological to Euclidean assertion. In Stage IIIA 
children classify similar triangles by the parallelism of th6ir sides, and 
not until later (Stage IIIB) do they classify by comparing the angles. 
Here the affine concept, parallelism, is used before the similarity idea,, 
equality of angles. Thus Piaget's evidence for the progression of the 
middle geometries from projective to affine to similarity primarily consists 
of two experiments: the first projective experiment which demonstrates that 
the projective straight line can be constructed by age 7 and the second 
similarity experiment which indicates that parallelism is used in classifying 
triangles by age 7.5 to 9 and angles are used by ages 9-11. this evidence 
is intriguing, but certainly not sufficient. Other studies which examine 
different projective, affine, and similarity concepts are needed, especially 
those which examine all three types of concepts in the same children. 

Conclusiog 

Piaget performed a valuable service by pointing out the importance of 
different viewpoints and of children's conscious awareness of different view- 
points. He has offered an intriguing hypothesis in the topological-Euclidean 
ordering, one that seems to provide a productive array of resecirch questions. 
His experiments' always offer great insight in.o the ways children think and 
act. But people with mathematical uraining needn't© design and carry out 
studies which will elucidate and begin to answer the questions Piaget has. 
raised corxcerning projective, affine, and similarity concepts. 
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The Child's Joncept of Rfitio of Distances 



— an Af fine Invariant ^^--'^''^P^''--? 

J. Larry Martin 
Missouri Southern 
State College 

Felix Klein's Erlanger Programm has been used to classify geometries' 
according to their subgroup relationships. Accordingly, the affine group 
is a subgroup of the projective group and contains the group of similar- 
ities as a subgroup (see figure 1). The Programm has also been appealed 
to recently by mathematics educators gnd psycfiologists as modeling the 
sequence of the child's construction of space. Piaget maintains that 
the child' constructs his conceptual space in an order roughly parallel- 
ing the classif iciation of geometries. That is, to Piaget, the child's 
first spatial constructions are topological. Projective and Euclidean 
concepts develop later. 



TopologJLcal 
Transformations 



Projective 
Transformations 



Affine 
Transformations 



Similarity 
Transformations 



Euclidean 
Transformations 



, Figure A hierarchy of transformation subgroups. v 

- There have been a few replications of Piaget 's work investigating,, 
the child's concept of space. There have been fewer, tests of his theory. 
Mathematics educators. mqst . examine "the structure of -the mathematics in- ^ 
volved in the varipus geometries and ask/questions about the consequences" 
of the "developmental sequences suggeste^,, by. Piaget . Applying this sequence 
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to the rtathemaitical st "ucture can lead to many research questions 
(Martin, 1976) . 

Sirice similarities form a siibgroupl of the. af fine group, if Piaget's 
suggested. sequence is essentially' correct , one would expect af fine con- 
copn^' to develop prior to similarity concepts. Parallelism is associated 
with affine geometry. Angle measure and proportionality are assoclatfed 
with similarities. However, affine transf ormatio^is also preserve ratios 
of distances, provide^ the dist'ances\are taken along the same line or ^ ' 
along parallel lines. Similarity transformations conserve ratios of 
distances in all directions. Two. i:atural questions arise: (1) When do g 
children develqp the ability ^o conserve ratios of distances in- one direc- 
tion?, and (2) Does this ability develop prior to the ability to conserve 
ratios in all directions? This study deals primarily with the first ques- 
tiqn. Attempts to ^^xisj^wer the second question will be made by comparing 
the results of this investigation to the results from Piaget's similarity 
experiments (Piaget, 1967). * 

Related Literature and Mathematical Considerations - ' 

Fuson (this volume) reviews some of Piaget 's (1967) research dealing 
with affine and similarity concepts and notes the paucity of related studies.? 
Piaget ^s lone affine task is the now familiajr '^Lazy Tongs" task. As Fusofl 
not^s, the transformation involved conserves length as well as parallelism 
and thus contains Euclidean elements. 'Piaget recognizes that he is util- 
izing a particular type cf affine transformation and reports the children's 
development in terms of bdth parallelism and the invariant length of the 
sides. Though Piaget is aware that length is not an affine invariant 
(p. 305), he evidently does not view the fact" as a major obstacle to a 
study of the child ',s representation of parallel lines and of his concept of 
parallelism. On the basis of the results for this* task, he reports .that 
the concept of parallelism is acquired at about 7 or 8 years of age. Since 
Piaget defines affinities as "projective correspondences conserving ^paral- 
lelisms" (p. 301),. he then turns his attention tc similarities ("affinities 
conserving angles" (p . 301)). More, .will b§' said .>bout his simila:rity tasks 
later . r 

Although parallelism is an^ affine invariant i this investigation deals 
with the af fine . invariant of ratios of distances in* one diree:tion, that is, 
ratios of distances on the same line or, along parallel lines. Piaget does 
not address himself to the study of this concept. . " 

► - 

A discussion of ratio and proportion is appropriate here. "Ratio" 
is defined as the quotient of two numbers. More generally the term, conveys 
the notion of relative magnitude. The conservation of a ratio of distances 
is illustr ted in figure 2. Since affine transformations preserve ratios 
of distances on the same line or parallel lines, they, in particular, send 



For a detailed list of invariant properties associated with transformation 
groups, see Fuson, this volume. 
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equal distances into equal distances, thus preserving midpoints. The rec- 
tangle ABCD is af finely equivalent to the parallelogram A^B'C'D'. The 
ratio'iiP/PB is equal to. A'P'/P'bV. These are/ratios of segments along 
the sanie line and its image, respectively.- The rktio AP/AR is not equal , 
to the ratio A'P'/A'R'. These are ratios taken neither from the same 
line nor along parallel lines. A similarity transformation would have 
preserved ratios in all directions. / 





Figure 2. Racios of distances preserved - 

. . . ' * 

"proportion" is an equivalence of two ratios. Many mathematical 
models used to describe physical reality involve proportionality. Studies 
on proportion (Lurizer & Pumfrey, 1966; Lovell & Butterworth, 1966) have 
concluded that the schema of proportionality is of a higher order than the , 
schema c£ ratio J This is reasonable to expect and is cons is tan t with 
Piagetian theory, proportion being a relation 'betwieen relations. . ^ 

Consider the proportion a/b = c/d. Td focus on the geometric aspects 
of ratio and proportion and place the discussion within the context of 
this irvestigation, suppose rod is- divided into "b" congruent segments. ' 
The ratio a/b could be used to denote the relative magnitude of "a" seg- . 
merits to the potal length. How could the situation be, varied to obtain 
the proportioh a/b = c/d? Rod R could be congruent or identical to R^ 
but subdivided into !^d" (9^b) segments. Then a:/b = c/d . if but only if 
a»d = b»c. In this case b^ d and a ^ c _(e.g., 2/3 = 4/6),. but the segment^ 
of which is "c" segments long is congruent to the^ segment of R^ which is 
"a*' segments long. 




than 
would 

Then a/b = c/d because a-c and b=d. ^w^^. — «^ 

segments long would not be congruent to the segment. of R2 which is 

segments long.. . ^ 



But the segment of R:^ 



which is '^a" 



These two proportions should be quite different psycho logically / 
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Note tKat in the former case, the unit remained the same but it was divided 
into a different number pf segments.. This type of proportion usually 
appears in the middle school curriculum. In the latter case the size of ^ 
the unit, changed but the number of subdivisions remained "the same. It 
seems appropriate to designate this second type of proportion conservation 
of a ratiOj^ '^^i? type of proportion is less frequently encountered in 
textbooks;. Though unsuitable: in a context of generating equivalent 
fractions, it is highly r<ilevant to geometry. For example, if a polygon 
P- is similar co ar polygon theici the ratio of the lengths of two of 
tne sides of is conserved in 'the ratio of their respective Images. 
The ratios are identical, 

In a series of investigations, R. Karplus et al. (Karplus, R. & 
Peterson, 1970; karplus, P., & Karplus, E. F., 1972'; Karplus, E. F., 
Karptlus, R. , & Wollman, 1974; Wollman & Karplus, R. , 1974) studied the 
development of . the child's concept of proportionality. Although they 
used several d4-fferent tasks, only'one will be described here as illus- 
trative. Subjects were given a picture of a stick figure, called Mr. Short', 
and some paper clips. They were told of another stick figure, Mr. Tall, . 

^similar to Mr. Short but taller. ^The experimenter stated, "I measured Mr. 
Short *s height yith large buttons, dife on top of the other, starting, with 
the floor, between Mr. Short/s feet and going to the top of his head. Four 
buttons reached to the top of his head . . . .Then I measured Mr . Tall- wi th . 
the :^ame buttons and found that he was six buttons high." The subjects' 
task was to measure Mr. Short's height in paper clips and predict the 
height of Mr. Tall in paper clips and then explain how they figured their 

jprediction. Although this particular task was grpup administered and used . 
paper and pencil, other tasks were given during^^ndividual interviews. 

Mr. Short *s height measured in paper clips was 6. This could give 
rise to the proportion: ' 

4 buttons for Mr. Short ^ 6 paper clips for Mr. Short 
6 buttons for Mr. Tall x paper clips for Mr. Tall 

^ How can this proportion be interpreted? Is the unit subdi^rlded into 
a different number of segments on each side of the equality? Is the unit 
different on each side? What is the unit? Oue possible interpretation is 
that the unit is Mr. Tall or a livie segment of length equal to the height 
of Mr. Tall. This unit is divided into six segments. Mr. Short could be 
thought of as a subset of the unit consisting of four of those s*egraents. 
The unit is then subdivided into small segments, each of length equal to 
the length o! a paper clip. An alternate choice of the unit could be Mr. 
Short. The7/e are other possible choices for the unit. Indeed there are 
other possible proportions for representing the problem. This discussion 
merely serves to demonstrate some of the possible complications involved 
in proportional reasoning. . 



Some would not label this second type a proport.uon be9ause the unij has 
changed. - , 
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Lunzer and Pumfrey (1966) and Lovell and Butterworth (1966) have found 
that proportional reasoning unaccompanied by physical actions. are rarely 
used before age 15. Karplus, in the studies cited earlier, found only .. 
10-15% of seventh and eighth graders consistently used proportional reason- 
ing to solve his tasks. He suggests that factors such as the ratio involved 
and the "cognitive ^tyle" of the subject also contribute to the strategy 
used. The Karplus studies are recommended both for their longitudinal 
nature and for their interesting analyses of proportional reasoning. 

Piaget (1967) maintains that proportionality is more easily stfu)died 
in spatial, problems than in nongeometrical situations. Here the origins 
of proportional reasoning can be found in the -actual perception of f igutres. " 
Once again, . however , the distinction must be made "between peirception and' 
representation. * "Assuming that the child can perceive two models as similar, 
will he be able to draw them in proportion, not only as regards the overall 
appearance, but preserving the angles and relative dimensions?" (p. 322) 
Since Fuson has already summarized Piaget 's similarity experiments, only- 
a few points of particular relevance to this investigation will be high- 
lightjBd. First, strategies utilizing parallelism are used prior to strat- 
egies based on congruent angles for solving geometric proportion pro^ems. 
The parallelism stratregy surfaces around 8 or 9 years of age with the angle 
strategy following between the ages of 9 and 11. Second, in the case of 
selecting o:r producing similar redtangles , perception is fairly accurate 
at age 7.5 - 9«5 yeari^ but . r^rawings are, not . The drawings are rectangles, 
however, and thus conser-*"^ angles, parallelism, and ratios of distance * 
along parallel lines. Early attempts at proportional reasoning at around 
9.5 - 11 years of age tajce .the form of abiding equal amounts to the length 
and to the width. Drawings are more likely to be correct for^imple ratios 
such as 2:1. (Karplus also reports av widespread use of addit^^ reasoiiing 
among his subjects and ' a higher rate of success for the ; simpler ^ratios.) 
Piaget's subjects attained, a stable quantitative rconcept of proportionality 
at around 12 years of age. Piaget thus reports three phases in the develop- 
ment of similarities and proportions: (1) parallelism of' sides, (2) equality 
of angles, and (3) metric proportionality:- 

Procedures ' . » 

The Sample ; The sample consisted of 40 subjects, 20 from grade 5, and 10 . 
from each of grades 3 and 4. The children were randomly selected from four 
elementary schools chosen bjr the Associate Superintendent of the Joplin, 
Missouri, public schoo3 district as representative of the district. The 
schools were "represencative" in a socio-economic sense, their composite 
student population forming a heteroger.- ous group ranging from upper-middle 
to lower socio-economic levels. Five childre^n were selected from each school 
at each grade, level. Originally it was planned to use 2d s\abjects from each 
of grades 3, 4, and 5. However, the uniformly, poor performance of the third 
and fourth graders on the tasks made it unnecessary, in « the opinion of this 
investigator, to interview the remaining 20 children . 

".r , -. . . ' 

The average age of the fifth graders was 11 years, 1 month; the average 
age of the fourth graders was 9. years, 8 months;; and the average age of the 
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thiird graders was 8 years, ir months. The standard deviat^ion was 4 months/ 
for grades 4 arid 5, and 6 months for grade 3. Based upon Piaget's' findings, 
these ages were selected as most likely to yield measurable results on 
affine tasks, or more particularly, on conservation of ratios of distances. 

, ' Table .1 

I Conservation of Ratio of Distances Test 

Itdm 1 Model Copies 

1 . - 35 cm, bead at 25 28 cm, bead at 15 

_ 1 - ^ . bead at 18 

* 1 \ ^^^^ 2^ 

bead at 22 

bead at 25 

' 2 ^ 21*^m, bead at 15 saine as on Item 1 

3 28 cm,, bead at 20 ^ 21 cm, bead at 15 - * 

35 cm, bead at 27 
42 cm, bead at 28 



4 


28 


cm. 


bead 


at 


20 


21 cm, bead at 13 
35 cm, bead at 25 
42 cm. bead at 33 




5 


28 


cm. 


bead 


at 


20 


21 cm, bead at IS 
. 35 cm, bead at 27 
42 cm, beajd at 30 




6 


35 


cm. 


bead 


at 


.25 


place bead on 42 cm 


rod 


7 


21 


cm. 


bead 


at 


15 


place bead on 14 cm 


rod 


8 


38 


cm. 


'bead 


at 


20 ^ 


place bead on 35 cm 


rod 


9 


28 


-cm. 


b.^ad 


at 


20 « 


place bead on 21 cm 


rod 


10 


28 


cm. 


bead 


at 


20 


draw rod same size 




11 


28 


cm. 


bead 


at 


20 


draw. a shorter rod 




12 


.21 


cm. 


bead 


at 


15 


draw a longer rod 





The Test: The test was composed of 12 items (see table 1). The first five 
items consist cf a model and copies. In each. case the model is a rod. 3mm 
in diameter with a bead placed on it dividing the rod into two segments 
having lengths in the ratio of 5:2. In other Vords, the bead is 5/7 of the 
way from rhe end of the rod to the other. The copies are also of ,3mm dxamete 
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and have beads located as in table 1. The task is to select the copy which 
preserves the_ ratib. The copie s are constructed so as to yield clues of 
the strategies used by the subjects. For example, he may cpnserve the dis- 
tance from the bead to one end or the other of the-model rod on his choice 
oc copies. Or he may rely solely on perception and overestimate or under- • 
estimate, the distance from the end. to the bead on the copy. Item 1 re- 
quires, selection from copies' all shqrter than the model; itein 2 requires 
selection from copies all longer^ than, the model; items 3-5 require selec- • 
tion from copies some longer, Some shorter than the model. / 

Items 6-9 requi>re the subject to construct copies of a model by placing ' 
a bead, appropriately on a rod of different length from that of the model, 
^tems 10-12 require the subject to draw. copies the same size as, shorter- 
than, lor longer than the. model with the bead drawn appropriately. 

Administration ; During individual interviews with each child the items were - 
presented in order 1-12. The interview began with two warmrup' tasks . Since 
the wkrm-up tasks were designed to. convey the intent of the taskt> to follow, . 
the interviewer used a limited intervention format giving suggestions to 
or asking leading questions of the subject. Such an approach was justified 
. on the bi^sis that a child is not likely to develop a scheme for conserving 
ratios of distance from such minimal assistance. 

Before beginning the warm-up tasks, the investigator told the subject 
thatr- there were no right ox wrong answers to the upcoming questions, and 
that he (the investigator) just; wanted to know how he (the subject) felt 
about the answers. In the first warm-up task, the subject was presented a 
model rod 25 cm long. The rod was subdivided into five congruent segments - 
by ink marks on the rod . A bead was on the rod dividing the rod into lengths 
in the ratio 3:2 (i.e., the bead v^as on ithe third mark). The subject was 
asked to imagine that the rod ■■jgets ^shorter and shorter until it is just 
this size." At this point a second' rod, shorter (20 cm .^i length)" than 
t^e first, wa's given to the child. It, too, was subdivided into- five con- ^ 
gruent segments but contained no be^d . The- child , Was asked to put the 
bead on the second rod where he thougDi it .^oald be. The task was repeated ^ 
requiring the subject to place, the . bead on & rod longer (30 cm) than the 
.oriEinal. If the child did not respond by placing the bsad^on the third 
fLrk of the longer rod, the investigator called the^^"^-]«^^^ f'^?"^^°" ^° 
the marks on the rods. In '.he discussion which followed, ^^^^^i^ator ^ 

asked such questions as, "16 We cut the sticks at each mark,, how many pietes ., 
would w,e get?";- "Would they all be the" same length . J^^^ f ^ead^ 

ferent lengths?"; and, "How many pieces are there on that side of th^ beadr... 
How many on tSe other side of the bead?" Aftel: the discussior the task was 
•repeated. Effects of this Intervention are discussed later in this paper. 

, In the second warm-up task, the subject was presented a model rod . 
28 cm lone A bead was located 21 cm from oue end. Tnare were no marka 
on tSe rol ttus no conveniLt subdivisions. ^-"-^--/^^f 
on the first task were then given and the subject was asked to place' the 
bead appropriately on an unmarked rod of length 24 cm. While the 3ubject 
investigated tSe model and the copy rods, the investigator connnented_on the 
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absence of the marks ^rid placed a **helper. stick" alongside the model. The 
"helper stick" was- of the same length as the model arid was subdivided into/ 
four congruent segments, but contained no bead. Placing the aid alongside 
the moderl reveaied that the bead on the moieJ would bfe on the third mark 
if the' model , was mar^ed^ t'hus dividing the hodel rod into segments in the 
ratio of -3i:l. The investigator suggested, that perhaps- the "helper stick" 

, could be usefui and presented two more "helper sticks" of length equal /to 
the unmarked copy rod . Bot^h, of tliese latter aids were subdivided intc/ 
four segments but 'only one wais divided into congruent segments. The /Sub- 
ject was then; allowed to- use the aids. The task was repeated in a similar 

'fashion with the sdne model rod but" with Sn unmarked rod ^of length 32 cm 
upon which to' place the bead. .Analogously, ^ids were presented. / 

'.' ■ . ■. ■ ■ • ■ ■ ■ ' ■/ 

Regardless of vhich "helper stick" the subject used, that i^^, th<a one 
marked in congruent segments or the one in noncorigruent segments, the inves- 
tigator' asked quep*;ions such as, "Could we use the other helper stick?... 
What would happen if we were, to do so?... Would it make any difference or 
would the bead go in the same. , place?" Th^se questions and the ensuing dis- 
cussion werei intended to make the siJbjfect /aware of the fact that the two 
aids were different. Hpwever, the subject was not told which one to use. 

•. None of the rods used in the actual test items were marked. However, 
a. cojlectibn of "helper sticks" and a meter stick were avaiXabie during 
the a.dministratioiv of each item. The collection 'contained 10 rods, two of 
each of tftej-lengths 14, 21, 28, 35, and 42 cm. Thus for each rod used 
either as a ^model or a copy ther.e ,were two. possible "helper sticks." All 
of the ^potential aids were, subdivided into seven subdivisions. One aid of 
each length was divided into congruent subdivisions, , the other serving as 
a mislead. The children we^e told the "helper sticks" were to use if they 
wan tied to ,do so.. 'The time required for each interview was 20-35 minutes. 
.iricyeasW ^use of*'the aids resulted in an increase in the amount of time 
ilired. ... ^ . 




Of* the lO third graders, none answered more than two of the first nine 
items correctly* Of the 10 fourth graders,, none answered more than three 
of the first nine items correctly. The variability was much higher for the 
fifth grade scores. Seven of\^the 20 fifth graders responded appropriately 
to all of the first nine items\ On. the other hand, two of the fifth grade 
children made scores of zero. Mean scores for the third, fourth, and fifth 
grades were .9^ 1.1, and 5.85 respectively." . fhese data.^t^^ with a fre- 

quency distribution are displayed in tat>lesy 2rarid. 3.- ■^■v 
" * . ' ' 

Since no*^xact length for the drawings was^ e^tabli'shed physically by 
any proposed copies in items 11 and 12,. it was necessary- to d ^ine what a 
correct response would be. An error of ^'^l^'.c allowed for the placement 

of ^the bead on a rod of length 28 em.' T^ selected because of its 

(nredominauce in. the tasks. The -error amounts .; tb^..approximately 4% of the 
length of the rod- This same percfent-errcir' was then applied to whatever 
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length dhe subject drew. That is, in order to be counted as correct, the 
bead had to be located in the drawing at a point 



(5/7 - 



.04) 



Length 



from ouIb end of the rod. (This same criterion was also applied to the 
locatlqfn of the bead for items 6 through 9.) ^ 



/ 



All but two of the third graders were able to draw a copy the samef 
size as the model-' (item 10). Only one of -the fourth graders failed at 
this ^ask and none of the fifth graders-^ failed . Three third graders suc- 
ceeded! on item 11 (smaller copy) and three on item 12 (larger copy). How- 
ever, none were successful on both. One fourth trader drew an appropriate 
copy for item 11 and three drew appropriate copies for item 12. Again, 
no or^e -succeeded on both tasks. Ten fifth graders conserved ratio of dis- 
tances in their drawing pjf a copy shorter than* the model and 13 did so -in - 
their . diawing of a copy longer 'than the jnodel. Nine dr^w appropriate, 
copies for both. Four of these latter nine^also had ma^e perfect scores 
on iteirs one had missed only the first item, and one had missed only 

the first, j:wp items. -'^ ' 

. Table 2 \ 



' Frequency Distribution by Girade for Items 1-9 

Score 



Total" 







0 


1 


',2 ' 


3 


/4 


5 


6 


7- 

i 


8 


9 




Grade 


3 


4 




'3 


0 


0 • 


0 




0 


f 

0 


a 


'lO 


Grade 


4 


3 


4 


2 


- 1 


0 o 


r 

0 ■ 


0 


0 


0 


0 


10 


Grade 


5 


2 


b ■ 


- 3 


0 


1 


3 


1 


•1 


2 


7 


20 


Total 




9 


7 


8 


1 


.1' 


3 


. 1 


1 


2 


7 


40 



Table 3 



Means and Sta.xdard Deviations by Grade for Items 1-9 



Mean 

Std. Dev. 



Grade 3 

.9 

.83 



Grade 4 

1.1 
.94 ' 



Grade's 

5.85 
3.15 



Total 

3.42 
3.35, 



/ 
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A measure other than score of each child's conception of conservation 
of ratio is the strategy employed in responding to the tasks. Only three 
third graders made ^ny use whatever of the available aids. Five fourth 
graders used them 0:i at lea^t one item, but three of these on only one 
item and none on more than five. In contrast, 19 of 20 fifth graders em- 
"ployed the aids and 18 of these used them i*. some fashion on every item. 
More will l>e said about thej various uses of^ the aids in the next section. 



The most frequently observed Incorrect strategy was the conservation 
of the distance f ccm one erid of the rod to th bead • ^ Eight subjects con- 
served the distance f^om the bead to the right end of' the rod on their 
copies on at least five of the first nine items. Four of these eight' were 
third graders, thrae 're fourth graders, and one was a fifth grader. 
Consetvation of the . ; ince from the left end to the bead was less frequent 
and never occurred as a consistent strategy . It was used most frequently 
by one fourth grader who applied it.t9 four items in combination with con- 
servation of the distancie from the right end to the bead on two more items. 
On the drawing, items one fiftli ^rader conserved the ^ciistance from the bead 
to the left end of the rod on item 11 and one conserved the distance to the 
right end on item 12 . None of the third or fourth graders did either on 
•i ^.ir drawings. 

I V elusions , • 

Scores and strategies of the fifth graders were drajnatically differeii- 
from scores and strategies "bf the third and fourth graders; The fifth 
graders used the aids- The younger subjects did not* Eleven of the fifth 
■graders had a success rate of 75% or higher. None of the third or fourth 
graders had a success rate as high as 50%. , One of the major questions of, 
the study was, "When do children develop the ability to conserve ratios of 
distances in one direction?" To the extent that the test used in this study 
measures 'this ability, the answer appears rather clearly t^ be around age 11. 

To answer the second major question, "Does this ability develop prior 
to the ability to conserve ratios of dist^ances in all directions?", it is 
' necessary to re-examine Piaget's similarity experiment results. Piaget 
found, some quantitative idee, of proportions present among children younger 
than 11 years of age but only for simple tasks and simple ratios such as 1:2. 
But it was- not until Stage IV, about 11 years of age, that. his subjects 
applied quantitat J- - proportional reasoning consistently. Thus, seemingly 
Piaget 's subjects £>^ eeded on his similarity tasks at about the same age as 
did the subjects in this investigation. ^ 
■' ». ' 

To provide better answers to the second question, further investigation 
is desirable. One suggestion is to use two sets of tasks, one requiring 
conservation 0f ratios of distances in one direction as in this investigation, 
followed by a set of similarity tasks requiring conservation in all directions 
Probably the sample should use fifth and sixth graders. Such a study could 
attempt to ici^ntify children who can conserve ratios of distances in one 
direction (aCfine invariance) but who cannot conserve ratios of distances 



ERIC 



271 



Martin 



in all directions simulfc our^ly (similarity in! 



ince) . 



A comment should be made about the effect of the warm-up tasks. Most, 
of the subjects, even) the younger ones, were able to \use the aids appro- 
priately during the w^rm-up tasks after discussion. Also the younger sub- 
jects were often able , to justify using the "helper stick" with the congruent 
segmentis as better than using the "helper stick," with noncongruent segments. 
Yet, only the fifth graders were' able to use thje aids on the actual test. 
One inter5t)retation of the fifth graders* succesjs is thac they learned a 
strategy during the watm-up tasks. But children of all Wes used the aids 
in the warm-up tasks. Why did none of the thirj'd or fourt^h graders learn 
the strategy? . ■ ' ■. i \ ^ 

Ah alternate interpretation is that the fifth gradersA recognized in 
the aids a means to apply meiltal operations available to them which were 
not/yet available to the third and fourth gradjkrs. This po^sition is sup- 
por;:ed by the fact that during the warm-up tasks it was not \necessary to 
find an appropriate aid for the model. It wasj provided by the investigator, 
^and it was necessary to select from only two '^helper stick- "\ the appropriate 
/one for use in making the copy. During the actual test all of the aid rods 
were together and it was necessary to select one appropriate for use with 
the model and one appropriate for the copy. On items 3-5 tl^is meant 
comparing aids to copies of thiree different lengths so the subject could 
not even know which length aid he needed. Therefore, in the opinion of 
this investigator, it is this latter interpretatiori which should be made. 
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Cognitive Studies Using Euclidean Transformations 

John Meyer Howard C. Johnson 

Marqnette University " Syra» use University 

When 3' mathematics educator tries to determine a sequence of appropriate 
instructional experiences leading to a mathematical concept , he often per- c 
forms a Gagne-type analysis of the concept. That is, the educator creates 
a hierarchy of '^leavnings'* which must be mastered before terminal concept 
attainment is possible. Invariably prerequisite learnings are included in 
the hierarchy. if they are logically (mathematically) more primitive than 
the "desired learning and if these mathematically determined prerequisites 
generally fall within the scope of the curriculum at a given level. 

- This method of modeling instructional structure almost solely on mathe- 
matical structure ha^bean used for years and has met with a certain amount 
of difficulty. Perhaps a rethinking of certain assumptions underlying this 
approach is in order. Specifically, a large part of the difficulty may lie 
in the tacit acceptance of two unwarranted assumptions: first,, that people 
structure concepts 'in a manner that is mathematically logical; and second, 
that children structure concepts in tae same way that adults do. ' 

With regard to the first assumption, Lesh (1976) points out that there 
are some striking dissimilarities between general mathematical structures 
and children's basic cogniti,ye structures . He maintains that the structures 
children use wh6n first mastering a c'oncept are "...'messy* structures that 
dp rot eivp rise to neat tidy theories ... It seems likely that mathematical 
de^*: -i many children's concepts will involve structures that mathe- ^ 

matipians have not bothered to formalize" (p . 50). Im'-- d, Wein'zwelg's 
contribution to this volume is 4 careful development of a mathematical model 
of the cognitive structures used when children deal with isometries, and the 
framework of his model is considerably more involved than the usual mathe- 
matical structure for the group of rigid motions. 

Dienes haiS consistently argued that children think differently than adults 

Adults tend to .think analytically, .which means that they tend to 
see a structure as a' set of relatio'nt.'iips and to understand it by 
analyzing it into these component relationships. Children tend to 
L'nink constructively, which means that they > tend to build up their 
strL::!-ures from separate components. All the while they have an 
intuiiive idea or 'fee]' for the kind of end-result they desire.' 
This disparity between child and adult often results in a lack of 
effective communication between teacher and c^^ild. It is as though' 
they were at opposite ends of a long tunnel or that each were looking 
at opposite sides of the same coin. (1971, p. 58) 
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If,, in fact, the above views ^are valid-i then present methods of curric- 
ulum design should be revised. The Gagne approach, in essence, reduces a 
mathematical concept to the sum of its logical prerequisites. Perhaps this 
position is tenable in the mathematical realm, where, for example, the 
juxtaposition of p-y q and q-»r inexorably leads to p->r. However, when 
human beings enter into an educational process there is yet another impor- 
tant factor that must be fake n, into consideration wheii developing instruc- 
tional structures, viz. the cognitive structure of the learner, be he adult 
or child. 

To further explore the above positions, three studies ivere designed to 
Investigate the nature of specific mathematical concepts as they relate to ^ ,. 
the cognitive structure of the learner. The first study, by Moyer, use& 
isometr^es to demonstrate that the spontaneously developed cognitive struc- 
.tures th,at young children bring to bear when performing feuclldeau transfor- 
inatiohs are not totally compatible with the mathematical structure of the 
giToup of .rigid motions. The -second study , by Moyer and Johnson, analyzes 
the perro-rmance of older subjects on a three-dimensional task In transfor- 
mation geometry. Results indicate that the difficulty of the task is not , 
predictable on the basis" of mathematical structure alone— even though. the 
subjects are somewhat older and might be expected to possess structures more 
in accord with "typical"! mathematical .structures. Finally, the third study, 
by Johnson, gives an example of an instructional, structure that can be , used, 
to bridge the gap when the mathematical structure of the task and the cogni- 
tive structure of 'the learner are not entirely^ compatible. 

The 'First Study: IVo-Dimen&lonal Isometries and Young C hildren 

Piaget (1971) has Indicated , that the spontaneous intuitive structures 
that young children autou.atically build thorough interaction with their envi- 
ronment correspond quite closely with structures that mathematicians have 
developed. Tue problem is to determine which mathematical structures have 
cognitive correlates at what ag<?. levels, and to vhat extent. In this first 
study Moyer (197A) set out; to determine the extent to which the structures 
that children" utilize when o.rforraing Euclidean transformations correspond 
to the mathematical struc .ie of isometries. Specifically, three areas of 
possible correspondence were explored. These are reflected in the three 
major questions researched. 

(1) "Is a child's understanding of isometries dependent upon an explicit 
awareness of the physical motion related to a given transformation? 
Mathematically, motion is not involved-. Euclidean transformations are 1-1 
correspondences between (static) images and their (static) pre-images. 

uu.,r.,,r,^ fr.^ rrvi- Pven adults) it may be LimL cne essen- 

tial "nature of r .clidean transformations involves a visualisation o. the 
^: tual motion involved. D 

C2) "Which invariant aspects of a given Euclidean transformation are 
perceived as .most critical?" Mathematically speaking, topological invar- 
iant^ are more primitive than Euclidean 'or projective invariants . Henca, 
mathematical structure would predict that a child un.bl^ to conserve the 
Euclidean aspe-.ts of a given transformation might nonetheless feel very 
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comfortable in conserving the topological aspects. 

(3) "Are Euclidean reflections easier for children to deal witl; than 
translations and rotations?" According to mathematical structure, reflec- 
tions are mathematically more primitive thian rotations or translations 
because compositions of appropriate reflections give rise i to the other 
two types of transformations. Similarly, rotations are more primitive 
than transrations. But, these facts do not necessarily imply that the 
. order of difficulty of children's transformation tasks are: reflections. 
(easiest), rotations (next easiest), translations (hardest). In fact, 
the opposite order of difficulty could perhaps be a more accurate de-; 
scrip.tion of children's performance on transformation tasks. 

Procedure ' 

' " ! - 

The study involved 120 preschool, kindergarten, first, second, apd 
third grade children. Two identical, specially marked plastic disks 
(12 inches in diameter) weije set before each child. The experimenter placed 
a dot on the left disk. The child was then asked to place. a dot on the right 
disk so that the two disks would remain identical. The child vas. given nine . 
tasks, for which the disks were variously placed so that they ccald be shoxra 
congruent by a slide, a flip, or a turn. Further, in some instances the 
child- was shovm the motion (M) necessary for the superposition of the circ.les; 
in others he was not (M) . Finally, some of the trials utilized disks which 
were shaded half-red (R) ; others used disks without any red (R) (see figure 1). 

<> 

Figure 1. Disposition of the circles fot each of the nine tasks immediately 
^rior to subject * s . response 
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Results/' " 

The results showed that cognitive ability is in accord with mathemati- 
cal structure in the first two areas' investigated . First, explicit awareness 
of thfe motion associated with a transformation neither helped nor hindered 
a child's ability to perform a task. This is in accord with the mathemati- ^ 
cal structure in that mathematics is also oblivious to the actual motion 
involved ^This Interesting result is limited to the tasks used in the studyt 
However It does point t)ie way for further research with dixferent trans- 
formations using different materials. The result of. such testing could 
have strong implications for the current emphasis on the motion aspect of 
the Euclidean transformations done in the elementary school. For example , 
if further research indicated that the motion involved ^±n Euclidean trans- ' 
formations is a confusing element, then instruction might be better develop ed\. 
from a 1-1 correspondence" point of view. 

/ S^econd, the topological property of enclosure (as illustrated by the 
Qot in the red portion) was significantly important ' for children regardless 
of age, vhile the use of the projective and Euclidean cues (e.g., the distance 
'of the dot from the center) increased with age. Thi§, too, is in accord with . 
mathematical structure since topological invariants are more primitive than 
Euclidean or projective invariants. The fact that this research indicates 
that children "notice" the topological features of the transformations devel- 
opmentally prior to projective ot Euclidean features is a further indication 
of the correspondence that exists between mathematical and cognitive struc- 
tures Axivolved. 0 - 

.However, results also indicated that cognitive development departs from 
that which would be predicted by mathematical structures. This was shown 
with regard to the developmental order in which isometries are mastered by 
the children: slide first, then flip, and finally, turn. Sioce the research 
showed that the children's ability to perform the slide tasks is the first ^ 
to develop, cognitively speaking it must be concluded that the 'flip is not 
primitive. 

Conclusions ^ 

These results clearly point to areas of consonance and r .. sonance be- 
tween the structures children bring to bear on isometric tasks and the struc- • 
ture of the tasks as set down by mathematicians. It must be concluded that 
children come to understand certain concepts (isometries in this case) in 
ways that cir« distinct from the ways in which a logical development might 
/-proceed. Hence, co base an entire curriculum strictly on logical development, 
may not be the most economical way to proceed.' In the case at hand • it was 
•shown that the reflection does not form a basis for the other transformation 
types. To build a curriculum of Isometries with the "flip as the basic ele- . 
ment is probably not the most ausoicious method. In fact, children may not 
conceive of isometries as being slides, flips, or turns. That is, children 
may not think of isometries as .being rigid aiotions but may instead focus 
on changes in relationsnips within the (static) initial configuration and 
the (static) final configuration. But what are these primitive relations 
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that children use?.- This study indicates that the primitive relations may 
not be the. typical Euclidean relations (involving fixed points of reference, 
distance relations, and straight lines) that adults tend to favor but may 
Instead correspcd loosely to more general mathematical relations— like 
topological relations such as enclosure (or "ohto-ness") . 

It will be difficult to' devise maximally effective instructional activ- 
ities concerninjg transformation geometry concep.ts until research can dia^- 
close what children consider to be the essential characteristics of rigid 
transformations. In the present monograph, the studies by Schultz, Thomas, 
and Kidder were aimed at providing more information about these primitive 
relations that children use. 

The Second Study; Tb ee Dimensional Transformations with Older Sub.jects 

■" X ■ - 

A second study (Moyer & Johnson) Investigated the same general issue 
of whether it is possible to predict the difficulty of a mathematical task 
by cor jsidering only its' logical structure. This study investigated the 
performance of subj icts beypnd the fourth grade level on a three-dimensional 
transformation task. Older stibjects were desirable because of the possi- 
bility that the way they organize mathematical concepts might be closer to 
mathematical structures than was observed in younger children. One reason 
a three-dimensional transformation task was chosen was that little research 
hast been done by mathematics educators in this important area. The majority 
of the tasks which relate to Euclidean transformations and which were devised 
by Piaget are essentially two-dimensional eVten though they often make use of 
three-diwensional models. The previously described study was two-dimensional 
in natu-° Likewise^the research of Perham, of Schultz, and of Kidder, re- 
ported elsewhere in this volume, were restricted to two-dimensional constructs 
'even though three-dimensionai materials were sometimes used. Earlxer studies 
by St. Clair (1968), Shah (1969), Williford (1972), and Usiskin (1972) were 
all teaching studies which focused mainly (if not totally) on two-dimensional 
isometries. 

- ^" There have been some exceptions. Howe,rer, these are found mainly among 
psychologists interested in spatial mental processes who are not interested 
specifically in Euclidean transformations or mathematics educatxon. One of 
-the most notable of these is a study by Shepard and Metzler (1971) . They 
presented adult subjects with pairs of computer generated perspective, draw- 
ings of three-dimensional block configurations. The two drawings in each 
pair were either identical or very similar to each other, but were rotated 
with respect to ea^h other. They found that the time whi-ch the subjects^ije- 
quired to judge the identity of the pairs was a linear function of the size 
.^of the rotation. Further, the slope, of the obtained function indicated an 
average rate of mental rotation of about 60 degrees per second. - 

Other studies include Kraanak and Raskin's (1971) investigation of the 
influence of stimulus dimensionality, age, and^ sex, upon perception and dis- 
crimination of two .and three-diu.ensional geometxie forms.' After a training 
spssion 64 children, aged 38 and 54 months, were requir-ed to match a two 
or thr-e^-dL^nsioual stimulus. They found tha? the older children made mor.^ 
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correct responses than the younger children on the three-dfimensional condi- 
tion. , 

Alst), Kuezansky, Rebelslcy, and Dorman (1971) examined the development 
of size constancy perception of both two and three-dimensional stimuli in 
children ages 3 to 6. The children were required to select one of two 
stimuli with respect to a standard stimulus- The researchers found that 
errors decrease with age, and more errors were made with two-dimehsional 
than three-dimensional objects. 

Finally, Lord (1941) studied the spatial orientation ability of chil- 
dren in the elementary school. Three-hundred-seventeen children were admin- 
istered a series of four tests: a test of " orientation with reference to 
direction, a test of orientation with reference to cities ivi space, a test 
of orientation in the coamuriity, and a test of tha ability to maintain orien- 
tation during travel. The resul'ts showed that ability' improved as grade 
increased, and males scored higher than females on all tests but orientation 
in the community, where performance. was equal. . 

Rationale 

Mathematically speaking, there are many instances when three-cimensional 
arrays arid graphs are very useful for consolidating data. Although it is 
possible to use many one or two-dimeasional graphs in place of a three-dimen- 
sional on^, the results are uiuch less efficient and meaningful • The effi- 
ciency of the three-dimensional array*r is countered, however , by the diffi- 
culty in c^eaLing, maintaining,, and transforming three-dimensional mental 
images. An interesting hypothesis with regard to this observation is that 
.the ability to conceptualize in three dimensions ' is r^elated -to strategies 
coftsistent with foriaal operational" thinking (in the Piagetian sense). .That 
is, the ability to fully utilize the data.<:onsolidation capabilities of 
three-dimensional configurations may he delayed until "the advent o'f formal 
operations. It is at this time that the child is first ablfe to inentally 
hold certain variables constant while another .is varied. At this stage of 
development the child is no longer tied to conceptualizing in terms of con-, 
crete activity. • He is now able to use the conclusions obtained from concrete 
activity as premises for further deduction. Perhaps it is just such, abili- 
ties that/' are ' required when working with three-dimensional graphs andarrays. 
The subje must hold one variable constant so that he can mentally visualize 
how the other two vary under, that condition. ^ ^ 

This study used a series of tasks requiring the subject to locate one- 
dimensional configurations of wooden balls er.ibedded in various one, two, and 
three-dimensional arrays. The tasks were designed in such a way that, from 
a probabilistic point of view, ir. would be easier to locate the one-dimen- 
sional configurations embedded in the three-dimensional array than in the 
one or'-lwo-dimensional arr-rys. Even so , it was anticipated that the .three- 
dimensional task might be the most difficult especially for those not yet at 
the age* of formal operations, since these subjects may not :^et have the 
mental structure necessary ^to formul-^te an effective search strategy in three 
dimensions. Further i' since the fdsV^^ were designed sp that the suLjec - was 
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forced to mentally rotate the configurations in order to make^the necessary 
comparisons, an already difficult search task was made even more difficult. 

Materials 

The arrays were m^.de of blue, yellow, and red wooden spheres which 
were one inch in diameter and connected by dowels 1.5 inches long* There 
were four different configurations (see figure 2) and four different arrays 
a linear array of 64 balls (1 x 64)," a square array of 49 balls (7x7), 
a cubical array of 64 balls (4 x 4 x 4) , and a two-dimensional network of 
arrays laid out as shown in figure 3 (six 4x4). 

Figure 2. The four configuration types 
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Figure 3. Network of six 4x4 arrays 
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^ The arrays were carefully designed so that there was exactly one config- 
uration embedded in each and so that the total number of embedded 1 x 4 
elements- was least for the cube, more for the square, and most for the seg- 
ment. Specifically, the maximum nuraber of 1 x 4 elements each subject needed 
to check (counting rotations) was 96 In the cube, 112 in the square, and 122 
iiTthe segment. Further r'for both the segment and the square the subject 
was confronted with the dual nature of the interior spheres, which could 
assume either the role of endpoints or interior points of the required con- 
figuration. This complication did not exist with the cubical network since 
any sphere on a face had to be an endpoint of the desired configuration, 
and any interior point had to be an interior point of the configuration. 
Hence, fx'dm a purely probabilistic and logical point of view, the configur,a- 
tlon should have been easiest to find in the cube, harder to find in the 
square, and most difficult in the segmeiht. 

The network of arrays (six 4 x 4) was intended to be most ^ like the Uliree 
Aimensional array. It had 96 elements to be checked (as did the cube), and, . 
further, it possessed the above mentioned property requiring endpoints-, and 
interior points of ' the .network to Correspond to endpoints and interior points 
of the configuration respectively. While it la true that^^this network was 
composed, of more balls (96 vs. 64), the important variableHs not the number 
of balls, but the number of 1 x 4 embedded elements to.be checked. ^Hence, 
this fourth network was- -like the cubical array in all. important respects, 
except that it was two-dimensional rather than three-dimensional. 

Procedure «^ 

Twenty-two fifth graaers, 20 seventh' graders; 20 ninth grader's, and 22 
college students were tested during a one-on-one video taped session'. One 
of the four networks was "placed before the -"Subject , who was then shown one 
of the four configurations and asked to find Its location in the network bp- 
fore him ^wherein it was embedded exactly .once) without touching either the^ 
configuration or the array. The time^to solution (latency) was recorded. 
Next he was given a second and then a third conf igura.tion to find in the 
same 'array. Once igain the latency for^each was recorded. This same prbce- 
dure was repeated with the remaining three networks using |he same configura- 
tion throughout. - . ^. 

Results . - . 

• . Th- students were -divided into two gro'ups according to a rough% accept- 
able age for the appearance of formal operations: subjects under 12 ^ears in 
one group and the remaining subjects in. the other. The mean lat^.ncies for 
each group were determined across arrays and_the prof lies. recorded graph- 
ically (see figure 4Lay Multivariate techniques were employed using the 
Biomedical cor.puter program BMDX63 to determine whether the profiles of the 
two groups were statistically different (Morrison, 1967). The analysis 
revealed that the group profiles were statistically parallel (indicating no 
group by array interaction) and that the mean latencies for the groups were 
Significantly different (F = 5.059, p <:05). Further, the. profiles were 
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shOMa to ^be ."non-flat" indicating that the effs-t due to array v^a 
cant (F « 5.081, p 01). S. . 

Figure 4. Mean latencies for various tasks 
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The video tapes wer£ repeatedly and thoroughly reviewed. by t;he experlj 
menters, and many conjectures with regard, to problem solving' were made (Moyfer 
& Johnson, in pre'ss) . .Since these do not contribute directly. .to^ thf^.develop.- 
'ment of this chapter, they have been omitted. , - " - • 

Conclusions / ^ ^ . 

' '. . - ■ ' 

In'jboth-'profires'the mean latency for the ■ cubical task vjas significantly 
greater than the mean latencies for the remainder of the tasks. This was a 
clear indication' that the cubical task was the most difficult of the tasks. 
This .was not in keeping with whiat would be predicted by /a logical' analysis 
of - tasks involved'.' ' One ^hypothesis teg'arding- tTie .cause of this discrep- 
ancy is that -the subjects were unable to*'f ormula'te and/or^ carry -out exhaus- 
tive search patterns which were eqdally effective in all four s^ituatioas. 

The prafiles also indicated that the cubical task was more -Aiff.icult 
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than the equivalent two-dimensional task (six 4x4), Hence, the presence 
of a third dimension must make The task-^more difficult. However, there . 
was another interesting factor torhe noticed in the profiles the six ^ 
4x4 task wacJ more difficult than the 7x7 task. Here there is no added > 
third dimetiaion to confound the subject. Evidently the fact that ^center 
sp'ieres in the array correspond to center ^spheres in the configuration and 
end spheres in the array correspond to end spheres in the configuration/ 
was not helpful to the- subj ects . Perhaps it can be hypothesized that if-^ 
the subject is unable to utilize the above mentioned correspondence, tjien 
the fact that the six 4 x 4 array h^s 96 spheres while the 7x7 has only . 
'49 makes the former a more difficult task in spite of the fact that it has 
fewer 1x4 eleinents (96 as compared to 112). 

In general, it was expected that the subjects at or above the. age or 
fonnar operatibns (approximately 12 'years) would bring cognitive structures 
to bear that are maximally efficient and are also most in accord with the 
logical analysis. While it was true that the older subjects performed sig* 
nificantly better than the younger subjects, it cannot b^ said that their 
performance was in, accord with the logical analysis. Perhaps the method 
of dichotbmization is to blaue here. The age of 12 is, at best, a crude 
approxima|tion» to the actual age at which a particular child's thinking be- / 
comes formally operational. PerHaps tlte results would be different if a 
Piage'tian tack were usea to determine which -subjects were at the .stage of 
formal operations, 

. The Third Study; Advance Orggirizers and Two-Dimensional Isometries 

Jolinson (197^) merged Ausubel's theory of advance organizers (1960) with 
.two issues in Piaget's theory of cognitive development: centering and ego- 
centrisTti. Spe^^if ically , the research examined the value of several instruc- 
tional liodes in overcoming certain cognitive deficits which contribute to 
the discrepancy between children's cognitive structures , and the mathematical 
structure of Euclidee :t transformations. 

Ausuberhas been^ among those educational psychologists who have been 
concerned with the sequencing of learning experiences. Ausubel (1963), has 

stated: I \ . 

.'Bdfore we could ever hope effectively to manipulate the classroom 
learning env^Lronment for the optitnal acquisition of meaningful subject 
matter, we would first have to know a great deal more about the organ- - 
iz4tional and developmental principles whereby human beings acquire 
and retain stable bodies of knowledge, (p. 3) 

Ausubel j (1960) suggests that one itnportant variat'b-le in the acquisition and / 
retenticn of knowledge is the existence of clear, stable, and relevant 
ideatioilal- scaffolding in cognitive structui^e. Another is the discrimin- 
'ibllity of the new knowledge from knowledge .alreadv, possessed. He maintains 
that thi acquisition of new concepts can be facilitated if th^ learner has 

'available to him, in advance, a very general, abstract, and inclusive state- 
ment which siibsumesi the new and more specific knowledge to be learned. Such 

■i statejent enables the learner to easily ard meaniagfully ^ssiraxlate the 
new information., This statement is termed an advance organizer. 
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'On^ of the purposes of this study was to investigate the possibility 
of using applications, manipulatives , and games as ^rganizers. seemed 
that if applications, manipulatives, and games are incorporated in the* intro- 
ductory material (advance organizers), it Would aid in overcoming the child's 
centering and egocentric thinking. For purposes of his study, games , were 
viewed as the interaction between children; using manipulatives was defined 
as taking real models and formulating mathematical models; and using appli-^ 
cations was ;def ined as takiap mathematical models and formulating, real 
models* - A 

. ^ 1 . 

Subjects 

There were 120 fouirth graders » selected from two Chicago public schools 
and one Skokie public school. The schools were similar with 'respecit to loca- 
tion, socio-economic leVel of parents, and student population. 

An investigation showed that neither the cur r i cul^ noiJ\t he- textbooks 
included the learning material to be used in the study. Th^ teachers indi- 
I cited that the students had not been exposed to the material Xn tjje learning 
luhlts. 



Resign- 



The subjects -were divided" into three groups: these receiving advance 
orgaaize-s. those receiving post organizers, and a -control group which re- 
ceived- no organizers,. The subjects in f. cK of the two treatment groups were 
further divided into three. subgroups : th r . working individually, those using 
manipulatives in groups^ and those using applications in groups. Finally, 
half the subjects in each of these six groups received exactly one organizer 
while the other half received, several (see figu^re 5). 

Figure 5. Design of - the study 
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' t ■ 

The learning task consisted of a self-instructional unit which dealt 
with Euclidean reflections and rotations, "in the unit "the trahsf ormationo 
were defined and some of their properties were given. Also, examples were 
given in which one p-lane figure could be mapped onto another by eitfier a 
rotation or a reS- lection. Upon completion of the unit the subjects were 
expected to be able to recognize if a transformation had taken place. 

The organizers were such that the students wete asked to perform 
transformations at an intuitiA^e level. The following are two examples o^ ^ 
the organizers used: (1) The students printed and invented words in capital 
letters which have vertical and/or horizontal symmetry; e.g., BOBO, HEX, # 
HAM etc.; (2) The students' were instructed to write words on transparent 
screens so that a person on. the other side of the screen or standing on his 
head would be able to read them. .. 

Results • . 

The results showed that the subjects receiving advance organizers 
scored significantly higher than the subjects receiving post organizers or 
no organizers.'- Also', students given several concrete models (or applica- 
tions) were superior to students given one model (or .application) on the de- 
centering sub-examination. .Finally, students working in small. groups were 
less ccignitiveiy egocentric than students working individually. 

I' 

Conclu sions ; 

' ■ . :.<^ ■ 

This study gives a fine example of an instructionc^l structure which^ is 
based both on the cognitive structure of the learner and the mathematical 
st-ucture of a topic to be taught (transformation geometry, in this case). . 
The study clearly shows that once certain deficits in cognitive structure 
are identified (egocentrism and centering) it is possible to overcome them 
by the proper development of an instructional sequence. If these deficits 
are ignored, the learning is not as efficient or as complete. 

SuiTinary 

Mathematics is a deceptively rigorous body of knowledge. In most in^ 
^ stances the finished monolithic structure that confronts the student of ^ 
S^?Sematics belies the process that gave rise to it. Indeed, the last step 
' ^ the process of mathematical creation ^is most often the careful rendering 
of a long sei-ies of intuitive hunches and ideas into rigorous, mathematical 
logic. Th-is uncontrovertible fact in .itself should warn mathematics educa- 
tors to beware of naively creating instructional programs based solely upon 
the structure of a finished, logically perfect, mathematical body of ^owledge. 
?ikthemati,c3 is not created in this, way so there is no reason to assume that 
it is best taught in this way. 

This chapter has presented a series of three studies which have, used 
Euclidean transformations as a vehicle for investigating the process of 
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determining * the nature and/or difficulty of a mathematical task. Isome- 
tries were deliberately chosen since rigid motions are encountered by chil- 
dren every day in- all situations; yet., until recently, they have seldom 
been formalized in the classroom. Further, research into children and 
adults* spatial abilities (especially as they relate to verbal abilities) 
has encountered renewed interest in the^ psychological realm, where it tradi- 
tionally has been the center of interest only for researchers. This re- 
newed emphasis has spilled over into mathematics education circles, where 
the relationships between spatial and geometric abilities are now of keen 
interest. 

The three studies presented here confirm' th^t there are no ready-made 
models that can. be used in determining the- scope and sequence of mathematics 
curricula. The first two studies confirmed that young children and older 
students alike have their own way of structuring mathematical concepts, 
which does not necessarily conform to the way the finished mathematical prod- 
uct is structured. The third study showed that a successful instructional 
-sequence can cbe designed once the proper information about the cognitive 
shortcomings of the learner is discerned. However, even then, a theory for 
doing so is seldom ready-made. A successful method is found only through 
coordinated, thoughtful, persistent probing. 



3 

Mbyer, Johnson 



286 



' References 

Ausubel, D. J*. VThe use of advance organizers in- the learning and retention 
of meaningful verbal ^material . Journal of Educational Psychology , 
I960; 51, 267-272. 

^\ 

Ausubel, D. P. The psychology of meani..gful verbal learning . New York: 
Grune & Stratton, 1963. 

Dienes, Z. P., & GoXding, E. Approach to modern mathematics . New York: 

Herder & Herder, 1971. 

Johnson, H.C. The effects of , advance organizers on the child's egocentric 
thinking and centrktion in learning selected mathematical concepts. . 
- (Doctoral dissertation. Northwestern University, 1973) • Dissertation 
Abstracts International , 1974, 343, 2778,. (University Microfilms 
No- 73-^30623) 

Kraunak, A. R. , & Raskin, L. M- The influence of age and stimulus dimen- 
sionality on form perception by preschool children. Developraental 
• Psychology , 1971 , 4_, 389-393 . 

Kuezansky, P. E. ,^ Rebelsky , R. , & Dorman, L. A developmental study of ^ 
size constancy for 2 and 3 stimuli. Child Development , 1971, 42, 
633-635. ' " 

Lesii, R. A. Transformation' geometry in the elementary school. In J. L. 
' Martin (Ed.), Space and geometry; Papers from a research workshop . 
Columbus,. Ohio: ERIC/SMEAC, 1976. ^ 

Lord, F. E. A sfcudy of spatial orientation of children. , Journal of 
Educational-' Research , 1941, 34, 481-505. 

Morrison, D. F. Multivariate statistical methods ^ New York: McGraw-Hill, 
^19^7, ^ ' 

Moyer, J. C. An investigation into the cognitive development of Euclidean 

transformations in young chilrfrert. (Doctoral dissertation. Northwestern 
University, 1974). Dissertation Abstracts International , 1975, 35A, 
6371. ^ (University Microfilms No. 75-10667) 

Piaget, J. Science of education and the psychology of the child . New York: 
Viking Press, 1971. . ^ 

Shah, S.' A. Selected geometric concepts taught to children ages seven to 
eleven. The Arittoecic Teacher , 1969, 16, 119-^128. 

Shepard, R. N., & Metzler, J. Mental rotation of three-dimensional 'objects. 
Science, 1971, 171, .701-703 . 



Moyer, Johnson 

Ref*erences (cont.) 



287/2^ 



St. Clair, I. Z. A study of the development of the concept^ of symmetry 
. / by^ elementary children. • Unpublished doctoi:al dissertation, Univer- 
sity of ^Tey.as, Austin, 1968. 

Usiskin, Z, P. The effects <'uf teaching Eucl'idean geometry via transfor- 
mations on student achievement and attitudes in tetith-gi^de geometry. 
Journal for Research in Mathematics Educat ion, 1972, 3,> 249-259.' 

ijilliford, H. A study of transformational geometry instruction in the 
primary grades. Journal for Research in Mathematics Education , 
1972, 3, 260-271. 



Understanding of Frames of Reference 
by Preservice Teacher JEducdtion . Students 

Charles H. Dietz Jeffrey C. Barnett ; 

Model Secondary School for the Deaf Northern Illinois University^ 

The investigation reported in this chapter studied the^ responses of 
older students to the^Piagetian "water bottle task." The "water bottle 
task" as used and reported by Piaget and Inhelder (19.67) has been admin- . 
instered by many researchers for the purpose of investigating chil-dren's 
understanding and use of a hori2^ntal frame of reference.. It has often 
been assumed that most adults (ages 18 and above for our .purposes) would - 
have very little difficulty observing and reporting the constant orientation 
of the liquid surface in a tilting container to be horizontal. ^ The 
Genevans' themselves, suggested that very ^,ew individuals above -the age of 
12 years would not haVe developed the understanding necessary to perform 
this- task' correctly. (Piaget & Inhelder, 1967, p. 408) 

A pilot study using several classes of university students was 
carried out to determine whether the above assumption was justified. These 
students were enrolled in a preservice mathematics content course or, in a 
mathematics methods course for elementary and special education majors.^ 
They were asked to complete^ the following task.. Each received a sheet 
of p'aper as shown in figure 1. It was explained that; the first diagram 
showed a bottle of water about '1/3 full . The second diagram showed the 
same bottle i tilted approximately 45 degrees. -They were asked to draw the 
water line in the second bottle.- To fhe^investigator^' surprise, 
approximar.ely 45 per cent of the water fines drawn deviated enough from 
the horizontal to-be considered incorrect. Clearly, further investigation 
was warranted to determine the extent of college students' inability to 
correctly complete this task, to provide some explanation of theAr inability, .. 
and to begin to .provide some irfsight into implications of this inability 
for leairning concepts in geometry. 





Figure 1. "Bottle Task" Sheet 
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Revlev of Literature 

•A summary and discussion of the work of Piaget, Inhelder and others 
(i960, 1967) related to the watftr level task is given before rep6rting an^ 
investigation designed to aid in the determinations listed above. Specl?.! 
emphasis is given in the summary to their interpretation of their observations 
in terms of frames of reference and coordinate f?ystems. 

^ • ^ . ■ ■ " 

Frames of Reference v 

Piaget and Inhelder regard the conceptualization of a frame of 
reference as>{ fundamental to an individual's ability to deal with the 
orientation, location, and movement of objects; and hence, the very 
culminating point of the entire psychological development of Euclidean 
space (1967, p. 416). They characterize a frame of reference, or refer- 
ence system, as an organization of all positions in three dimensions 
simultaneously (1967, p. 375). More specifically, "the frame of refer- 
ence constitutes a Euclidfean space Rafter the. fashion of a contaitier, 
relatively independent, of the mobile objects contained with^^u^it, ^ 
• • (p. 376), The' 'axis' *fr7ithi?h the reference system are objects 
i-'or positions which remain invariant (actually or hypotheticall^) unde^r 
a transformation or action within the system (p. 377). However, more 
important than the actual choice of stationary reference objects is the 
"possi4.btlity of co-ordinating positions and intervals without limit, 
through cons tan tf'y^ enlarging the original sys.tem" (P - 377), .Hence j a 
reference^ system involves . relating mobile objects to actual invariants 
in the perceptual field. Eventually, these "real" . invariants are ^ 
replaced by more abstract reference 'points , such as horizontal or ver- 
tical axis. A coordinate system is then merely a formalization of a. 
fi;ame of reference,.' 

According to Piaget and Inhelder, the development of an individual's 
use of reference* systems as an aid to the organization ;^aBd recall of 
objects about him can be detected by the ability of the individual to 
utilize the "natural" reference frame, vertit^l and horizontal. 

"In putting the** problem of co-ordinates before the child one is in 
fact compelled to make reference to the natural axes; namely, 
: horizx)ntal and vertical, since the child himself sooner or later- 
introduces them of his own accord. To find out- whether the chil4 * 
has any real understanding of these notions, however, it is neces-, 
' ^ saty to study how he discover ^nreal physical Vaws in drawing con-^ 
elusions from his little experiments. That i^ to say, laws such 
as the Constance of the surface of" a liquid whatever the angle 
S>f the container,..." (Piaget & Inhelder, 1967, p. 380) ^ 

It is the use of a 'frame of reference which enables the individual to 
correct ly extract certain relationships between objects from what he, 
perceives, bach as the orientation of the surface of a liquid. 

Piaget and Inhelder observed the use of reference frames when 
assessing children's ability to recall and record the behavior of the 
surface of a liquid. .They presented children of various. ages with t:^o 
jars, one with straight sides and one which was rounded (no corners or 
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edges). * Each jar was 1/4 filled with colored water. Two additional 
empty, jars, one of eaoh ihape, were tilted in front of the child. To 
see *f the children used a horizontal reference, axis, the children 
were asked to indicate the water line either with their fin-ger, by 
drawing it on an outline diagram of the bottles, or by selecting the 
correQt diagram from- among several presented. 

To observe the use of a vertical reference axis, corks with match- 
sticks stuck through them wore ""floa ted on the ^ater in the jar so that 
the matchea were perpendicular ^ to the feurface of the water. Alternately 
a plumb "^line was suspended ifside of an empty jar. In the first case,, 
the children were asked to draw the position pf the "mast" of the "ship' 
at various orientations of the jar. In the seconT^tJO^, th^. child was 
asked to predict the position of the line of string at. /Various jar 
angles. A third teclinique was also used. The children were asked to 
draw a hill and position trees,. ho\is^s, etc., on it ±A various places, 

Piaget and Inhelder found varying responses to. these tasks dcpen- - 
ding -approximately on the age of the child." These responses were 
categorized into several stages (see figure . ^ 

Stage III is significant since it marks the start of concrete 
^operations and the discovery of vertical arid horizontal ro.ference 
systems. Although at stage IIIA the responses are marke.d with trial 
and error and aypear much as in. stage IIB, when confronted with the 
actual experiment (tilting a jar with water in it) children at this 
later stage appear to discover their errors and learn the^ correct 
response. It is significant to note that children before this stage, 
even when confronted with the ' experiment , could not see or* correct . 
their errors. Finally, at stage IIIB, the response to the tasks is 
immediately one which indicates that the watftr line is horizontal. 
This ?tage is reached, oti the average, at&age 9, ^ith a range reported 
ty Piaget and Inhelder of from 6.6" to 12. Similar results were found 
with the tasks for vertical axis use. . The reasons these tasks were so 
difficult' for the children stem, directly from the definition of a . . 
reference system. Piaget and Inhelder maintain that children at the / 
earlier stages have " . . .not"^ even an awareness of phyg'ical or. physio- 
logical notions of vertical and hori2ontal,_and.'jEor-a-very--s^imple-' — 
reason, as these results show. / The reaspn is that perception coTjers 
only a very limited field", whereas a system of reference presumes . 
operational co-ordination of 'several fields , one .with another" (19b7^ 
p. 416) . Not until substage 'IIB do children begin to compare, the 
water level with the position of another .object , indicating an attempt 
to co-ordinate various aspects of 'their percjBptual field. However, the 
o children at this stage use the. jar as a reference point rather than 
an immobile element of the system. This incorrect: use of an internal 
reference is the source of their errors. 



Task' 

Asked to draw water 
line on diagram " , 
when empty jar or 
diagram is tilted . 
as shown to them 



Shown tilted jar 
containing water - 
asked to draw water 
line in diagram 



Stagg With Approx- 
' Imate Age Levels. ■ 



Pre-Operational 



Observing, 
•jar with ^ 
water does 
not Improve 
response ' 



Concrete 
Operations 



Comnion Responses^ 

;i Cannot draw water line 
age 4 in either case- 



IIA" Water j'ine drawn parallel ' , 

age A to base but moved toward . ■ 

, to 5 mouth in each case. ■■ , • 

, (no reference frame used) 

IIB Water line drawn using ' , 

age 5. some internal reference 

■ to 7- (e.g. the 'sides of the jai;} 



IIIA Use internal reference as 
age 7,. In IIB - see error when 
age 11' shown in second 'task T 

,then uses internal r^erence 

■ , r ■ J ... 

IIIB ' Immediate correct response 
age 12 
and up ■ 



' Conceptual 
■Implication s 



Does not learn/ 

a 

concept' even 
when flemonstrated 
or explained 



'Learn concept' from 
focused experience 



Know concept .. . . 
■ already T have .. 
learned concept 
from previous non- 
focused experience 



Figure 2. Prediction of water levelj)rLentation..by_8tage,--according-t^)- 
Piaget with underlying conceptual implcations. 
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sub s tage IIIaV children first realize that there exists a need 
for some system of reference external to the water and jar. It is here 
that they .begin to make comparisons with the positions of immobile 
object^ such as the table the^jar is on, the *^ floor,, etc. It is just , 
this' type of comparison with external objects which is needed in , order 
trf observe the behavior of Wv?ter without using the iar as a refference.. 
Finally at substage IIIB the idea, of an external reference" system is 
operative and the question af the pdlsition of the water Level' is. 
obvious. "It^is horizontal," "It is always straight like the table," 
•♦'The' masts are at right angles to the water," "The. plumb line is 
always vertical," are common^sponses - "...the distinctive feature- 
of this final subs tage is the general coordination of all "angles and 
parallels throughgut the entire field of objects under consideration.' 
(Piaget'& Inhelder, 1967, p. 412) . ' '^ ' . 

The above description is only a summary of the results reported 
' in grea£ detail in« The Child^s Conception of^- Space , chapter 13. For an . 
in-depth .cbnsideration of this experiment, the reader is referred to 
this 'chapter. ' , ~ . ' 

Coordinate Systems *^ ^. . •» 

Is there any relationship between an individual's developmei^t of 
a refetence frame -and, his understanding of formal coordinate systems? 
In The. Child's Conception of Geometry , Piaget, ^Inhelder , and Szeminska 
investigated the development H)f the idea, of a cooriiinat'e system. Pre- 
^hting subjects with two sheets pf .paper, one containing a dot and 
the 'other semi- transparent, they asked the Subjects to locate a dot on 
the second sheet in such a Ipcation so that when .the sheets-were stacked 
on top of one. another, the two dots would coincide exactly. They again 
found a grajduai development in these subjects. The youngest subjects ? 
of four ye^rs'dia only used a visual estimate tp locate the dots. T he 
most advanced'.used pao coordinAte*_measurements-"ti -1^ themv>,^ T" ^ 

_: • • , • I ^ • . 

The results of" this experiment are summarized in ^ figure . whdt 
is of importance to this paper is that Piaget et al. crlaim that the 
development of this ability to use coordinates in such a.situation devel 
ops in paralxel with the development of systems of reference indicated 
in The Child's Conception of ^pace, chapters 13 and 14 (1960, "p. 15^.), 
i.eTThe liquid surface tasks. In Piaget's research both were firmly 
established by the age of 12^ except in the most unusual cases. 

. . X ' ■ ■ 

, , A Study -.of Preservice Teachers 

<. ' In an attempt to replicalie the results of the pilot study referred 
to earlier, and to determine whether the same interpretation could be . ^ 
given incorrect response? that Piaget and Inhelder gave to theirs, a . ' 
more formal study was du igned and conducted during- the Spring semester 
of 1976. - ^ . , ' ^ ^ 



^Task . ' •> 

^ijsked to locate appoint on one 
^^^heet of paper the same ) 
i^lcicatldn aa It Is predented 
on another jsheet . ' ^ :» 



Stage 



IIB 
IIIA 



IIIB 



Common Responses ^ 

■ ' •• ^ 

No use of measuremfciit materials:, 
used visual estimate, 

' "1 



Same feeponsds as in stage I except 
rulers and. sticks ,are used to estimate. 

Eegin tOit-measure but with^only one 

measurement, . , 

■A , ' . , 

Understands ^the need for two mea&ure^ 
m^nts. Uses much trial and error, ^ Of tea 
uses one 'meastirement and estimates a « 
second; ■ '\ ^ 

Both measurements coofdinated. 

This stage is reaefied ut approximately 

9 years oldi . ; - ^ ' 



— toc^t-ing-^paiitt by stags, according to riaget, at al:Jj^ The Child's 
^ Conceptio n of Geometry ,, ' \ ' 
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Procedures - • * 

•The initial set of /subjects consisted of 236 elementary education 
majQrs , ' eorolled in either a basic mathematics content course-^or an 
elementary mathematics methods course. The 1^6 students '^enjro. tied in 
the content course ranged in age from 18 to 20 (with a very few older 
than 20); .the 100 students enrolled in.' the methods course were on the 
avejvage two y^ars older and most had been* f^xposed to some ^iagetian 
theory' in other courses. However, analysis of the data showed no 
significant differences between the t^^/o' populations on -any parameter^ 
of interest to this investigation, Therefore, the results -of the study 
are reported Invtemns of the combined population of 236 subjects.. 

^ ; . . .J ' . ' ' 

« The subjects were given three pencil an^ paper reference system 
tasks, the '"bottle" tasjk (described earlier) the "pendulum" t2sks, iand 
the "faucet" task, in that order*. In . the "pendulum" tasB: a cut-away 
yiewof the bbx was shown> with t a weight suspended by jk string from the 
center*. The student was asked to draw in.^ the weight and the string itt 
•the bottom picture, where^he thought it "should be if the top box were . 
tilted on a 45 degree angle (figure 4). - ^ 






"pendulum" task 



"faucet" task 



Vs. 



Figure 4 



t' -following - the. "pendulum" task, thei "faucet" task was administered 
as a. check 'for consistency with the "bottle" task ^ 
.of a jug", tilted 'at. V ^'5 degree angle, was shown beii/g filled by a 
faucet. The ^uUject wag asked to draw in wheire he 



lought the watei ^ 



'line would be when dl^ jug was half full. 

ResVbnses to the' "bottle" tadk and' "faucet", /ask were classified 
into ten categories 'for analysis ..(see Table 1) by. the two, investigators 
independently' ,to insure reliability.' In the few cases where there was 
disagreement bV'^hen the reispoi^se^was'^* difficult to interpret, students 
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Table 1 



Bottle arid Faucet Tasl: Responses* 



N 



Level a) 



Corucr 
Level (CL) 

Up (U) 



Corner 
Up\(CU) 

Dowti <D) 



Comer 
Down (CD) 

Side (S) 
Bottom (B) 



Vertical CV) 



Miscellaneous 




Bottle Task 
I I Faucet Task 



FREQUENCY 



*The first" three major resgonsf itypes were divided into those which 
were and those which were not drawn from the corner of^ the bottle diagram. 
This distinction was considered most important. ' Since the individuals 
who drew;' the water line level, but from the corner, might have drawn it 
level, by chance, using the corner of the, bottle as a reference point 
instead of the' table. 
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were either inters^iewed and asked to explain their response, or the 
investigators looked at the student's responses on the other two tasks 
tc aid In interpretation. Responses to ::he '^pendulum", task were clas- 
.sified in the same manner Into six categories (see Table 2) • ^ 

The second phase of the study consisted of fifteen minute interviews 
with 55 subjects, chosen at random from the 236 .students in the sample, 
The V purpose of the interviews was to validate the interpretation of 
the responses on the thr6> reference tasks, and to obtain additional 
information on the subjects* ability to use vertical and horizontal 
reference systems. Since both responses that were judged correct and 
those that were judg,ed' incorrect needed Veil^-dation, all 236 subjects were 
considered for selection. . ^ ^ - 

The interviews were divided into two parts. In the first part, the 
subject was asked to repeat the "bottle" task, tLen to explain why he 
decided to draw in the water line the way he did. The interviewer noted 
whether the subject used a. rule such as "water must always be parallel 
to the ground," The subject then repeated the "bottle" task again,. but 
this tijne he was told that more water was to be added to make the jug 
approximately two thirds full,. The subject again explained his response. 
Finally -the ^subject was shown the picture of the original jug and asked 
to select from five pictures of tilted *jugs with various water lines drawn 
in, the one that would look like the original if it were a real, jug '.that 
I had beer, tilted. * 

i ■• " . ■ " ' (> ■ ■ ■ 
! A final experiment was carried out with those subjects who responded 
I incorrectly to the' above thrci versions of the "bottle",, task, A gallon, 
j size gla.->s' jug, one- thirds full of colored water, was placed on the table 
I in front of the subject. An empty jug ot the same size was then held 
f at a ^5 degree cr.Rle on the table beside the firsjt jug. The subject 
was asked to hold a ruler^ against the tilted jug to predict where he 
thought the water line would be if the first -jug was tilted-j. The first 
jug was tilted so that the subject rcduld see if his prediction was 
Incorrect. The. interviewer then discussed all the subject *s responses 
with him, to see if he could reconcile any inconsistencies and under- 
stand why the correct response was, in fact, what actually happens when 
a*-jug -of-water - is tilted . _ ^ : — '- 

Responses in part one of the' interview were classified as either 
consistent correct (yith a rule present), consistent correct (no rule , 
present), consistent "incorrect , or Inconsistent (see Table. 3) , 

The second part of the interview consisted of the point location 
problem, a task designed to ^ssess the ability to use a coordinate, 
system, .This task was to determine whether the implication made by 
Piaget and Inhelder that the .development of frames of reference and the 
ability to use coordinate systems develop together is reasonable. A. 
piece of standard typewriting paper was sho^ to tbe subject, Four dots 
were placed on, the paper and the subject was asked how he might go 
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' Table 3 
"Bottle" Task Responses 





Categoi^ 




Number 






Rule Apparent 

fi * 


22 




Correct 


T^cTTlute- Apparent 


4 ' 

^aa 


Consistent 
Responses " 




Total 


26 




Incorrect 


7 




-Total , . 


33 * 


. Inconsistent 
Responses- 






22 


Total Correct , 


... 26 . 


Total Incorrect ' " 


29 


Total Interviewed 


55 
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Table 4 

. "Bottle" Task and "Faucet" Tksk Consistency 

\ ' " ■ 



^•Faucet" Task 
Correct* * 'incorrect 









Correct 

tf/ ■ " , . 


81 


20 


"Bottle''. Task 






Incorrect 


38 


97 ' 









♦Level and Comer Level Responses Both Included 

' .. V ■' , . , . ■ ' ■ 

A 

■ • • . ■ ■ ^'V. ' ■ ' . • ^ V " 

'-^ . . 

Table 5 

Consistency of Incorrect Responses Between the "Bottle" and "Faucet" Tasks 



,1 ^ ^ . 

Cate'go.ry Consistent* ' Incorrect Responses 


^ 66 


Category Inconsistent Incorrect** Responses. 


89 



*Comer and Non-Cornqir Responi^es Pooled . 
**Correct - Incorrect Response Pairs Included 
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about locating the four dots on another sheet of paper exactly the . 
same size, in exactly the same position. (That is, if one .paper was . 
placed over the other, the dots on each sheet would coin-ide exactly.) ^ 
A ruler atid protractor were available on the table near the subject, 
but attention was not drawn to them. The interviewer noted if this 
subject used a reference system in locating the four dots on the second 
sheet of - paper, or just used approximation. If approximation was used, 
the interviewer erected a screen between himself and the subject and 
asked how the subject might describe to the interviewer how. to locate 
the four dots if they 'could not see each other's paper. If this hint 
did not help,=' the interviewer asked^ the subject if he could use the 
ruler or protractor to simplify the task. ' 

. . - . • ^5 . • ' 

Group Results 

Tlie responses to the bottle task were surprisingly varied. Only 
43% of. the 236 subjects in this part of the experiment drew the water 
level horizontal, responses L and CL. .From the work of Piaget et al, 
cited earlier, almost 100% correct responses would be ^^anticipated f or • 
individuals at this age. It is interesting to note that all the res- 
ponses found in this study, were also reported in the experiments in The 
Child's Conception of Space. Some of these responses va>ere interpreted 
by Piaget et al, as pre-operational responses, d.e". below stage HI- 

The responses to the "faucet" task followed a similar pattern to . . 

those in the 'Ibottle" tasks. Here,' at most 51% of the responses were 
judged to be horizontal. All the response categories in the'"bottle' 
task were found in the "faucet" task. Apparently^ the "faucet" task ^ 
was somewhat easier: for the subjects than the "bottle" task^ Tables 
4 and 5 compare the responses of subjects on both tasks. It^ would 
appear that there exists a substantial inconsistency of responses 
between the tasks; however, this /inconsistency might have been found 
even between responses given to the identical task administered at 
different times. With only- the data :from this phase of the experiment, 
it is not possible to conclude that the tvro tasks are not equivalent. 

In the "pendulum" task ¥iF categories ~b^^^^ 
Csee Table 2) . On this task, 193 or 82% of the sjubjects responded in - 
category V, the correct response. 0? the 43 subjects giving an incor- . 
rect response, only 3 gave possible correct responses to both liquid 
-tasks. Table 6 gives a more detailed comparison of t"hese liquid tasks 
with .the incorrect pendulijm task. - 

'■ '" " ' ' lahle 6 ^ 

Responses to Liquid Tasks for Subjects^ Inccorect on ."Pendulum" Task 

"Faucet?* Correct "Faucet"' Incorrect 



"Bottle" Correct 
.'^Bottle" Incorrect 



. - 3* (7%) 


4' (5%) 


10 C23%) 


- 26 C6P%) 



*0f these 3 subjects, each gave corner-level responses for the 
"faucet'* 'task. 
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Interview Results 

Since this first phase was given in large group settings, the 
investigators ,tould not be certain that all subjects understood the 
tasks or thar they were try:j.ng to give correct responses. Were kll 
Siibje^;ts carefully recording their responses or was much of the var- 
iation in the data due to poorly drawn responses? How valid were the 
experimenters V judgements of the response drawings? To answer these 
questions and investigate possible implications of these results for 
^ore common geometric tasks, the interview phase of the study was 
conducted. • * 

As described-pearlier, the first part of the interview dealt, with - 
tEl^ "bottle" task with^emphasis on consistency of responses and use of 
a* rule to determine respon^sv^-^Table, 3 summarizes the types of res- 
ponses found during this portion of the^interview. 

Twenty-two out of fifty-five students irterviewed^gave responses 
which were .inconsistent with other responses .they g^ave to £he-idfi^tiGal 
task during the same interview. For example, student A respondedT^to-^^^^ 

^the pencil and paper tasks by indicating that the water line should. 

Vlope downward. He also selected the picture of the jug with the water 
line sloping downward as the most correct from among the five presented. 
When asked to ■ show where^he expected the wstter line to be on an actual 
tilted empty glass jar, he indicated that it 'should :go upward . . 'Of thes.^ 
22 students, . the change in' response occurred most of ten when they were co; 
fronted by the actual empty bottle, in the above example. ^^In every 
of inconsistency, the subjects indicated that the water line would be 
slanted upward,- I.e. of category tl, regardless of ; their previous ^ ^ ^ 

.'reaction to, either the pencil and paper tasks or the selection of res- 
pqn^e ta'sk.l When confronted with their inconsistent responses, they 
were at a loss to explain them. TwO individuals did say. that they 
thought the orientation of the water line depended upon the volume of 
water in .the bottle. It is interesting to note that most of the 
individuals giving incorrect responses were also inconsistent, 22 otit 
of 29. ' . " - . 



After the first part of the bottle task interview, the students ^ - 
asked how they decided to draw the water line the way they did. Of ■: 
the 26 subjects' who .drew the water linfe horizontal, 22 had a correct 
rule sych as: "The water line is always horizontal" or "The water line 
is always parallel td^ the table." In only four cases wds no correct 
rule apparent. ^ ^ 

For those 29 ^Individuals who did not draw the water line horizontal 
no one had a precise rule. Many said things such as "As the bottle Is 
tilted, the water gets cldse to the mouth," or "The water will rise on 
this side and go dowri on that side." In every zase, the ^statements 
made were in terms of the bottle, as a refereiice. - ' 
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Finally, for *;hose subjects who did not give a correct response 
to the* empty bottle, the bottle of colored water was actually tilted, 
in front of them. Nineteen of these students apparently learned from . 
the demonstrations that the water line was always horizontal". - Ten of 
29 students could not see the surface of the water as parallel to the 
table, even whep looking at the experiment being performed and after 
being asked to . .ake the cpm^arison of the surface with the table. A 
few^ others admitted that the water surface was parallel to the table 
only after 'actual measurement and^argutiient . There is some doubt whether 
these individuals actually did come to learn the correct response. 
Perhaps they were just giving in to the interviewer.. One student, 
after apparently learning the correct response, was asked to repe.at 
the original paper an<i pencil task. Her response was identical to 
her original response'. She had not learned ! 

■« * ' * ■ ■ * ' , ' • 

The evidence gathered from the interview would suggest that the - 
inCormation gathered in the large group administration .of the paper 
and pencil'" tasks is reasonably reliable. . Where unrealiability exists, 
it normally is in the direction of interpreting, the response of an 
individual as correct when he actually did not uiiderstand the correct 
response^. Only 3 students were found who had given a response fudged 
incorrect -^to the group tasks and consistently coiprect responses in the ; . 
interview. - ' ' 

■The interview also. provided more insight- into the individuals who 
made incorrect responses. Apparently, even at the age and experience 
revel of the subjects in this study, there exists a rather significant . 
porUoiT-whp qpuld not . learn the correct behalvior of the water by watching 
it. ■ ■. ' ' 



. The results on the~~Second:_.paf t of the interview, "the location of 
points problem, were quite ^d if ferSrit^-ftom^e first part. Fifty of the 
'subjects interviewed measured the distan,ce of-eath^pqint from each of 
two "perpendicular sides, of thiE= first sheet and then locateCthe^ position 
on the second sheet by measurements.,. Four stude nts needed th eses tatgment 
-af-the-probl-em-as-a-hlnt-; — Only-one— student-st-lll used an approximation 



of one of the measurements after the. hint was given. It was clear to 
the interviewe.rs that this was a rather ?asy task for practically all 
subjects involved.' - ' . .— ~. . 

Since SO little difference in the performance of subjects was found 
on the second inte^rview phase, conclusions coftcerning-'any r^elatipnship 
between the ±asks cannot be made with confidence. The one student who 
did use approximation in the location o'f points task, did have inconsis- 
tent responses in the "bottle" tasks section of the interview. She was 
also. among those who' did not learn the appropriate response from the 
actual demonstration of the bottle of water. Evidently, the point 
•location task was substantially easier than the bottle task. for the 
subjects in tiiis study. ^ - ,., . » ' 
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Discussion 

~ — ■• .■.■.•■■» ' ' • " . 

The results of this investigation are interesting in both their 
agreement and disagreement with- the , work of Piaget and Inhelder. The 
categories of responses aAd the coiranents laade by the subjects during 
the interviews were just those reported by Piaget. Those individuals 
Who- gav4 incorrect responses to the liquid tasks explained the movement 
of the water only in terms of the bottle, whereas those who consistently 
had the "bottle" task correct explained their responses in terms of 
some external system of reference. . Hence the iriterpretation of Piaget 
et aL. was quite plausible as an explanation of the observations made 
in this study. " , 

There are two points of disagreement with the results of similar : 
studies reported in The Child's Conception of Space and The Child s 
Conception of Geometry . The first difference is that of the ages of 
the subjectlT Piaget et al, indicated that most children have 
acquired the idea of a natural frame of reference By. the age of 9 
and, therefore, would have little difficult^ with any of the tasks „ 
requiring the use of horizontal and vertical references. In contrast, 
a majority (57%) of subjects in the present study did not perform the . 
tasks cotirectly.. Yet, the subjects in this study were university 
students mostly between the agds of 18 and 21. The responses of approx- . 
imately 18% of those students interviewed suggest that not only were 
their responses incorrect, but that these students were at stage JIB 
or lowe¥, 1 . e . , at the pre-operational stages . All students interviewed, 
however,, did quite Weil on the paint location task, .performing at a 
level considered by Piaget to hi IIIB. In. contrast, Piage^ et al. 
jn' Th-e Child's Conception of Geouetry (p,. 155) indicated that these 
..abilities develop together. This is the second point- of disagreement. 

One plausible explan'ation. f or these differences stems from the nature 
of the ta^ks. The location of points task involves the, use o^ rectangular 
coordinates to locate positions; and this, i-s a topic in the school : 
mathematlcs_c:urxiculim.jLjnie-J:ask,_as-JLt_was_presented_in-the^^^^^ 
was not unlike exercises that the students could have experienced in 
schpol. Thus, to provide a correct response, a student need only recall 
thesevery similar exercises from previous schooling. ^The liquid and 
pendulum tasks are not^as closely related to formal^school instruction. 
?hey are, hoWever, similar to experiences 'these students have ^^^^ 
when dtlAking or hanging Objects. The. results of this Jjf ^ ^^Sf^^J.^^*^ 
although the concept of formal coordinate systems w^s evidently acquired, 
as demonstrated by the successful performances on the point location 
task, its application to some physical situations f 
since 57% of the sutjects could, not do. the "real world '^^^^^^ . 
unsuccessful students used a frame of reference only when the situation. , 
was obviously, mathematical; that' is, when it, involved mathematical J 
bjects su(ih,as pointsl' Withput such an obvious clue no relation was . 
"between coordinate systems - and 'the "real world." Hence, it seems 
ledlfficultv arises with being able to apply geometric concepts 
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in real World situations rather than with the acquisition of the 
concepts themselves. Additional researches needed to pinpoint the 
reasons -for trfls lack of coordination between formal and physical 
geometric concepts. 

. . ■ • . ■ • ■ 

The lack of coordination between the "real" and formal concepts 
bas serious implications. First, students who had not established 
this -relationship apparently lacked the- ability to make -comparisons 
in orientations between real objects and to use. natural reference 
systems. Since Piaget et al* cousiders the understanding of 
frames of reference to be fundamental in understanding. Euclidean 
relationsfiips (1967;, p. 416) , an individual, without a working under- 
standing of frames of reference is severely handicapped in obtaining 
geometr c knowledge from his environment. , 

. The fact that the subjects used in this study were teacher education 
students points to other rather serious implications . A teicher who 
has not. yet coordinated formal geometric concepts with physical situations 
will not h& able to-Wlp a student relate these Same ideas I Obviously, 
if the tsacher cannot understand the concepts which fleed to be taught 
to students, s/he' will be even' less' able to design instruction to 
teach these^ concepts. If-, indeed, the capabilities of some teacher 
education students are below these demonstrat,ed' minimum levels, research is 
'nejBded to determine what , if anything,, can be done to makfe these 

future teachers capable. . 

J. . * . ' " . ''■ 

Those involved with the teaching of mathematics, must be aware 
that serious problems might exist which could affect the, outcome of 
even the best instruction. They must be alert to the abilities of , 
thfe' students they confront, and attest., to adjust instruction^ to tfeese 
abilities. As research provides more*, information, teachers will 'be 
able to do a more effective job of adapting instruction to the ne^ds 
and abilities of their students .at all lev<»-ls. ^ , ^ 
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visual Influences of Figure Orientation on Concept Formation In Geometry 

'. " ■■ ■ [_ ' „ . ' Naomi Fisher y 

, . Research Department, Chicago 

4 ♦ ... "feoard of Education " . 

Pictures are important aids for giving students. an intuitive grasp of* 
a 'geometric concept. They provide structures from which students can "read- \ 
out" a great deal of spatial infornL«> ""Ion, -such as shapes of figures and 
details within the' shapes. For ex&mp^ ^., school children cati easily identify 
triangles aii.d distinguish right triangles ^from among other types of triangles. 
In spite of the great benfef its of pittures-as instructional aidsi^ they may 
have some undesirable affects oh concept formation. 

There are at least two ways that a student may distort a geometric \ 
concept because of the influence of pictures. One type of distortion is to ... ^ 
make. incidental visual clues in.to essential features of a concept; another 
type of distortion is to omit properties of a concept that^ ^re. -not visually^ prom- 
inent. As an example of ' including incidental. features in a concept, suppose 
a student has\^based his concept of perpendicular lines on figures la and lb. • 



Figure 1 




-■• •la- ^. ■ ;■ lb;.*-. ^ ^.j - Ic 



He m^y assume that perpendiculair lines must be horizontal and vertical aiid 
fail to recognize that figure Ic also shows perpendicular linens. As an « 

. example of^.omitting prpperties of a concept, suppose a* student" is shbwn 
figure 2 as an illustration for a siquare. Although the student may -note that 
the^ square, has symme^try about a diagonal, "he may fail" to notice the ;^f our- right 
angles and four 'eqixal sides. For jexample,," figure 2 looks mp^e like thj^ non- 

-aquare diamond in figure 3a than the square in. figure 3b. 
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Figure 3 




c 



p 



3a 




6ne'^,explanation Is that a student's concept incorporates the visual bias 
of th^ illustrations he . has seen. This is" the view expresfil^ by Zykova . 
"(1969) in , his studies of tfee effect of drawings in learning \eomet^^^ He 
concludes that, "If visual Experience p£ a concept^ is too limited the visual . 
aid/that. helps pupils master 'geometric concepts becomes an obstiacle in their 
implementation, sii:ice\t makes concepts inoperative that are outside, the 
limits of the visual experience"; (-1969, p . 146) . The tiypothetical example 
of ^a student.' S'r,a-sumlng all perpendicular lines are horizontal arid vertical 

illustrates Zykova 's cbnclusion. * ' " • ' 

- -.• ■ ■ . . ■ ' • * • . ■ . ■ ^ » 

v .^ Another explanation^ f ot the formation of distorted concepts focuses on * 
how' people code visual information. For . ^ainple, people tend to sttess prop- 
erties of vertical lines' and symmetry about a vertical axis when they arej' 
asked to identify and recall figures?. student ^s seliE-lmpbsed bias in favor 
of "upright" ^figures may be incorpcrrated into the geoinetric concepts he forms ; 
.The hypothetical example X)f a 'Student's noting symmetry about a diagonal^ but 
missing the regularity of a square, illustrates the R^erceptual vie\^.^ ^ 

The two -explanations of why students form visually biased concepts have 
conjElicting implications foi: instruction.* M implication of the instructional 
limitations view is that conceptual biases can be ^manipulated by changlAg 
the bias that -is presented in inWtinict ibnal, examples; and to . prevent a bias 
from developing, a balanced set of pictures should be presented during- ins true 
tion. In contrast; the' Implication of • the perceptual-limitations explan^ion 
;^is thit a student will impose an "uprlgtit"' bias on a concept regardless of 
the examples he is shown, \ ' - ^ , / ^ 



The present, study is concerned with .two questions: 
(1) J>(T students form visually biased concepts? 
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-i ■,,"v, ■ ^ • ■ . , ■. ".-^ . ^ ^- • " • - 

i*. (2) Which view™the instructional-limitation^ view perceptual- 
limi^tations view.r-is the -better explanation for why students i^orm 
' , visually ^biased cbncepts? ; / ' ' <, > 

To'^flnd answers rto these questions i, the stgjiciy ^tempts t^^ induce two tyj()e8 
*/of blades, >*bias for upright figures and a bias for tilted ^figures v Four 
different instructional formats were designed to ptovide different.experl- 

• >.rences;w figure^ brientation,,'' Two provide different types, of limited ; . 

experi'^hceS jv and * twa provide^'dif f erenS -types* of varied' experiences 

. SoUe of the specific questions that the study investigates- are: 

■ . ■ ' ■ . " . . ^ - :^ . ■. ' . . . \^ 

(1) Will students form a concept biased^n favor 'of tilted figures If 
they are'.shotm only tiltfed' figures ;of d concept? . * ^ - v 
. - " .(2) 'Will students form a concept biased, in f ayor of upright figures 

although they are showyi^ as many tilted; figures as. upright figureis^; : 
: . of E concept?. ^ ' * ' ' \ " ' ^• 

(3) Will students learn a concept better it they are shown a balanced 
\, . set of figures than i£ th^ey are. shown a set of' figures* with the. . '/ 
same orientation? . - " ' . ' 

jReview of the Literature ' . " . • 

• ■ , ■ ■ O ^ • ■ ■ ( ■ ■ ■ • 
Perceptual Literature ^ ' ^ ^ ^ • 

A variety of studies ±xi the perception of shapes and patitems indicate' ■ 
- that adult Ss consistehtly utilize the properties o^ orientation and/or ^ , ' 

axial symmetry to identify, clitssify and group figirtres. Fot example^ -Browne 
. Hitchcock and Michels (l5>62) found that Ss had difficulty discriminating an.. 
odd figure in a group of five" identical figu/es arid oi:e odd figure if all. / 
the.;figures.had the same orientation. Zusn^ and Micheli? ^1962> foun" ''that 
\ Ss always utilized the property of bilateral symmetry £o order a set of 
figures according to any of the three terms "geometiriCj'V "regular," or ' 
"familiar>"c Takala (1951> found that Ss were better at finding a figure 
embedded in a complex pattern if the figure appeare;d,, in t-he pattern" with 
o its axis of symmetry aligned vertically, rather than horiaontally. Gold- 
' meter; <i937) fbtind that Ss judged *a figtire with symmetry^ about a vertical; ■ 

axis to^be more sUmilar to a staindax^d- figure (which had symmeti?^ about a hori-: 
^ zontal axis and " a. vertical axis), thi^n a figure with symn^try about a horizontal 

' ^ Subsequent^ research' on the preference for organizing a figure^^^ 

vetttcal axis has attempted to separate^ the influences of (a) the aacis being 
in a vertical position on the retina (retinal orientation) , (b) the axis 

• being iiipa vertical, position . in the , environment (gravitational <brientation) , ' > 
and (c) the axis being conceived (rather than perceived) as vertical (phenom- 
enal orientation).' For example, Leaman and Rock (1963)V found that Ss pre- 
ferred symmeti^y about- the phenomenal Vertical axis over the retinal or gravl- ^ 
tational--axisvSteihf eld '(1970 found that Ss learned to recognize figures 



•despite changed the phenomenal axis from training to testing. He suggeste^^ 
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; that.Ss were able to "catch on" to the^ idea that figures . could be tilted ^ 
.\and that the top of^ the figure could be conceived iadependently of * the 
' ' figure's gravitational or retinal axes • , . . - 

' ' ' Attn eave (1968) has proposed -a visual model that suggests a reason for 
the preference people have for. vertical orientation and vertical^ symmetry, 
' * and also sugigests why' people are able ito r.ecognize that a figure is "tilted.* 
The ^. model consists of a pair of internal Cartesian coordinate systems. 
One' coordinate system describes. a, figure in terms^ of .local axes in a 3-dimen- 
sional space and the other coordinate system.^e^cribes the tilt of the 
figural axes from the general axes of the field. A minimal principle 
governs, the orieptatjon of ,the^ local axes; those orientations wh'ich'give 
the figure simple ^descriptions, ^such a^ arranging the local vertical of a 
' figure with an axis^^of symmetry are favored.. ^ 

A similar model has been proposed by researchers interested in cafl- 
dren's discernment , of shapes and orientations (Hanfmarinj^, 1933; Braine, 
1973) For example, Braine' (1973) has suggested that children/ s judgment 
of uprightness waq- determined by a focal' feature at the ^tbp of the figure ^ 
and a vertical orientation of the main lines of the figure. The child's ^ . ^ 
internal representation of a shape is in *the child's preferred upright ' . . 
orientationi^'for the shape and the representation Is^-tagged with the addi- 
tional information about the position in which it. was ^presented. An impli-. 
cation of this coding "is that, "If the figure presented for copying and its 
[ internal representation are not in the same orientation, then the subject 
may Save dif f iculty/'reprbducing the design in^^the orientation of the^^ 
jpresente^ model "^.(Braine, 1973, p/'5). . 

.Russian Studies in the Role of Drawings in Learning Geometry 

Russian studies in how students use illustrations , in learning geometry 
iAdic^te that under certain conditions mathematical concep^tualization re- 
\ sembles'the behavior of Ss doing perceptual task&. The Soviets have been .. . 
interested, in "how students; at tempt to utilize a drawing in solving a geometry- 
problem. To investigate the question;, problems were selected that required 
a student* to initially organise a figure with respect- to. one concept , and .^ 
Tt'H^ to reorganize the, figured with respect t6 another concept. In general; ^ 
a ?t#organization of a figure need not require a reorientation of the . figure. 
However, in many of the Soviet problems the explicit reorganization was a 
reorientation of the figure. * Some parts of the figure formed a configuration 
that illustrated one concept, and some ^arts of the figur^ formed a. configu- 
* ration that illustrated another concept./ So, reorientation was required^ 

because the inferred upright axes for the two configurations did not coincide. 

' * . ■ /" " • . ^ • . ^ ■ . ' 

Students tended to view a drawing in terms of a , single concept . Zykova . 

< noted that, . ^ , 

(Students regarded, visiiatly perceived features as essential '' \ ■ ^ 
features which) gave the concepts an extremely individualized 
character, and made it difficult (for the students) to work with 
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tHem. Their use Was limited to the standard illustrations in the- 
tiextbook. (Zykova, 1969, p'. 95) * 

The close relationship between the rigid conceptual interpretation 
students gave to pictures and the inferred orientation of ^ the figure is 
highlighted by the students' comments. For example, concerning student 
responses to ^jigure 4i some sample students comments were: ^ 



Figure 4 




(Students were given vertical 
angles AOC and DOB and the per- 
pendicular KO to CO and OD.) 



"I. didn't understand that angle COK and angle KOD were right angles... 
^ ' .1 dldnjt see the drawing like that, the perpendicular Is inclined 
and' the right angles can't be seen; then 1 change th(^ position of 
• tlie^drawing and I saw the right angles (Zykova, 1|969, p . 107) ^ 

r.^,.,. "...I didn't under s,tand that it was a right angle (pause) it's not , . 
'like this (draws a right angle of which' one side is horizontal and 
^ the other, is vertical).." (Zy^oVa, 1969, p. 127) - 

Both the Russian studies and the perceptual literature agree that a - 
. student imposes,/ visual limitations oh his mental images; the. two views 
' differ in their explanations of the cause of the student's biases. Th^ 
Soviet psychologists have emphasized that instruction limited to standard 
illustrations accounts for the formation of limited concepts*. The percep- 
tual literature emphasizes that' individuals tend .to organize figures in up- 
right orientation, regardless of hov> they were presented for study. 

' : ■ . . . . . ^ . 

Procedure , ; ^ . 
Concepts Taught , ' " • . 

' To evaluate the different explanations for visually biased concept ^for- 
mation, and to show that the effects would generalize to different concepts, 
--three different concepts were investigated. The three concepts were "alti- \ 
tude of a triangle," "angle pf incidence from. a point to a line and its corre- 
sponding angle of reflection," and "complete one-point and its three diagonal 
points." Figure 5 shows illustrations for each of these concepts i . 
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< To investigate whether results would generalize across age levels, the 
present study included sixth graders, ninth graders, ^and college students 
in a pre-calpulus mathematics course. Subjects in the study were: 36 sixth 
grade stiidents at Jefferson Middle School, Madison, Wisconsin; 65 ninth 
grade algebra students at West High School, Madison, Wisconsin; and 67 
college students enrolled in a pre-calculus , algebra, and trigonometry 
class at the University of 'Wisconsin, Madison, Wisconsin. 

Instructional Materials - 

- At each grade level, students were randomly assigned to a concept', and 
then randomly assigned to one of four instructional 'formats . Format A 

vprovided experience with only upright figures. Format .B provided experience 
with only noti-upright figures. Format C provided an experience of beginning 
with 'upright figures and ^.changing to tilted figures, and format D provided 
the experience of beginning with tilted figures and* ending with upright 

.. figures . . 

Instructional booklets consisted of two parts : five pages of illustra- 
tions, and a written description of thee mathematical concept illustrated by 
' the figures. Figures -on the same page were matched for orientation, with • 
the exception of the middle page of three^ of the formats. A page contained 
either three or four figures. For each concept, the same set of 16, illustra 
tions was presented in the same sequence for each instructional format, r 
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\ The expected results from the Soviet view were: (a) instruction limited 
to one type of figure orientation (upright or tilted) would foster a bias 
ior the orientation presented -in instruction, and (b) instruction that in- 
cluded both types of figurfe orientation would not foster a bias for one 
type 'of figure orientation. The expected results from the perceptual view 
were: (a) -in general, students would develop a bias for nprlght orientation 
of\ the illustrations, and (b) instruction that enabled students to relate 
upright figures to tilted figures would produce the beat learning. The 
auihor also anticipated that the format containing theNipright-to-tilted 
sequence would produce the best learning. 



For each concept, test booklets consisted , of three pages. Each page 
was divided into twc sets of figures. Identifications of correct figures 
had to be made on one set of figures; the other set of figures had to be 
completed to show a correct illustration of the concept. Instructions for 
the -Identification questions were to circle or to shade specified features 
of tfie illustrations. The instructions for the figure completion questions 
were It o draw the lines that were needed to complete the figure. No written 
verbal responses were required . 



For each test, half of the identification questions referred to uptight 
-figure^ and half referred to tilted figures. Likewisas the completion ques- 
tions were equally divided between upright and tilted figures. Students 
received separate scores for upright figures and tilted figures. 

■ Instructional Sessions 

After isome preliminary comments, the E explained that each student would 
receive k pamphlet about a special "geometric figure." ...Students were told 
that the\pamphlet gave a description of the ^kind of -geometric figure they 
would iea\rn abnufand several pages of examples./ The E read the following 
instrudtions to the students: 

(1) -^e pamphlet is arranged so that the name and the full description 

1 of the figure ±& cn a fold-up sheet. Keep the written description 

I in sight while you Icoh at the. other pages in the booklet. 

(2 On\ each of the other pages, you'll find several elcamples of correct 

= figures and. some of tiie features of each figure: will be identified . 

in\the picture. . ' o ^- , ■ ■ 

(3) Thire is a "connect-clie-dot" exercise at the bottom of each page 

to iielp- you practice drawing the figures. ' " 

(A I Altogether, there are five pages of pictures'. . - 

(5) When you study the lesson, ti^^ to see how the writ.ten description 

' agrees with each picture. Compare the examples on a page to find 
way3 that the pictures -are the same and ways that they ark different . 
• (61 The pictures are only a few examples of the possible figures that 

go with the wriUen description. Try .thd^Jiking of other possibilities. 
Remember all the statements must be true. 

(7) Use 4ny extra time you have to practice dr.awing your own pictures. 

(8) Go tljrough the pages of the pamphlet in the order of the- pages, 
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It^ was further explained that after the students had studied their -pamphlets, 

the pamphlets Vould be collected and new pamphlets would be distributed. 

The new pamphlets would have questions asking them to identify and draw 

pictures of* the kind of f^^gures they- studied. 

Testing Sessions 

■The teating sessions immediately follow the instructional sessions. 
For both' the sixth graders and the college students, testing. was done in 
a l^rge room with all: the participants present at the same time. Ninth 
gradets were tested during their scheduled algebra classes and in their 
Qustomafy rooms. Students worked on the te^t booklets for about 30 minutes. 

Results \ 

. A grade (including pnly ninth grade Ss and college Ss), X concept X 
instructional fotmat repeated measur;es ANOVA summarized in table 1 indicates 
that the upright test figures are significantly easier (p < .001) than the 
Hlted tpst figures, the concepts are 'significantly (p< .001) different, 
an^ the college students are significantly better (p < .005) than the ninth 
grade students. The ihteriaction between concepts and the orientation of 
the test figures is significant (p < 'JOOl).^ There is no significant dif- 
fe7:ence among the four ins trtictional formats. . 

^ \ Table^2a shows the ninth grade and college means. Table .2b fihpwn the 
m^ans for upright test figures, and tilted test figures (using the scores j 
of ninth grade Ss and collegeVSs) . Each of the means fpr the concepts | 
"altitude of. a triangle" and "angle of incidence" is almost double the 
mean for the "complete. 4-point;. ." concept. Table 2c shows the means for 
the three concepts (using the scores of the ninth grade Ss and college Ss) . 
Figure 6 shows the graph for the. interaction between concept and orienta- 
tion of the test figures. The mean for the upright figures exceeds. the 
means fdr the tilted test figures across the three concepts. The gfeatest^^ 
difference (4.58) between he means occurs for the "altitude of a triangle" 
followed next by the difference (1^42) for the "angle of incidence..." 
and 'last by the. difference (. 07) for the "complete 4-point.-.«" . 

: The means calculated from sixth grade Ss and corresponding to the sig- 
nificant effects for the ninth grade and college Ss are shown in table 3. 
Table- 3a shows the sixth ^grade mean score. Table 3b' shows the means for ' 
the upright test figures; and the tilted. test figures. A one-sided ,t-test 
for the means of paired observations does not show a significant difterence,. 
at the .05 level (t=1.4555),' between the 'upright mean ind ^the tilted mean.^ ^: ' 
However, the ratio (.05) of the difference of the means, to the. meanv score \ 
for the' sixth grade Ss is similar, to the corresponding ratio (.06) derived ' 
from the ninth grade and college Ss. Table 3c shows the means for 'the three 
concepts. A Neuman-Keuls test for multiple means does not show any significant 
differences at the .05 level among the thrtee concept means. The order of the 
means does not correspond to the order for ninth grade and college Ss, The 
surprising result is the "altitude of a triangle" mean in the lowest position. 
'Figure 7 shows th^ gtaph fot the orientation of the test f igu;res across the 
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Table 1 

AMOVA SuiSnary Table for Grade x Concept x Instructional Format 



. Source of Variance 


df 


SSv 


M5 


Grade, 9th and college (G) 


1 


1,669.5 


1,669.5 


Concept (C) 


2- 


17,376.1 


o,ooo.l 


Instructional Format (I) - 


3 




QA 

IT- <- 


6 X C ■■■ ' ■. • .:. 


2 


567.8 


283.9 


G X I 


/. • 3 


263.1. 


87.7 


C X I 


6 


803.3 


133.9 


G X C X I V 


6 


67A.7 


112.5 


Ss/Groups (GCI) 




13,A23.8 


139.8 


Orientation of Test 
Figure (0) 


1 


2A.6 . 


2A6 . 


0 X G 




1A.6 


14.6 


0 X C 


2 


213. A 


lOo .7 


0 X I 


'~ 3 


67.6 


22.5 


0 X G X C 


2 


A7 


23.5 . 

■ 


0 X G X I 


. 3.' 


5.3 




0 X C X I . . , 


. -6 


■ 57.1 




0 X G X C X T 


6 

1 


166.9 


27 .V 


d X Ss/group 


i 

96 


1,1A6.6 , 


11.9 


Total ' ' ' 


2*^9 


37,025.8 
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' ! . - ...Table 2 ; -.r^. • ' , 

^ [ . - — ■ hT T- 

j Table 2a 

Mean llcores for Ninth Grade and College 
Ninth Grade College 
32.83 - 

TaSle 2b ; 

Mean Scores* ,for Upright and Tilted Test Fiffires 
Upright Test Figures Tilted Test Figures 

36.48. 34.46 



Table 2c ' ' ^ 

Mean Scores for the Three'Concepts 

Concapt Altitude Angle of Incidence Complete 4-Point 

Mean Score* 41.49 ^ 41.49 ^ 23.44 ^ ^ 
*Ninth grade and college sabres were used. 



Table 3 

- Table 3a 

Mean Score fdt Sixth Grade — 22.73 

; , Table ^b . 

Mean Scores^of Sixth Grade Ss fot, Upright and Tilted Test Figures 

Upright Test Figures Tilted Test Figures , 

," . V- .- ■■ 

23.28 22.19 



Table 3 (cont'd, )^ 
■ • .. Table 3c f^s. 

Mean Scores of Sixth Gr^de Ss for the Three Concepts 
Altitude ^ Angle of Incidence Complete A-Potnt 

18.41 \ 28.79 22.3l\ 



Figure 6. Graph of Interaction between concept and orfentatlon of 
test figures* 
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Figure 7. Graph of interaction between concept and orientation of 
test figures** \ 



\ 



/ ■ 



19.75 



17,06 




Altitude 



29.42 



28.17 




23.5 



21.13 




Angle of Incidence 



Complete 47Pbint 



IZJ Upright o \ 

Tilted ■■■■ , \ , / 

** Means derived froin sixth grade scores. 



three -^concepts. The parts of the graph for the "altitude of . a trfangle ai 
the Wangle of incidence:.." is similar to the corresponding parts of the 
graph for ninth grade and college Ss. The mean for the tilted test figures 
exceeds the mean for" the upright test figures for the "complete 4-point..., 

Further Observations 

y . ■ ■ ' " ' ■ • ■ , . ^ ' ■ ^ ■ . . . ' ' ' , ' ' ■ 

In. order to identify difficult test figures, answers for individual 
test figures were examined. For the "altitude of a triangle" concept, 
obtuse trikngles with an exterior altitude were, frequently missed. For 
the ''angle of incidence. . ." concept, pairs of perpendicular lines wer^ 
frequently'^ missed. . ■ 

TheriB are two >istinct type6, of figures for a "complete 4-point. . .". 
One typte of figure has a triangular boundary and the other tfype oi figure 
has, a concave quadrilateral boundary. (See figure ,5 for an example of 
each typ^,.) Ss frequently missed one type of figure,. . The difficult tyjpe 
varied among the Ss. 

JxL summary,^for each concept some Ss placed incorrect restrictions on 
the shape of figures of the concept, such a^ requiring that an altitude of. 
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a triangle be in the interior of fhe triangle. The Ss were able to recog- 
nize the concept in special cases, but not throughout the full range of 
examples. 

•• k " ■ ■ ' * ■ . • ' • 

Conclusions 

Students do fohn concepts that are biased in favor of upright figures. 

Of the two views- proposed to explain why -students form visually biased 
concepts, the perceptual-limitations explanation is consistent with the , 
results of the study, whereas the instructional-limitations^ explanation . 
is inconsistent With many of the. results. ^ , ? 

Additional conclusions are: 

(1) Students can mor^ easily recognize "upright figures for a concept- 
than tilted' figures, regardless of instructional experience. The' prefer- ; . 
ence^ develops even when instruction is limited to tilted figures. . 
. • (.2) Attributes of the figures themselves, rather than the orientation 
in which the figure is presenteH, seem to foster the bias'^for upright 
figures. The bias for uprip'at figures wais strongest for the "altitude of 
a triangle" concept, less strong for the "angle of incidence. •.". concept, ^ 
and we£.kest for .the "complete 4-.]^oint.-. ." concept; (In fact, the sixth * 
grade £s showed a bias in favor; of tilted figures of the. "complete^ ^ / 
4-point..." concept.) The ordering of the concepts may be accounted for 
by certain features of each set of figures . Figures for the "altitude 
of \a triangle" always' contain perpendicular lines ; The perpendicular lines _ 
may be a clu^ for mentally,, aligning the figure to make^ the; perpendicular 
lines horizontal- and vertical.^ figures of an "angle bf incidence.. ." 
always have an implicit' axis "of symmetry; The axis . of symmetry can be men;-, 
tally aligned iti a vertical position ^o agree with general preferences foir 
a figure's upriglit.,position. But the influence of an ijnplicit axis of syia-_ 
metry as a ^clue for upright orientation does not- seem to be as strong as the 
clue provided by pt pendicular lines! Figures for a "complete 4-point .. ." 
lack a common clue for upright prientatioh. ^ A strong upright bias cannot . 
develop because there are no clues to support it. , V"'' . 

(3) Upright biases do not appear to be a reflection of poor concept- . 
..ualization. For. the combined results of the^ and college SW, 

there is a direct relationship betWem f.or upright figures of-'4^ ' 

concept and success in learning the concept. ' - 

Implications for In3tructioa \ - 

(1) W conclusions of theXstudy suggest that a bias for nipTight figures 
may be beneficial for conceptualizatibn. ^ According to some theories of ; 
perceptual coding,' a figure Is tnosVefficiently^ coded in^ its preferred - 
upright orientation. New figures thkt ar6 formed by rotating the upright- - 
prototype figure can be coded with reject to the prototype figure. The new 
figure is coded as the prototype figureNtogether With .the angle of tilt 
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between the vertical of the prototype .figure and the actual vertical of the 
page ^ ''this type of coding implies that the formation of a strong upright-, 
prototype image of a figure should improve recognition of the figure in any 
orientiation.' Further 'investigation is needed to determine ways of helping 
studeiits' f orm strong upright-prototype images J According to the results 
of' this study,, it is ^^ither necessary rior sufficient to show the flfeure 
in itp upright position. . 
• . |(2) The presentation of a -variety of shapes for a concept is not suf- 
ficient to prevent students from forming limited concepts. The visual 
distinctions that students perceive ' in figures are often more compelling 
than! the mathematical concept that is illustrated.. In consequence,, the 
.student- forms a concept, that is limi^ted to special figures. Further inves- 
tiga'tion is needed to find ways of helping students form more gefteral . 

. cDnc'epts.' - " ■ 4 

' I (3) Tur-ther investigation is needed to verify the result for sixth 
grade Ss that the order of difficulty of the concepts (from easiest to most 
difficult) is "angle of incidence....,'' "Complete .4-point <. .," and altitude 
of a triangle." This information would be relevant for selecting gepmetry 
topics for elementary school.. For example, the "angle of incidence... 
concept has, important- physical applications biit is rarely taught in elemen- 
tary school. Providing that children can learn this concept well, it, would 
be i4esirable to" teach- it. On the other hand, ' area formuli, which depend 

'on the altitude concept, are becoming a popular topic in elementary school. 
If further work confirms that the "altitude of a triangle" is a difficult 
concept. for children, it may be best' to postpone the introduction of area 
formuli unt±l after the sixth grade. 
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Research Directions in Geometry 
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' In the preceding chapters of hihis monograph yoli have seen a wide range 
of studies dealing with space and geometric concepts The br&ad areas of 
(^) young children Vs view of geometric concepts, (b) children's ^peij^ormance 
in relation to transformational geometry tasks, (c) -,the geometries, between, 
topology aiid Euclidean, and (dX. the performance of more mature learners 
Iji geometric, or space -Situations are included^ The authors of these chap- 
ters raise many researchabie issue raated-to spice and geometry. The 
priar liubiicatiori. Space and Geometry; Papers from a Research W orkshop, 
(Martin, 1976). raises additional is^es that need* to be considered care- 
fully in thinking' about future feseatrch in space and geometry. 

In tlv.^ paragraphs that follow* you will learn of one person's Reactions 
to tKe results reported in earlier chapters; you will learn*of the question^ 
these investigations ra;ised; and you will learn of somef of the directions 
this author se^s as important, avenues of further re€\earch in space and 

geor-etry. ' . " 

* ' . ' ' ' , ■ 

' The first 'set of srticlies deals with, in. Lesh's words, "...preoper- 
ational concepts -or the development of primitive operational concept^. 
In the article by Leish on memory improvements dne comment strikes me 'as. 
particularly important : ' , ' 

(a)' The amount of figurative^ information a child is able to ^ ■ 
read out of, a given situation is determined by the operational- 
system 'he is able to use . (b) Children will distort what 
they "see" in order to represent what thfey understand. 

■ In ref lecting ori research- in learning abo.ut^pace aAd geometry , Lesh' s 
Joints justify much of the work that is reported in this monograph. In 
order to make valid curirlcular suggestions for^ geometry in the elementary . 
school, we^iaed to~ gain baseline data qn what children "see as an adult 
sees • (No implication is intended here concerning the psychological issue 
of 'the nature of perception and/or imagery.) For example, 'instruction ih 
fractional number concepts is often based upon geometric models ^in which 
the child- needs to "uiiderstand" unit region or segment and equal size 
parts If the learner does, riot operate on, these concepts with understand- 
ing, that is, 1^ he does not "see" what we see, the learner cannot be ex- 
pected , to gain a stable "understanding of fractional number, . 

But the research dealing with geomettic. concepts. n6eds to -progress 
beypnd a description of what children underhand at various age levels; 
it needs to progress beyond replication and refinement- of Piagets theory . 
..olintellfectLi development i it rieeds to begin- to relate geometric _^ 
understanding to the type of geometric pxfieriences^l6arners^ gain i^ :^n<i 
but of school; it needs-to<beg±n relate geometric understandings to the 
SJure.of the^nstruction Used by teachers.. If ^-as^^esh^andM^^^^^^ 
|tate 



li trie u^-t-j-w" ---77^ — ♦ - ' ♦ . ; 

■perc.elvl»g Is uot just s^nsiug.- . but. rather the effect of J.nsorl 
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ways to beip youngsters develop representational systems that will permit 
igecmeC^ric objects to be perceived as we wish them to be perceived 
(Martin, 1976). - \ . ^ , ' 

These vieiia may^ be conaidered by some 'to be heretical or merely fool- 
ish to others. However, I would point "out tl^at, in the case of geometry, 
curriculum materials .are distinguished ty their lack of consistency lt|t^ 
grade placement an4 in sequence qf content. Mqist textbook writing tefi 
appear to use" their best judgement regarding' icontent', placement, and se- 
quence, but, there appears to" be few universally accepted guidelines for 
Incluoiofl or sequence, of geometric material i^ elementary schc^ol mathe- 
matics ioateirials. Teacher §, thereforp, cannot be "faulted too Severely 

\when they "ski-p" geometry to spend mcfre cime on arithmetic skill develop- 
ment, T^heji. there is little agreement among "those in the know."! From this 
ipriter^s vie^c^., Piagetian thepry provides little gujLdance; in dec|.ding cur- 
riculum questions, it does provide information on how children ! react in 
certain geometric problem situations.. From 'these^ data wfe can identify 
types of fi^ituations that may cause difficulties fot some students and some 
tiixat generally do not . ^ We can also Identify activities that we Ipay use. to 
learn what a' youngster can do and cannot do. -What lf< needed i^ k more ap- 
plicable theory of ^geometric 'learning than the oft Quoted ide^ that chil- 
dren's geometric understanding progresses from topological prop^rpies to. ; 

' projective" properties to Euclidean properties. For as Martin ppitits out, 

' . On the basis of evidences, now available it appears that 
1 certain topological concepts such as interior, exterior, 
and 'boundary and primitive forms of prpximity and separa- 
V tion develop early. Other concepts such as* topological . 
V. equivalence ,.,^^rderi and continuity evidently develop Pater. 
^ ' Probably ^bme prlbje^^^ also develop early , ' ear- ,f 

lier than* many topological concepts. (1976, p. 113) 

Fortunately, such, a more applicable and testable theory has been proposed 
by the^Van Hiele's. The Van HieJe. theory describes various levels of de- 
.velopment in geometry, as; follows (Wirszup, 1976): ' 

level I . • J ■ • ^ : . ■ ■ 

This initial level is characterized by the perception 
^ of geometric figures in their totality as entities.. Figures 
are 'judged according to their appearance.'; -The pupils do not ^ 
see the. parts of the figure^ rior do they perceive the rela- ' 
tions>£ps among components of the figure and among the 
figures themselves. They cannot even compare figures with 
common properties, with one another. The clJlldren-'VhO' cati^ 
. : reason at this level distinguish figures by their shape as 

a whole. They recognize, for example, a. rectangle, a square, , 
and other figures. They conceive of a rectangle, .hQwever,^ * 
as completely different from a square. ^Then a six-year-old ' 
^ I is shown what a rhombus, a rectangle, a square, and a paraUelr 
'^og'ram are, he is capable^ of reproducing ^hese figures without 
error on a "geoboard of Gattegno," even in difficult ■ y-" 
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arrangements. The ^hild can memorize the names of thesev 
figures . by their shapes alone, but he does'txot recognize 
thevsquare as a rhombus, or ^tti(^ rhombus"^ s''~a^par a 1 1 elo gr am . 
To him^ -these figures are still completely distinct. 

Level II ' r . • ,' 

V / . / The pupil who has reached the second level' begins to " 

* discern the components of the figures; he also establishes 
relationships betweea individiial figures. ^At this level, ^ 

^ he is therefore' able to* make an analyslc of the .figures^ per- 
ceived. This takes place. in the process (and with* the help) 
V. * of observations', measurements, drawings, and. model-making, 
y ; - The propvties of the figures are established exjperlmentally; 
: ^. they are ^scribed, but, not yet formally defined. Theses r 
; ^ propertie^which the pupil has established serve \as a means 

> *of recognizing figures V ^ At this stagej the-figures act as j. 
the' bearers of theirr^properties. That a figute ife a red- \_ 
tangle pean^ that it "has four fight angles, that the <y.ag-v^^ 
bnals are equal, and that vthe opposite sid^s ^are^equai, 
Hbwever, these properties \are still not connected with one ^ 
-another. For; example, the\pupll notipes that in both the ^'''^ 
rectangle ahd the paralij^logram of general type the opposite 
sides ' are e^ual to one another, but hp does not yet conclude 
that' a rectangle is a parallelogram, v ^ /. 

. . ■ •..■■'.■^ . _-.,y . / . 

• , Level III . . . V ^ • . ^ . ' / ■' - 

Students who haye reached this level of geometric devel- 
opment establish relations, among the properties oiE a^figure 
' and among the figures themselves. At this leyel^tA^ occurs 
a logical oirdering of the properties of a figur:e^and of classes 

V v'of figures. The pupil is now able to discern "the /'possibility 

'Qf-~ x>ne property following from another,, /and the /tole of defi- 
^ /' ,nitiqn is clarified. The logical ^connections among figures 
and proper ties of f igujres are established by der inrtions . 
However, at this level' the student still does not grasp the / . 
meaning of deduction as a^whole. The order of/ logical con-/ 
elusion is established^with the help of the textbook oi: theS 
. teacher. The child.-himself does not yet understand how it 
•could be posslble^o modify this order, nor Jdoes he aee the - 
4^. . possibility ^of "constructing the theory procyeeding from differ-' 

ent-prCTiise's, ' He does not yet understand the role of axioms, 
o *and cannot yet seer the logical connection ^^of statements. At 
^ this^lev^l deductive methods Appear in conjunction with exper- 
• - >lmentation, thus permitting other properties to be obtained by 
-^reasoning from some experimentally obtained properties. At 
^ , the third level a square Is already viewed as a' rectangle and 
4 parallelogram, * /- , 
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Level tlV a : 

i At the fourth level, the students grasp the significance 
'of deduction as a means of constructing and developing all ; 
geometric theory. The transition to this level is ^'assisted 
by the pupils' understanding of the role and the essence of 
axioms, definitions, and theorems; of vthe logical structure 
bf :.a proof ; and of the analysis of tbe logical relationships 
between concepts and statements* ' 

The students can now see the various possibilities fpr 
developing a theory proceeding froii various premises. For 
example, the pupil can now examine, the whole ^ystem of prop- 
erties arid features of the parallelogram by using the textr^ 
^bookr definition of a parallelogram: A parallelogram is a 
quadxilateral in which .the opposite' sides are parallel. But 
he can also construct aLnother system based, say, on the fol- 
lowing definition: A parallelogram ±c a quadrilateial, two 
opposite sides of which are equal and parallel. . 

Level V ^ ■ ' \ 

' This lev^i of intellectual development J.n geometry corresr 
ponds to. the modern ; (Uilber^ian) standard of figor. At this 
level, one. attains « an abstraction from the cdncrete nature of ' 
objects and from the 'concrete meaning of the relations connect- 
ing these pbjecta/' A person at this ievel develops a theory 
without making any' concrete- interpretation. Here geometry ^ 
acquires a general character and broader applicationSj^^For^-^- ' 
exampier several obj^ts, phenomena ot conditi'ons^erve as 
•ipijints" and any set of "points" -serves Sis a "figure," and so - 
JnV (p. 77-79) 

Wirszup continues to, not e^^ 

^ These levels are inherent in the development of the thought 
processes. .Soviet research has shown that the p"assage from one 
level to another is not a spontaneous process concpmmitant with 
the students' biological growth and dependent or ^ y on his age. 
The development. . .proceeds basically under the influence pf 
learning and therefore depends on the content and methods of 
instruction. (p. 79) The maturation process Vhich leads to a 
higher level unfolds in a characteristic way; one can distinguish 
Several phases. (This maturation must be considered principally 
as a process of apprenticeship and not as a ripening on the bio- 
liogical order.) - It J.s then possible and desirable (emphasis^ 
dded) for the teachV to encourage and hasten it. It is the\^ 

didactics to ask how the^se phases are traversed and how 

to furnish effective help to the student. (p. 82-83) ./ ' 
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; Tlie phases of development are entitled (a) informatioa^ Cb) directed 
orientation,' (c) explanation, (d) free orientation, and (e) integration 
(Wirszup, 1976, p. 83). \ 

/ • •■ . ■ ■ • "''^ \ - ■ 

/ Ais a result of this fifth phase, t^he new level of thought 
is reached. The student arranges a network of relations which 
..'coi\nect with the totality of the domain explored. This, new \ 
I dotaain of thought, which has acquired\its own injtuition, has . 
been substituted for tfee earlier domain of thought which pos- 
sessed an entirely different intuition .\ (Wirszup, 1976, p. 84) 

•The vin HieXe levels of thought provide a structure within which a 
geometric curriculum can be developed throughout the school period. The 
levels suggest the type of activities we should provide for the learner 
so that their geometric knowledge will develop. For'^^xaimnle, Level I,- j 
activities would focus in individual figure recognition, prbduction and, 
naming;^; Level 11 activities would ^fee focused on determining the properties 
of individual figures which/are now recognized^ from Level I; in Level III, 
;the relationships between figures and their properties would be ^emphasized; 
in Level IV, the knowledge of the previous level would be employed to study 
geometry jfrom a deductive point of view; Level V activities would be rele-. 
gated to the collegiate study of geometry by i^ost learners. . ^ 

Jt seems that the Vkn'Hiele level_theor-yrtakeTdri^^ the 
Piagetian generatedjcnowledge dealing with specific space and; geometric 
tasks, should generate researchrble questions and hypotheses dealing with . 
the learning of geometric knowledge." Wirszup. states that the Soviets have 
carried out extensive studies relating to the Van Hiele level theory; Even 
so, studies' with American learners based upon ihe levels need to.be done. 
In particular, the Soviet new geometry curricultim begins Level III :(semi- . 
deductive geometry) in grade 4. Certainly this is far in advance of Ameri- 
can curriculum in geometry. - 

• ' ■ ' *• . 

Wirszup concludes with the following indictment of our geotaetry curric 

ulum: ^ \' ^ \ 

As .a result of urisuccessdEul experience and convincing evi"^ 
* dence the so-called axiomatic methods of initiation into geometry " 
have been recognized by modern educators thel world ovet as unped- 
agogical. A review of the teaching'^of geometry in the United 
States indicates -at once that only a very small number of the 
• elementary schools offer any organized studies iii visual geometry,, 

and where they are done,, they begin with meas.urements and other 
concepts which correspond to Levels II and III of thought devel- 
opment in geometry. Since Level I is passed over, the material 
that is taught even in these schools does, not proraote any deeper 
' understanding and is soon completely forgotten/ Then, in the 
10th grade, 1*5 and le-year-old youngsters are confronted with 
geometry for almost the first time in their lives. The Whole 
' unknown and complex, world of plane and -space is gdveu to them 
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iji a paissive a^tlomatic or psuedo-axiomatic treatment. The 
ipajorityof our high school students are at the first level ' 
■ of development in geometry, while the course they take de- 
P# • i; mands the fourth level of thought; It is no wonder that 

feC;; high school graduates have hardly any knowledge, of geometry, ' - 

tiW)^^-.-'.^ and that this irreparable deficiency haunts them continually - - 

'■'^^■■'■^ \. later on. (1976, p. 96) . - 

;^ .. Certainly Wirszup 's conclusions in the above citations should not ^ be 

accepted. without empirical evidence. Are the tenth graders at . Level 1? 
'-'^ Is the "develbpmeixtai sequence" of the levels accurate? What are the 

effects of geometric , instruction on students' geometric knowledge? Are ., 
' • • the Ipvels representative of cognitive functioning in general or are they.> 

dependent upon geometric content? How'does the "level of thought" theory 
r elite to learning theories? The questions are many, .the answers are few 
;■ ■" . 'at -pre'Sent. ■' 

In tie discussion of the Soviet curriculum, WirSzup.coimnented: _ _ 

It_wa8' found -that a marked economy in the further, study of 
r^--— r — — geometry could be achieved by (and on the ba^is of) the 

study of geometric transformations— for example, of axial 
.' symmetry— at an earlier;^- time. . (This would be the first 
. topic for grade 5....) \(19?6, p. 9^) 



' AlgOj Martin's interpretation 
the following assumption. 




Piaget's position led hUm to.^make ^ 



is essen- 



Piaget's def inition of the. naturfe fff='fcvow] 
tially correct. Knowing requires ccihstriicti^n of systems 
... of transformations. These transformVaons\become progres- 
sively more nearly isomorphic to trans fbCTia):ioVis of reality. 
They eventually are combined into systems>rfodeled by the 
mathematical' group. ~ (1976, p. 112> 

It seems, then, that "transfonji^ions" have! a theoretical position as 
welL^s^a-eutrl^ular one. J-CertainW our ultima/e goal is for learners 
to-attain a stable view of a EuclidQkii^mo^^3ru/ space. Such a^ goal may 
be interpreted to. ianply that the similarity transformations and their in- 
J^ances need, to be mastered explicitly or ^Implicitly by l-rners For^ 
-^mple,. a learner needs to learn that a segment retains its length under 
S^isom^try,' or that a triangle has a similar figure for its image under 
a spiral similarity or a dilative reflection. This^ does not mean, to^my^ • 
mind at least, that a learner must or even may explicitly uudersfand these 
transXriatioAs.: Rather' it means that the 

conserved under motion either physical, representational or conceptual,^^ 
that Is, corresponding segments of sionilar figtfres are, proportional, cor- 
responding angles equal,. etc. ' . ^ \ ^ 

\ If the quotations from Wirszup and .Martin do represent the "truth," 
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" tKeh.„we need to learn more ^about how youngsters view the effectis of trans- 
> formations. Thomas has provided some information in the present monograph 
withKespect to three^ i Similarly, Schultz provides information 

relating attributes of the figurie and size (distance between prelmage and 
image) of transformation" to the difficulty children found in responding 
correctly. Kidder found that when student attention was focused on the 
"placement of an image,. the student did not always conserve the length of 
the image figure. Such a result should not be overinterpreted, for when . 
a student is concentrating on the placement of the image, other factors, 
(Buch as length, may lose fiis attention. . . 

Even though the work reported in this monograph gives soi?e baseline 
. Sata, more information is needed. How learners view the effect of Isomet- 
rie's and other similarities on all the invariances under these transforma- 
tions need explication. .; These, studies should be reported completely. and__ . _ 
systematically so that others can replicate_-them-to-conf irifi-of~refute the 

findings r--Such--restntX should be compared with ."child initiated" transf or- . 

^ mations.' Ttiat is, allow a youngster- ti>r; move a figure in any way he'^may 
<;.wish, and ask him about the invariances. If the youngster has consistent 
results across transformations, then it certainly seems safe to use the 
formally defined mathematical transformations to help a youngster in hia 
attempt to understand geometric ideas arid-.tJie nature of " space. This, it 
seems, is what the Soviets- have done with soiiie 'measure of success. 

Research on the role of transf t^piaiibn^^ M geometry at higher 

levels is also needed-; It seems rfeaMpS^bll^f-^ if ^eo- 

metric knowledge is developed by use M tik6sf#mktions, then high' s(;hool' , . 
Geometry students may b? better able to learn about axiomatically organized 
geometry in a transformation based course. Of course, if Wirszup is correct 
in his assessment of the level of geometric thoiight' of American ^ tenth gradejra, 
then .the approach used and its "fit" with the cdgnitive development may „be . 
Immaterial. ' ' . < * 

' In all the works, in this monograph, you haVe seen reference md'S'^ta 
' the learner ' s. cognitive structure. Such, reference was made in., particular 
in the Fu9on, the Martin, and the Moyer and Johnson articles. Clearly there 
is no way to measure cognitive structure directly. Rather taskq are given, 
responses are noted and analyzed,, and inferences drawn.' The ■ inferences 
d-awn usually are influenced by the theoretical position favored by the 
' author. For example, in the Kidder research, the results could be equally 
■ well "explained -by reference to attention to relevant attributes, as by the 
position thkt the author tpdk. Such differences in interpretation will con-r 
tinue to exist. as long as there are competing theories. It should also be 
nated that cognitive structure^ require -time to develop. The amount q£ 
time a youngster spends in, trying to learn something may be a crucial varl^ 
at:~ in the study of cognitive structure development. 

V. At least three things are needed so' that we- ca^n better understand^ th6 

cognitive structure of a youngster. First we need, carefully documented 
cease studies of Individuar youngsters over a substantial period of time. 
Thu tasis for these case studies could very well be many of the Piaget 
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inspired tasks. But there need to be others also! In ^rticular, tasks 
dealing with all the geometric content we hope. to see learned eventually - 
should be developed. For example, careful documentation of the learner 's^ 
behavior as he tries to learn some geometry may. be most informative re- 
gardj^.ng his ^cognitive structure. Information gathered in case studies 
would be developmentally and curricularly more useful than that obtained 
in the usual age sampling techniques. ' - ^ 

- " But we also must admit that longitudinal case studies are difficult 
' to carry^ out , so we need substantial data gathered by age sampling also. 
These sets of data for the various concepts and generalizations studied 
.need to be compared to determine if the cognitive structures and develop- 
^ mental Vstages"_are-^-the-same for the two. If they are, more confidence 
^is gained^n the 'data generated, by age sampling. . . • . / 

. The third, activity needed with respect' to the longitudinal data is 
to relate it to the type and amount of ins true tion taking place in the 
schools- One of the shortcomings of Piaget*s work is that results are 
not related, to educationa.1 experience.,. What are the effects of instruc- 
tion? Does instruction, or the lack thereof, affect cognitive structured. 
If so,^ how? ' ' . ^ 

In this 'regard, .Moyer and Johnson tried to determine the "fit" between 
a ic?ithematical structure and a learner's cognitive structure. They fpund 
discrepancies between the two. Such results should not be unexpected,^ 
because the mathematical structure is often imposed for the sake of conven- 
ience. 4s Martin comments, . \ 

. "Inherent" sequence in mathematics may actually be only an 
organizational aid employed by mathematicians . . - -\Structure 
does, not automatically determine the sequence pf the child's 
conceptual development- (1976, p. 113) \ 
■ ' • . ■ ^ . " ■ ■ ■ ' " - . ^ \ . ■ ' ■ ' ' ' 

^ TKe major point here is t^iat. cognitive structure is\a continuously^ 
developing entity- Both psychologists and educators >ould agree to this. 
Also both, groups would agree that an individual's cognitive structure is 
affected by the environment and interaction with the environment overtime. 
If the goal is ta help a person internalize a particular mathematical s^truc 
ture, then.it seems treasonable to first allow the learner to internalize 
the concepts to be structured. Given this internalized "rav- material," ;^ 
the learher can be assisted in^ developing a structure, for it- (Perhaps . 
-the two activities go on simultaneously over a period of several years 
and through a variety ot tentative or incomplete "struqtures. ") « / I'^"' 

This author's maior point shpuli^ now be clear- Development is inform- 
ative and impoiptant, but intervention and instruction based upon developT 
mental understanding is where a major effort needs to be mounted- Some . 
learning occurs incidentally, but mathematical learning depends :Upon for- 
mally organized and planned infetruction- If this were not the case, then 
why did Dletz and.Barnet't find such large proportions of their fcollege 
students who responde.d at low developmental stages with respect to the , 
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Flja^etlan tasks -used- Thus, activities which foster appropriate (with re- 
spect to the mathematical material involved) cognitive structures are 
vitally needed. They should be developed, employed,' and evaluated with 
children at appropriate school levels. ; important hefe are the'" 

ev^Wtiye tools. Tools need to be developed for all the geometric and 
space^^^cbticepts which are Important. These need to be shared and used 
widely so that differeiices in instrumentation do not/ cloud the results 
obtained* , . - — . 

Developmentalists and interventionists (perhaps more commonly called^ 
psychologists and mathematics educators) need to develop a strong working 
relationship -in order, to: obtain insight into space and geometry develop- 
ment. The developmentalists need to provide base line information oh 
many geometric-space concepts; they need to do status studies, to invest^ . 
Igate developmental theories, etc. The interventionists need to intervene 
at appropriate places and carefully note the nature of the "intervention, 
the results, and the effects on the learner's cognitive structure. The 
two' groups worjcing closely together sharing Information and techniques, 
sharing cbnceptualizatibns and questions, communicating openly and frankly, 
and replicating often can advance* the frontiers of our knowledge about the 
development of space ^and geometric concepts and means for effective instruc 
tion. 
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